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PREFACE 


This text-book has been brought out for the sake of those who 
require a more extended course than that contained in Part I. of 
Baker and Bourne’s Elementary Algebra but not more than about 
half of Part 11. 

The authors, while retaining most of Part I.j have added to 
this the subjects of Surds, Indices, Ratio, Proportion, Progressions, 
and Graphs of cubic equations. A considerable number of ex¬ 
amples on quadratic equations, with irrational roots to be found 
correct to two decimal places, have been added ; and the Revision 
Papers have been to some extent remodelled. 

Articles and exercises marked with an asterisk (*) may be 
omitted in a first course if the teacher so desires. 

This Shorter Algebra will be found to be thoroughly adapted to 
the syllabus of such examinations as the following: 


London University Matriculation. 

Joint Matriculation of the Universities of Manchester, Liverpool, 
Leeds, and Sheffield. 

Cambridge Local Preliminary and the Pass Junior Examinations. 
Oxford Local Preliminary and Junior. 

Scotch Leaving Certificate (Lower Grade). 

Welsh „ „ (Elementary Mathematics). 

Irish „ „ (Middle Grade, Pass). 

Matriculation Examination of the Cape of Good Hope University. 
„ „ „ New Zealand „ 

„ „ „ Calcutta „ 

M » >» Bombay „ 



vi 
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Matriculation Examination of the Madras University. 

yy yy yy .^llahahad yy 

Primary and Junior Public Examinations of the University of 
Melbourne. 

Primary and Junior Public Examinations of the University of 
AdelaidCy South Australia. 

Junior Public Examination of the University of Tasmania. 

At the end of the book appear specimen papers of London 
University Matriculation, Cambridge Local Examinations (Pre¬ 
liminary and Junior, Pass), Oxford Local Examinations (Pre¬ 
liminary and Junior), Scotch Leaving Certificate (Lower Grade), 
Welsh Central Board Annual Examination (Elementary Mathe¬ 
matics), Intermediate Education Board for Ireland, Middle Grade 
(Pass). 

For permission to print these papers the authors desire to 
record their thanks to the University of London, the University 
of Cambridge Local Examinations Syndicate, the University of 
Oxford Local Examinations Delegates, the Welsh Central Board, 
and H.M. Stationery Office. 

Corrections, which may be addressed to ‘‘Greystone, Cleeve 
Hill, Cheltenham,” will be gratefully received. 


NOTE TO THE THIRD EDITION. 

In this edition a chapter dealing fully with Common Loga¬ 
rithms has been added to meet the requirements of the Cambridge 
Local and various other examinations. 
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SHORTER ALGEBRA. 


CHAPTER I. 

DEFINITIONS, ETC. 

1 . It is assumed that the beginner is already acquainted with 

the meanings and use of the ordinary symbols of operation, 
+ 1 -» ( )> as employed in Arithmetic. THe symbol / is 

sometimes used to denote the operation of division. 

Thus 10/7 = 10^7 = 

2 . In Arithmetic we denote quantities by numbers, each number 
having a fixed value. In Algebra we denote quantities by 
symbols^ generally letters, to which we may assign any value we 
please. 

Thus, in Arithmetic, 2 x 3 is always equal to 6, whereas 2 x a, 
or more shortly, 2a, will have different values according to the 
numerical value we assign to the symbol a. 

When a = 3, 2a = 2x3 = 6. If a = 8, then 2a=2x8 = 16. 
and so on. 

In Arithmetic, 

2x6 + 3x6-f5x6 = (2 + 3 + 5)x6=sl0x6 = 60. 

So in Algebra, + 3a + 5rt = 10 x a, or 10a. 

In the same way, 66 - 26 = 46. 

We must also remember that since the symbols stand for 
numerical quantities, we may apply the ordinary Arithmetical 
laws in using them. Algebraic proofs of the various Arithmetical 
laws will be given at a later stage. 

As in Arithmetic 2 x 7 = 7 x 2, so in Algebra a x 6 = 6 x a, or 
ah n 6a. 


A 
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® the same way, just as 2 and 7 are the factors of the product 
2 >|7, so a and h are the factors of the product ah^ remembering 
that by ah we mean a x 6. 

Also axbxc — axcxb = bxaxcj or ahc=^acb^bac^ 
just as 2x7x8 = 7x2x8 = 7x8x2. 

Thus 3aJc + 2acb + *lcqb 

= 3aftc + ^abc + 7 abc 
= 12a5c. 

In performing the above addition we look upon abc as a single 
quantity. 

Examples. I. a. 

Write down, or read off, the values of the following: 


1, 3a; + 4a:. 2. a + a. 

3. 2a - a. 


''4. 7x-3x. 

6. 11a:-4a;. 6. a; 

-X. 

^ 7. 3a6 + 5a6. 

8. 2ah + Sba. 

9. ah-ha, --'10. lla;y- 

Ixy. 11. 9x1/-Syx. 

12. 6ab-ha. 

13. Sahc-Scah. 

14. 

Sa; + 4a; + 5a;. 

15. 

Sah + iah+2ah, 

16. 5a6 + 66a+lla6. 

17. 

a + 6a + 7a-f2a. 

18. 

3a6c + 4ca6 + 7oc6 

19. a + a + a+a + a. 

.20. 

3a;+4a;+a;+2a; + 5a;. 



What is the value of 8a; 




21. when a;—2, 

22. 

when a;=4, 

23. 

when a ;=-2 , 

24. . *=-4, 

25. 

. 

26. 

...... *=2J ? 

What is the value of 

X 

2 




27. when a;=4, 

28. 

whena;=16, 

29. 

when a;=:3, 

30. . »=i. 

31. 


32. 

. a;=2*5? 

Find the value of 3a; 





33. whena;=l, 

34. 

when a;=3, 

35. 

when a;=: -|, 

It 

H 

37. 


38. 

. a;=l*6. 

Find the value of ? 





39. when a;=6, 

40. 

when a;=12, 

4L 

when a;=7‘5. 

42. . »=2 -4, 

43. 


44. 



& Symbolical Expression. 

5j£ = (20 X 5) shillings, 
.*• a£ « 20a shillings. 
aX»240a pence. 


In the same way, 
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Again, 360 shillings = (360 -r 20)JS, 

/. a shillings = {a -r:20)£ 

Of ^ 

= - 
20 ^' 

z half-crowns = 30a; pence, 
just as 7 half-crowns = (30 x 7) pence. 

£a; + y shillings = (20a;-1- 2 /) shillings. 

If I give 6 pence to each of 4 boys, I give away (6 x 4) pence altogether. 

. 6. a .6a . 

. a;. 4.4a; . 


z 


a 


ax 


Examples. L b. 

1. What is the number which is 2 greater than x ? 

2. What is the number which is 3 less than x ? 

3. If each article costs x pence, 

(i) what is the cost of 3 articles? (ii) what is the cost of 7 articles? 

(iii) .11.? (iv) . a .? 

4. Express x£ (i) in shillings, (ii) in half-sovereigns, 

(iii) in half-crowns, (iv) in Borins, (v) in pence. 

5. If I walk X miles an hour, how far do I walk 

(i) in 2 hours ? (ii) in 7 hours ? 

(iii) in half-an-hour ? (iv) in a hours ? 

6. Express x yards (i) in feet, (ii) in inches. 

7. Express x inches (i) in feet, (ii) in yards. 

8. If I give 2 shillings to each boy, how many shillings do I give to 
X boys ? How many pence do I give them ? 

8. If I divide x shillings equally amongst 7 boys, how many shillings 
does each boy get ? How many pence does each boy get ? 

10. If there are x forms in a school, how many boys are there in the 

school (ij >vhen each form contains 16 boys ’ 

(ii) . y boys ? 

11 . What is the total number of pence in £Xy and y shillings? 

12. What is the cost in pence of x articles at y pence each ? How manj 
shillings do they cost ? 

^^^3. Expres^.square feet in square inches. 

14. ExpriG^yi; square inches in square feet. 

15. E^sjptess X metres y 

(i) in decimetres, (ii) in centimetres, 

(iii) in millimetres, (iv) in kilometres. 

16. Express x millimetres 

(i) in centimetres, (ii) in decimetres, 

in metres, (iv) in kilometres. 
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17. What ia the double 

(i) of a? ? (ii) of 3« ? (iii) of 7x ? (iv) of cub ? 

(v)of|? (Vi)of^? (vii)of^? 

18. If I buy a horse for £x and sell it for bow much do 1 gainf 

19. If I buy a horse for £x and sell it at a loss of how much do 1 
sell it for ? 

20. If I buy a horse for £a; and gain £y by selling it, how much do I 
sell it for ? 

4. An Algebraic Expression. Any collection of symbols, 
figures, and signs involving only arithmetical operations, is called 
an algebraic expression. 

Term. The different parts of the expression connected by the 
signs plus (+) and minus (-) are called terms. 

Thus, bx-{-7y-4:Z is an algebraic expression, and 5x, 7y, 
and - iz are its termif. 

When no sign is prefixed to a term, the positive sign ( +) is 
always understood. 

A simple expression consists of one term only; a compound 
expression of two or more terms. 

An expression of one term is sometimes called a monomial. 

Coefficient. In the case of a product, such as 3x7, each 
of the factors 3 and 7 is said to be the coefficient cf the other. 
In the same way, a is the coejfflcknt of be in the product aJc, or 
b is the coefficient of ac, or c of ab. 

When one of the factors is expressed in figures, it is called 
the numerical coefficient of the product of the other factors. 

Thus in the expression I2xf/Zy 12 is the numerical coefficient 
of xyz. 

Power. The power of any number or quantity is the result 
obtained when the number or quantity is multiplied by itself 
once or any other number of tim^. 

Thus aa is called the second power of a, am the third power, and 
so on. • 

Instead of writing aa, we write it thus a^, and call it *a 
squared.’ In the same way we write a® instead of aaa^ a* 
instead of aaaait, and so on. 

Hence a^ denotes the fourth power of a, ^ 
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Index. The number written above, called the index or 
expmient, indicates the number of factors. 

axaxaxaxa.., to n factors = a”. 

Square; Cube. The second power of a quantity is called 
its square, the third power its cube. 

N.B .—is the same as a. 

Square root. The square root of a number is that number 
which, multiplied by itself, gives the original number. 

The symbol J is used to denote a square root. 

Thus n/ 25 = 5, for 5 X 5 = 25. 

= 4a, for 4a x 4a = 16a^. 

Cube root. The cube root of a quantity is that quantity 
whoso third power is ecjual to the original quantity, 

I'hus, since 2^ = 8, 2 is the cube root of 8. 

The cube root of a is written thus, ^a. 

In the same way the fourth, fifth, etc., root of any quantity is 
that quantity wYlo^q fourth^ fifths etc., power is equal to the original 
quantity. 

The root of a is written thus, JJ/a. 

Like and Unlike Terms. In any algebraic expression, 
those terms which differ only in their numerical coefficients are 
said to be like terms. 

In the expression 

- *Ja-x - Date ~ 1 \arx - led - Zax^ 

(jax^ and — arc like terms, also and -9a5cx 

and - bed are unlike to one another and to all the other terms. 

5. Examples. a^x a —ax a xa—a^, 

X (iP =a X a X a X a X a — a^, 

X a"=eleven a*s multiplied together = a”. 

N.B.—is not a multiplied by itself three times, but is the product oi 
three factors, a, a, a. 

aV> xh = axaxhxh = a®?)-. 

X X or X Ir xh*=^ a^h\ 

d^xa^x=^a^x» 

Sabx3a-dxaxaxb-9aVK 
^ l2aJbc X ’c24 xaxd^xhxbxc x c=a24a®6V. 
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The square of a*=a®xa®=al 

. a®=a® X a®=a^®. 

. 4a®=4x4xa2xa®=l6a*. 

The square root of a* is a®, for a® x a^~a\ 

. a® is a®, for a® X a®=a®. 

Examples. I. c. 

1, Giye^ree examples of 

(9 a simple algebraic expression, f 

{% a compound algebraic expression, 

(3) a simple algebraic expression with a numerical coefficient. 

2, Express the product ahx^ in different forms. 

S, I)o the same with 12ab^x. 

What is the 

4, second power of 3, 5. third power of 4, 6, fifth power of 2, 

^7* product of X and rr®, 8. product of a® and a®, 

9. a® and '^10. a^h and 

11. 4a and 36, 12. 4a® and 6a*, 

13. . ....12ahe a.r\d Sahc, >. 14. .12a^^ and 7aj^, 

^16, square root of v 16. square root of x*. 

17. . 16a», 18. 

tl9. square of 6, 20. square of a®, 

21.22. .4ir®y®, 

23. cube of a?®, 24. cube of ay^, 26. cube of 2a*y®, 

26. cube root of a;®, cube root of 8a*, 28. cube root of 27«'‘ 

29. What is the coefficient of a in the expression 6a, 


30. . 

.. 

. 3a?b, 

31. 



82. . 


.y®». 

83. . 


.3a®6®c, 

34 .. 




Find the valnegL^ i ^ 

*86. 2*+"^ ^^r(2+3)«, 37, 3*+4*, 38. (3 + 4)*, 

39. 7*-5», 40. (7-6)*, 41. 42. ^25-16, 

48. 18*-6», 44. (13-5)*, ' 46. 46. 

a Substitution. 

(1) If 0=3, 2a=2x3=6. 

«*=(» X a=3 X 3=9. 

4a’=4 X a X a X <s=4 X 3 X 3 X 3=12 X 9=108, 
4af=4x5=20. 

4»*=4x6x6=100. 

|ie*=|x6x5x6=6x5x5=lfi0. , 


(2) If x=5, 
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(3) If a=2, 6=3, c=4, 

a6c=2x3 x4=24. 
a26=2x2x3=12. 
a6*c=2 x3x3x4=6x 12=72. 

(4) If a=0, 6=1, c=3, *=3, 

a*=0. a^=0. a^=0. 
a6c—Ox 1 x3=0. 
a^6c=OxOx 1 x3=0. 

62c2=lxlx3x3=9. 
h^c^=lx 1 X 1 X 3 X 3 X 3 x3=8L 
a:*=:33=3x 3x3=27. 
a;6=3i=3. 
i(lTi=SjTi=^Z. 

Examples. 1. d. 

If a=5, 6=3, c=l, a:=7, find the value of 

1. 3a. 2. 36. 3. c^. 4. 5. 36* 6. 4a» 

7. 9c*. 8. 9. 10. 4a*. 11. 2x*. 12. 11c*. 


If 0=1, 6=2, 

c = .3, *f=4, ; 

y^5, evaluate the following: 



13. 7a’6. 

14. 6a5e. 

15. 9xY 

16. 

a*6c. 

17. -2 6*c- 

18. -^acy. 

19. 8o»6. 

20. 

Sax, 

21. 

22. a*. 

23. 

24. 

6«. 

26. o». 

26. 6« 

27. tV“- 

28. 

fc*. 

w 

30. ¥6’cx». 

31. T^oV*. 

32. 


If a=0, 6=1, 

, C = 2, X=i, 

evaluate the following: 



33. 7a*, 

34. 6a6. 

35. 3ax. 

36. 

4ca:*. 

37. dhcx 

38. oVx. 

^39. l6W. 

40. 

f6’c*». 

41. a76V. 

42. ■v'p?: 

43. 

44. 



CHAPTER 11. 

NEGATIVE QUANTITIES. 

7. Any quantity with the sign + prefixed, or understood, is 
called a positive quantity, and any quantity with the sign - pre¬ 
fixed is called a negative quantity 
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Negative Quantities. Arithmetically we cannot subtract 6 
from 3, Le. the expression 3-6 has no arithmetical meaning. 

In Algebra however such an expression has an intelligible 
interpretation. 

This is best seen by considering a few examples. 

If a farmer buys 7 cows, and sells 4 cows, he has 3 more than 
he had at the start. On the other hand, if he buys 4 cows, and 
sells 7, he has 3 less than at first. 

We express this algebraically thus, 

7 cows - 4 cows = + 3 cows. 

4 cows - 7 cows = - 3 cows. 

Again, if a man gains £10 and loses £6, he has £10-£6, i.e. 
£4, mat^e than at first If, on the other hand, he gains £6 and 
loses £10, he has £4 less than at first, 

U £10- £6=+£4, 

and £6-£10=-£4. 

Moreover, if he loses £10 and then gains £6, he will then 
have £4 less than at first, 
i,e, -£104-£6= — £4. 

If a man runs 120 yds. along a road, and then runs 90 yds. 
towards his starting point, he will be 30 yds. from his starting 
place. But if he first runs 90 yds. and then 120 yds. backwards, 
he will still be 30 yds. from his starting place, but on the opposite 
side of it 

120-90 = 30, 90-120= -30. 

Thus we see that +4 and -4 are the exact opposite of one 
another. If we consider a man's income, + £4 will represent an 
increase, whilst - £4 will represent an equal decrease, + 4 yds. and 
- 4 yds. represent 4 yds. in opposite directions, and so on. 

Suppose a man loses first £10 and then again loses £4, he is 
£14 poorer than at first. 

That is, -£10-£4= -£14. 

Thus -3-2 = -5, and -5-6= -11. 

Now instead of using £, or cows, or yards, let us use a symbol 
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We then have,. 10a - 6a = + 4a. 

6 a “10a =-4afe 

— 6a “ 10 a = - 16a. 

“ 10a - 6(t - “ 16a. 

- 10a -f Ga “ 4a. 

8. Oraphical Illustrations. Take a str. line xox' of 

unlimited length, and let all distances measured to the right be 
considered positive, whilst all distances measured in the opposite 
direction, from right to left, are taken as negative. 



Take OA^ = A 1 A 2 = A 2 A 3 =... = J along OX, 

and Oa^ = a^a,, = = ... = along OXV 

Taking O as the starting point in each case, 

OAg denotes -f 6 /), whilst Oa,. denotes - 6 ^, and so on. 

Also AgAy denotes + 4/^, whilst A 7 A 5 denotes - 4 &. 

Thus 6h is denoted by OA^ (6 spaces to the right\ and A^A^ 
denotes - 26 (2 spaces to the left) ; 

66 - 26 — OA^ = 46. 

Again, still starting from O, - 26 is denoted by Oa.y (2 spaces to 
the left) and + 56 by a^Ag (5 spaces to the right) 

“26 + 56 = 0 A 3 = 36. 

Again, - 36 is denoted by Oag, and - 46 by ttga^., both distances 
l)eing measured to the left, 

.*. “36“46=:Oa7-“76. 

Once more, 

- 76 is denoted by Oa^ (7 spaces in tho negative direction) 

+ 46.^ 7 ^ 3(4 .positive.), 

.’. “ 76 + 46 is denoted by Oaj 
U -76 + 46--36. 


What ia the value of 


Examples. 




1.5-3. 2.3-6. 

5 . 8. 7-11. 


3. 11-7. 

7. 4a - 2tt. 


A -3-2. 

8. 2a-4a. 











9, -2a-4a. 10. -4a+6o. 11. 3a!-«*. 12. 9 a:- 3 a 5 . 

13. 7o*-3o». 14. 16. -llai*+8!e». 16. 2<*»-9a«. 

17. a*-4a*. 18. 8o6-4a6. . 19,-- 806 - 406 . 20. - 06 - 06 . 

21. 406 -II 06 . 22. Zxy-ixy. -23. 3o’6-12a*6. 24. 06-06. 

25. o5-6o6. 26. -4 - 5. 27. -4a:+7x. 28. -5o6+2a6. 

29. -o6c-llo6c. 30. 3abe-5cab. 31. -2*y-6ya:. 32. -3o5c + 7oc6. 

33. -3abc-lbca. 34. Ha; -11*. 36. 11*-14*. 

36. -12*+15*. 37. -*»-**. 38. 12*-17*. 

39. -12*-17*. 40. -13*+17*. 41. -15*»+6*». 


Graphical Examples. 

Use graphical illustrations to prove the following (squared paper will be 
found useful): 

42. 4-3 = 1. 43. 7 - 4= 3. 44. 6 - 2 =4. 

45. -8 + 5=-3. 46. 2 - 5=-3. . 47. -7+2=-5. 

48. -2 - 3=-5. 49. -4 - 5=-9. 50. 5a;-3a;=2x. 

51. - 3a? + 8aj = 5x, 52. - 2a; - 4a?= r 6a;. 53. - 5a; + a?= - 4a?. 

54. -2a;-3a;=-5x. 55. -7a?+4a? . -3a;. 

9. The order in which additions and subtractions are performed 
is immaterial. If you take 4 from 6 and then add 3 the result is 
the same as if you first add the 3 to the 6 and then subtract the 
4. The same principle holds good with regard to algebraical 
expression, thus 6a-ib + 3c is equal to 6a + 3c - 46. 

This is generally accepted as axiomatic, but may with 
advantage be illustrated graphically. 


■■■■■■■■■■■SSMBSBHMMHSSlSHSSuSSBBHMaHBaHBHaaBBBHUBaBBaaMaBi 

BBnBBBaaBBBBaBBBBBBBBBaBBBBBaBBBBBBBBBBBBBBBflBBBBBBaBBBBBBBBBBBBBBBaai 

l^aBBBBBBaBBaBBBBBBBBBBBaBBaaflBBiBaBBBBaBBBBBBBBBBBaBaBBBaBBflBBBBBB^^j 

aBS"SBr!?!B!l;*aB"*aaZBBBS*SBE'7.”B”7flB^rBa7” "Br^aSr'IBBrWrMBBBr^BBr^SI 

BBBkjiBaaflBaL:BaabBaBJaBBcaBBBBaBBBBBaBBai laaaiJBBBZBBMrjwav-BBBte'iBrfwDi 

BflBBBBaBBBBBBBBBBBBBaBBBBBaaBBBBBBaBBBBB.. BBBBBBBBBBBBBBBBBBBBBBBBBB 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■aa»a»^j.aaBBaBaBaBaaBaaaaB»»aBBBBaa 


With the above diagram, using the same hypotheses with regard 
to signs, etc., as in Art. 8 , 

46 + 3J -• 56 takes us from O to (4 spaces), then from A 4 to Ay 
(3 spaces), then from Ay to Ag (5 spaces in the negative direction); 
.-. 46 + 36-56-0A3*=26. 
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In the same way 46- 5i + 3& takes us first from O.to A 4 , then 
from A 4 to dj (5 spaces in the negative direction) then from 
to Ag (3 spaces in a positive direction), Le, to the same point as 
in the first case; 

/. 46 + 36 - 66 is the same as 46 - 56 + 36. 

Again, 66 - 46 - 36 takes us first from O to A^ (6 spaces), then 
from Ag to A 2 (4 spaces in the negative direction), then from 
Ag to (3 spaces in the negative direction); 

66 - 46 - 36 = Oaj = ~ 6. 

In the same way -46-36 + 66 takes us first from O to 
(4 spaces in the negative direction), then from to (3 spaces 
in the negative direction) and then from to (6 spaces in the 
positive direction); 

.. — 46 — 36 + 66 = = — 6 , 

Le, 66 - 46 - 36 = -46-36 + 66 # 


Qraphical Examples. II. 

Prove the following graphically, using squared paper: 

2. 3-4 + 2 = l. 


1. 6 + 5-3=8. 

3. -5 + 4-2=-3. 

5 . 7 - 7 + 2 = 2 . 

7. 8-5-3=0. 

9. -2 + l-3 + 2-4 + 3=-3. 
11. 6a-7a + 4a=3a. 

13. 3a + 4a-9a= -2a. 

15 . -Gx + 4x + 5x=2x. 

17. 3a-5a + 4a-2a=0. 

19. -a-,3a-6a= - lOa. 


4. -l-2-3=-6. 

6. —6+ 3 + 4=1. 

8 . l-2^3-4+5 = 3. 

10. -2 + 5-7 + 4=0. 

12. 3a - 4a- 5a= -6a. 

14. -4a-3a + 7a=0. 

16. -7x + ^x + x~ -2x, 

18. -9a + 8a + 3a- 5a= -3a. 
20. -7a + 4a-3a + 6a=G. 


10. Substitutions. 


Example 1. When a = 2, 6=3, c=1, =0, find the value of 


faP’b^ ^aJb 2x3 


n/c 1 


= 6 . 



Example 2. 


With the same values of a, c and d, find the value of 

a2-62+c*-q'd=2x2-3x3 + l xl-gxO 
=4-9+1 (qx0=0) 

= -4. 
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^Example 3. With ^ same values of a, b, e and d, evaluate the 
expression f 

nil-- —•_ _? - *1 f / 4 X 2 1 ^ Isx 1 . 


The given expression= 


VSxSxS"^ 

=|x|-J+6 

= J--T + 6 


Example 4. Find the values of x^-5x+4 for the following values of 
•c;—Oj 1} 2y 3, 4, 5. 


X = 

0 

1 

2 

3 

4 

5 

a:® = 

0 

1 

4 

9 

16 

25 

-5a: = 

0 

-5 

-10 

-15 

-20 

-25 

4 

4 

4 

4 

4 

4 

4 

a;®-5a: + 4= 

4 

0 

-2 

-2 

0 

4 


4, 0, - 2, - 2, 0, 4 are the required values. 

Examples. II. c. 

If a=3, find the value of 

I. a® 2. 3. a-4. 4. a*-2. 5. 3a®-2a. 6, a-2a*, 

If a?=l, y=2, find the value of 

7. 2.r® + y. 8. a;-2y. 9. xhj, IQ, a;y®. 11, a:®-y®. 12, 4a:*-y* 

If a= -3, find the value of 

13. 0 + 2. 14. 0 + .3. 15. 2o-7. 16. 50+15. 17. |+1. 18. ^+4’. 
If a:=0, y=4, a = 7, 6 = 3, c = 8, find the value of 


19. 20, 21. 4^a}Hy^x, 


25. a®+6*+c*. 26. 27. a:^y. 28. pa:®. 29. gas*+5c-20y. 

30. 3a6-46c-2ay. 31, a® + 6®+c®-a;®-y® 32. Ya6~i'cy-‘Jy* 

33. a6x® - 7acy® + 9a®ry. 

If a=0, 6=4, c=9, d=25, find the value of 


34, ijah - *Jhc+ sled, 35. 


d® c® Je bed 
' 25“8l“ 9 W 


37. \/6c 5- \/acd-\^26+ %d. 38. 6^/cd + a^^6d-4^/6c-<v^66c. 

39. Find the values of ar®-6j; + 9, when a; has the values 0, 1, 2, 3, 4, 5. 
Tabulate the work. 

40. Find the values of 2a:®- 3a:-10, when x has the values 0, 2, 4, 6, 3» 
Tabulate the work. 
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II, Find the values of 5x + 4 when x has the values 0, *5, 1,1*5, 2, 

Tabulate the work. ^ 


42. Prove that 2x^ - 23ar ^63=0, when a; = 7. 

si 21 

43. Prove that when a:=3. 


11. An algebraic expression consisting entirely of 
unlike terms cannot be simplified unless the values of 
the symbols are given. 

If a man has 7 pigs, 3 cows, and 3 geese, he does not know the 
value of 7 pigs + 3 cows + 5 geese, unless he knows the value of a 
pig, the value of a cow, and the value of a goose. 

In the same way we cannot simplify the expression 7a + 3& + 5r, 
unless we are given the values of r/, //, and r. 

On the other hand, if an algebraical expression consists entirely 
of like terms, we can collect these terms into one. 

Just as 2 cows + 3 cows + 5 cows — 10 cows, 

so 2a + 3a + Txt = 1 Oa. 

7 pigs-3 pigs = 4 pigs. 

In the same way 7 a- 3a = 4a. 

' 11 geese - 4 geese = 7 geese; 

llo;-4a; = 7.T. 

12 horses - 7 horses + 2 horses == 7 horses. 

In the same way I2y - 7y + 2?/ = 7y. 

12. In Arithmetic we know that 

2(3 4-4) = 2x 3 + 2x4 = 6 + 8 = 14. 

Or otherwise, 2 (3 + 4) = 2 x 7 = 14. 

In Algebra 2 (3a + 4 (j) = 2 x 3a + 2 x 4a = 6a + 8a = 14a. 

Or otherwise, 2 (3a + 4a) = 2 x 7a = 14a. 

Let us now consider the expression 2 (3a + 4^), noticing that the 
terras 3a and 46 are unlike. 

2 (3a + 46) = 2 X 3a + 2 x 46 = 6a + 86, and this expression cannot 
1)0 further simplified unless the values of a and 6 are given, for 
the terms 6a and 86 are unlike. 

Thus we see that the second method used in the above arith¬ 
metical examples cannot be used in Algebra, when the terms are 
unlike. 
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13* Example l. Express 4a+26 - 3c - 2a + 6 - c in its simplest form. 
4a + 26 - 3c - 2a + 6 - c 
=4a-2a + 26 + 6--3c-c 

(collecting like terms) 

=2a + 36 - 4c. 

Example 2. Find the simplest form of 

- 4a;® - 4a;y® - 6a;® + 2a;y® ~ Zx^y - 6a;® - 3a;® + 6. 

The given expression 

= 3a;®y - 3a;®y - 4a;® - 3a:;® - 4a;y® + 2a;y® - 6a;® ~ 5a;®+6 
(collecting like terms) 

= - 7a:;® - 2a;y® - llo;®+6. 




Examples. II. d. 

Find simple forms of the following expressions: 


1 . 

3. 

5. 

7. 


9. 


11-7 + 4-3 + 2. 

3a 6a + 4a — a. 

36c - 76c - 96c + 186c. 

905® - 14a;y + 2y® + 6a;y - 6a;® - 5y®. 

^(9a-3a-2a). 


2. -6 + 9-11+2. 

4. -lla-4a + 2a. 

6. - 3a5®y - 7a;®y -I- 4a;y® - Zxy\ 
8. 2(6a-4a + 2a). 

16a®-g®-7a® 


Prove that the following statements are true when a;=l, y=2 and »=4, 


11. a;® + y® + 2®=21. 

13. y2®-2y22-5a;»=-5. 

15. 

17. f-f.f=6i. 

19. Hyz-^\Qxz+ 


12. a^y+y%=18. 

14. 

X y 

16. 

y X z ^ 

18. a;2-y®-z2=-19. 
20. y*+a;‘+zJ'=19. 


CHAPTER III. 

SIMPLE BRACKETS. 

14. In Arithmetic when a number of terms are included within 
brackets ( ) it is understood that the terms within the brackets 
should be considered as a whole. 

Thus 8 + (7 + 5) means that we first add 7 and 5, and then add 
the result to 8. 

When a group of terms within brackets has the positive sign 
( + ) prefixed, the brackets may be removed without changing 
any of the signs within the brackets. ^ 
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I. To prove that a + (6 + c)=a + i+c. 

•- 2 -,- ^ -+-.je— 

P Q R 3 

Let the straight lines PQ, QR, RS represent a, 6, c respectively. 
Then ^ + c) = PQ + (QR 4- RS) = PQ + QS 

= PQ + QR + RS = a + 6 4“ c. 

II. To prove that a’{‘{h-c)^a + h-c. 

p" Q s R 

p 8 Q R 

Representing a, 6, c by straight lines as before, remembering 
that we must draw RS in the opposite direction to PQ and QR, 

(see Art. 9) a 4 - (6 - c) = PQ 4 - (QR ~ SR) 

== PQ 4* QS in fig. (1) and PQ - SQ in fig. (2) 
== PS in each case 
= PQ 4- QR SR in each case 
=:a + h~c. 

Also, since we may write algebraic terms in any order, 

-c4-6 = &“C; 

a-\-{-c + b) = a + {b-c)^a + b-c = a- c + k 

We have thus proved the rule. 

When a group of terms within brackets has the negative sign 
(- ) prefixed, the brackets may be removed on changing the signs 
of all the terms within the brackets 

P S R Q 

As above a - (6 4 - c) = PQ - (RQ 4 - SR) = PQ - SQ= PS 
s= PQ — RQ — SR — a ■“ 6 *“ (/. 

_ ^ ^ 

Also a-(6-c) = PQ-(RQ-RS) = PQ-SQ=P8 
= PQ - RQ 4- RS = a - 4- c. 

Again, since terms may be written in any order, 

a-(~c4’ft)==a-(^~c) = a- 64-c = a4-c-6. 

The rule is therefore established. 
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IB. In addition to the ordinary brackets, we sometimes use a 
line, called a “ vinculum,” drawn over the terms to be connected. 
Thus a - 26 + 3c is the same as a ~ (25 + 3c). 

In Arithmetic we know that I + 

2 2 2 


So in Algebra 


3a: + 4a 


is the same as 


3iC 4:(t 




Here the “vinculum” _, drawn underneath, has the 

same value as a pair of brackets. 

For instance 3 + —= 3 + J (2a; - 4) = 3 -f ^ ^ 

o o 

Also 3 - = 3 •-- 4) = 3 - y + 1. 

As in Arithmetic 3(2 + 5) = 3 x 2 4- 3 x 5, 
so in Algebra 4 (a + 6) = 4^^ + 46. 

16. Example 1. Prove, l»y removing the brackets, that 
7-(a:4 2) + (3-2a:)-(-6a: + 3) = 5 + 3a?. 

The given expression = 7- a7”2 + 3~2a: + 6a:-3 
= 7 + 3-2-3 + 6a;-a;-2a? 

= 10-5 + 6:r-3a; 

=5 +3a;. q.b.d. 


Example 2. Prove that 4a - 2 (a + 6 ) + 3(a ~ 6 ) = 5a - 5b, 
4a - 2 (a + 6 ) 4 - 3 (a - 6 )=4a ~ 2a - 26 4 - 3a - 36 
=4a -I- 3a - 2a “ 26 - 36 
= 7a-2a-56 
= 5a-r)h. 

Example 8. Simplify the expression 

5a;-15 12-42a; 27a;-54 

5 6 9 ■ 

. 5.E 15 12 42ar 27x 54 

The given expression = y- -g-- 6 +'^ + -9 - 9 

= a;-3-24-7a;4'3x-6 

= lla;-ll. 


Q.BeD. 


Examples. 111. a. 

. What are the values of 

'' 1. 6+(4-2). 2. 6-(3+l). y & 9+(3-4). 

i 9-(3 4). 6. 11-(8 + 4). 6. 10+(5-10). 

7. 14-(3i-ll). 8. ll.-(-2-3). 9. 17+(6-6). 

la -2-(3+4). IL -2-{2-4). 12. -7->-(-<t+11). 
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14. 

16. 

6a - (4a - 2a). 

17. 

19. 

a-(a+a). 

20. 

22. 

~(a+a) + 5a. 

23. 

<'25. 

-a:a-(-3a:2) + (-5a:2). 



-(4+ 7)+ 15. 15. 6a + (4a-2a). 

6a - (4a + 2a). 18. 6a - (- 4a - 2a). 

a + (a-a). 21. -a-(a + «). 

3a2-(5a2-7a2). 24. Qah - {2ab + iab). 

26. -a;2+(7a;2-6a;2). 


Prove the following by removing brackets; 


27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

38. 

39. 

40. 
42. 


6 + (a?-2)-(3 + 4a:) + (6;c+l)=3a: + 2. 

(3a:-2)-(4a:-5) +(a:+ 7) = 10. 

(9a-6) + (-^ + 36)-(6a + 5?>) = a-.36. 
a; - 6a - (2a: - 3a) - (a - 6a:) = 5x- 4a. 

(a + 6-c)-(a-6-c) + (a-6 fr)=:a + 5 + c. 

3a-25 + 3c-(2a-56-3c) + (3a-36-2c) = 4a + 4c. 
a-b-hb-c-a-c-O. 

4a - 26 + 5c - 2a - 35 + 7c + 36 + 9c - 2 a=46 + 7 c. 

2(a: -1)+ 3(1 - a:) - 2(2 - 3a:) = 5a; - 3. 

3(2-a)-7(a + 6) + 6(2a + 7)=2a + 6. 37. 2(cr + 6)-(2a-6)=36 

3(2a-c)-7(c-3a)-4(5a-2c) = 7a-2c. 

3(a-6 + c) -4(6 + a-c) -2(c ~a-6) -a-56 + .5c.' 

2(3a:+12) + 3(a:-4)-4(2a: + 3)=a;. 41. + ^^^=isx. 

ax-9 4a;-12 8a:+12 

- 


3a: + 12 2a:-4 22-3:U „ 

43. -^—2--j,-=.te + 4. 


.. 6a:-8 10a:-.5 14a:-21 „ •-r' 

44. —= 3a:-2. 


45. 


8-O.r 

3 


7-21a: 20 + 25a: ^ .2 

- +-^— =5a:+oxt 



ADDITION. 

17 . In Arithmetic the sum of 2 and 3 may he written 2 + S. 

So in Algebra the sum of a and 6 is ti + 6. 

Using the rules for removing brackets, the sum of a and -bis 
a + ( - 6) = a - 6. 

When like terms are to be added together, they may (Art. 9) be 
collected into one term. 

Unlike terms cannot thus be collected. 

The sum of 2a, - 3a, and 5a is 

2a + ( ~ 3a) + 5a = 2a - 3a + 5a=s4a. 

B.B>rA. ^ B 
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The sum of a;2, -3ar,and -6isa;2 + (-3x) + (--6)whiohis equal 
toa?-3x-6; and this cannot be shortened, since the terms are 
all unlike. 

When a number of like terms are collected into one term, the 
result is called their algebraic sum, even though some of the 
terms may be connected by the negative or minus sign. 

18 . Example, l. Add together ^ and 

D 5 

The sum required 

5 X 5a? 6a? 

=“ 53 ^+ 5 ^, (as in Arithmetic) 

_25a?+6a? 31a? 

“ 30 “"30* 


05^ 2a?^ 

Esample 2. Find the sum of ^ and - 


mi . , 0 ?^ 2 a?® 

The sum required = 3 “ "y 




7a;* 3x2a;» 

“7x3 7x3 




7®a-6ar* a? 

" 21 “ 21 ’ 




Examples. IIL b. 



Add together the following quantities: 



1 , 4 and - 7. 

2. 5 and - 3. 

3 . 

-4 and -2. 

4. - 7 and 6. 

5. - 4 and 4. 

6 . 

9 and - 9. 

7. 3a? and - 2x. 

8. -2a? and -4a?. 

9. 

- 7a? and 9a?. 

10, - 7a? and 3a?. 

11. 3a and 4a. 

12. 

3a and - 4a. 

18. - 3a and ~ 6a. 

14. 6a and - 2a. 

15. 

- 2a and 7a. 

16, a?® and - 3a?®. 

17. abc and ach. 

18. 

bca and - cab. 

19. * and 

20, a?and-|. 

21. 

- 2a? and - 

22, -^andSx. 

2 

23. 2a® and 2a. 

24. 

3a® and - 3a. 

2S. - 6a?® and - 2a;. 

26. - 2a;® and a?. 

27. 

^and? 

2 4 

28. |and-|. 

29. 5»nd-| 

30. 

a? , a? 

-gand-i- 

M So; , 0 ? 
a. -^andj 

32. -?and^. 

33. 

fa?^;&and 

Mt ^ and - 
6 3 

0 ,; 6a?® , 3a;® 

oOi -g- and - -J-. 

36. 

3a?® and -2y*. 
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19. Example l. The sum of 3:k;>-4a and 2x‘\‘Za 
=3a;-4a+2a;-f3a 
=3a; + 2a?-4a + 3a 
=5a:-a. 

Example 2. The sum of 4(a; -> y) and 5(a; - y) 

= 9{a;-y). 

Here wo look upon a; - y as a single quantity, and just as 
4a + 5a=9a, 

or 4 cats + 5 cats=9 cats, 

so 4 (a; ” y) f 5 (a; - y)=9 (a: - y). 

Example 3. Find the sum of |^(2a - h) and ^(2a - ft). 

Here we may look upon -J-(2a - ft) as a single quantity, and thejefore the 
sum required t 

= 9 times i-(2a-ft) 

-|(2a-ft) 

=2a-ft. 


Examples. IIL c. 

Find the sum of 


1. 

a + ft and a-ft. 

2. 

2a;- 

-a and 3x + a. 

a 

-a; + a and a; + a. 

4. 

2a; 

i-a and 3x + a. 

5. 

a-3ft and a + 2ft. 

6. 

2a 

-ft and 3a-ft. 

7. 

a;^ + y^ and oj^-y*. 

8. 

2a;2 

-y® and 3a:® -2y*. 

9. 

a b .ah 

2 + 2 

10. 

a 

2"^ 

ft .aft 

2 2 + 2- 

11.1 

■g (X + -g- ft and u. + f ft. 

12. 

> 

-^ft and fa + fft. 

13. 

a-b and ft-c. 

14. 

a- 

c and ft-c. 

15. 

2a-3ft and a-3c. 

16. 

2a;“ + 5.r and a;+ 4. 

5a; and 2a;-3. 
'I9ra:»-| and |+2. 

18. 

20. 

ar^ - 3a;^ and 2a:® - x. 
3a:®+ ^ and ^-5. 




21. a + ft-c and a-ft + c. 

23. x + y-% and 3a;-2y + 4z. 

2^ 3a;^ + 4a;+l and 2x^-x-l. 
V2I7. 3(a-ft) and 2{a-b). 

29. |(a;2-ya) and i(a;*~y»). 

31. I (a-ft) and 

33. 9 times 8^ and - 8 times S-J. 
^ 35. 3 times l4 and twice l4- 
37. 4(a-ft) and 2(a+ft). 

39. 5(a;-l) and 6(a?-2). 

41. 3(1+2a;) and 2(3-2a;). 


22. 3a-2ft-2c and 3a + 2ft-c. 
24. a^-ft^-c® and -a^ + 2ft*+c*. 
26. x^-2xy + y- and a;® + 2 a;y + y*. 
28. ^{a + h) and i(a + ft). 

30, I (a?+ 5) and 4 (a;+ 5). 

32. - 4 ' I (a: - 3). 

34. 5 times 3f and - 4 times 3f. 
36. 8 times if and - 3 times if. 
38. 3(a; + y) and -2(a;-y). 

40. 7(1-a;) and 2(1+a;). 

42. a;(a-ft) and a:(a + ft). 
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20$ Baunpld 1. The sum of 3a, - 4a, 6a, - 2a, 7a 

=3a-4a’i-6a-2a+7a 
= Sa + 6a + 7(t’-4a-‘2a 
= l6a-6a=l0a$ 

Example 2. The sum of 9a:*, - 6 aj*, 3aj*, - 2a:*, 6a:*, - Sx^ 

= 9a;2 - 6a:*+6a;*+3a:* - 3a:* ~ 2a;* 

= 9a;*-2a:*=7a:*. 

Examples. III. d. 

Find the sum of 

I. 2a, 3a, 4a, 5a. 2. 2a, -a, 3a, -2a. 

8 , -a:, -2a:, -3a:, -4a:. 4. 5a:*, -3:5*, -2a:*, 9a:*. 

6 . 7y, ~3y, -2y, -5y. 6. 6p, -ip, Sp, -2p, -Sp. 

7, “SoJ, ~7a6, 10a6, 5a6. 8. 7a, -.Sa, 9a, -7a, 3a, -9a. 

9. 2a:®, 7a:*, -3a:®, -2a:®, -7a:*. 10. fa;, 2a:, Ja:, -a:. 

II. |a, -fa, -|a. 6a. -2a. 12. 2? -7?, 9^ 

13. T*> T*, - f14. 2a:, - f*, - .Ja:, fa:. 

Collect the terms in the following: 

15. 3a - 2a-h 4a - a. 16. 7a:*-3a:*-a’*+ 23:*. 

17. 3a6-7a6 + a6 —2a6 + 9a6. 18. 1 la;*y - 8a:*y - 2a:*y + 4a:*y - a:*y. 

19. 4a6c - 9a6c + 6a6c ~ lobe. 20, -* 3a:^ - 4a:* - 7a;* - a:*, 

a. -9a:»-6ar> + 8a:’-2a:!' + 9a:’. 22. + 

23. +24, - + I a* - a* - 2a*. 

21* Example. 1. Find the aura of 3a - 46 - 2c, 4a + 26 - c and 2a —h- 3c, 
First Method. The required sum 

=3a-46-2c + (4a + 26-c) + (2a-6-3c) 

= 3a-46-2c + 4a+26-c + 2a-6-3c 
=3a+4a+2a-46+26-6-2c-c-3c 
(collecting like terms) 

=9a-36 -6c. 

Second Method, Arrange the given expressions in lines so that the like 
terms appear in the same vertical columns: then add each column, 

3a-46-2c 
4a+26- c 
2a- 6-3c 

9a-36-6c. 




ADDITION 


21 


in.] 

Example 2. Find the sum of -1 - 5x^ - 3x -f 2^-®, and 7 -2x+ 2a?*. 

Arranging the expressions so that like tf^rma appear in the same vertical 
column. 

4x^-3x^ -I 
2x^+5x^-3x 
2a?g-2a?-f7 

6a;® + 4a?® - 5x + 6, the required sum. 

Example 3. Find the sum of [x-y + Sz], f- (4a? - 8y - z), ^ (2a; 4- 2y - 2z). 

The reqd. sum = ~ - ^^ + 2z-h3x-6y- ^ + x+y-z 

^x »> 3z 

= y+ 3a: + a;- 5y-6y4-y + 2z-j-z 

(collecting like terms) 

=a?(54-3+l)+y(l-6-f) + z(2-l«f) 

—;i-y+4^ 

Examples. III. e. 

Find the sum of 

1. a®-6® + c®. a® + ^^+c®. 

2. 2a4-3&-4c, 3<'t - 2?> H-4c, a+ 56 +6c. 

3. 3a?-4y + 4z, -2a; + 6y-5z, a?~3y-8z. 

4. - a - 6 - c, - 2a - 26 - 2c, - 3a - 36 - .3c. 

5. 4aa;-36y + 5cz, 7aa; + 86y - 2cz, 2ax-2hy + cz» 

6. a+ 6, 6 + c, c + a. 7. 2(a-6), 2(a + 6). 

8. a + 6~c, 3(a-6 + c), 4(a-6-r). 

9. a?® + 2a?y + y®, a;®-y®, 2a?y + 2 /® 

10. a?® + 3a?®y - 3a;y® + y®, a;® - 3;c®y + 3.ry® - y®, x® + y®. 

11. 4a? - 6a?® - H- 2ar®, ,3a?® - 4 - a?® + 5a?, 12 - a?. 

12. 3a®-2c®-d®, 63 + c® + 4d®, a®.-36®-4c® 

13. a?® - 3a?®y + 3a;y®, - 2.i?®y - a?y® - y®, a?® 4- 4y®. 

14. 4/)® - 3q® - 4r - 3, q® - 2r - 4, 6r - 2 - 3p‘”, 9 - q®. 

15. 7x^yz - 5a;yz®, 3a?y®z - 4a?®yz, - 5a?y®z - 7a?y3®, 2a?®y2 - 4a?y'% + ^xyzK 

16. a® - 6c - 2ac, 6® + ac - c®, c® - 3ac - 46c, a6 + ac + 6c. 

17. 3a®c, 6® - 3a6c + 3ac®, 6a6c + 7ore - 2ac®. 

18. 4(a + 6 + c), 3(2a-6-c), 8(6-a + 2c). 

19. ff(*+y-*), |(-a!+y+*). 

20. + + 56, 3<» - c, 56+6c. 

21. J(te-12y), t(6x-9y), |(12»+30y). 
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SUBTRACTION. 

22 . 2a subtracted from 5a =* 5a - 2a = 3a. 


2a. - 5a« - 5a - 2a = - 7a. 

-3a. 7a = 7a-(-3a) = 7a + 3a=10a. 

- 4a. - 2a= - 2a - (- 4a)= - 2a + 4a = 2a. 

X-7J . x + y=^x + y -{x-y)=^x + y ^x + y—2y. 

x-2 . x^ - bx^x^ - bx - {x - 2) 

=^x^ - bx-x-\-2 
= a;2-6a: + 2. 


Subtract - 


Examples. III. f. 


1, a from 4a. 2. 

4. - 6 from 66. 5. 

7. -86 from 116. 8. 

10. 3a:® from a:®. 11. 

13. -7aa:®from 11 ax^. 14. 

16. 11a from 0. 17. 

19. a - 6 from 0. 20. 

22. ^a “ ^6 from \a + A6. 
24. ^a - ^6 from a - 6. 

26. a + 6 from c. 

28. - a from aa;. 29. 


- a from 4a. 

- 6 from - 66. 

X from -X. 

7aoi^ from llax*. 
Taa:® from - 13ax®. 

- 3a from 0. 

a - 6 from a+6. 


- a from - ox. 


3. 2a from - 3a. 

6. -56 from -56. 

9. - 2y from 2y. 

12. -7ax® from -llax*. 
15. a from 0. 

18. 3a+26 from 0. 

21. 2a - 6 from 3a - 36. 
23. ^a+^6 from a + 6. 
25. c from a + 6. 

27. a from ax. 

30, X from x®. 


What must be added to 

31. 2a - 6 to make 2a ? 

33. a + 6 - c to make a ? 

35. X® - y® - z® to make 3y®+2® ? 
37* x®+px + g to make 3x®-;?x? 


32. 2a+ 36 to make 2a? 

34. 3a-6-c to make 3a+6? 
36. X® - 5x - 6 to make 5x + 6 ? 


23* Example 1. Subtract 3a - 26 +2c from 5a + 36 - 4c. 
The reqd. result=5a + 36 - 4c - (30 - 26+2c) 


=5a+36-4c-3a+26-2c.(1) 

=5a-3a+36 +26 - 4<j-2c.(2) 

(collecting like terms) = 2a+56 - 6c. 


Example 2. Subtract 3x - 2x® - 6 from 7af - 5 - 2x*+4x* 

In cases such as this it is generally best to arrange the expressions in 
ascending or descending powers of x. 

Arranging the expressions in descending powers of x, 
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the reqd. result=4rc® - 2a;®+7a? - 5 - (- 2it’2+3a; - 6) 


=4a;®-2a;®+7a?-6 + 2a;®-3a; + 6.(1) 

=4a:3 - 2a:2+2a;^ + 7a? - 3a; - 5+6.(2) 

=4a:;® + 4a;+l. 


When the student has had a little practice, he will be able to shorten 
the work by omitting lines marked (1) and (2) in the above. 

24. The work of subtraction is often conveniently arrangerl as 
follows. 

Subtract 6 a - 3J + ic from 6 a - 5J - 3c. 

6 a - 5& - 3c 
5a - 36 + 4c 

a-2b-7c. 

Explanation. We see from the examples previously worked 
out, that we must change the signs of all terms in the expression 
to be subtracted and then take the algebraic sum of the two 
lines. 

> 6a~5a = a, -56 + 36= “26, -3c-4c=-7c. 

* The signs need not be actually changed; the change may be 
made mentalh/. 

Subtract 3a^ - 4a3 + 2 tt2 ^ from 2a^ + 3a^ - 5a + 4. 

2a^ + 3a^ - 5a+ 4 

.3a^ - 4a3 + 2a2 + 5a 

2a® + 4a® - 2a^ - 10a + 4. 

Explanation. 2 a® - 0 = 2 a®, 3a^ - 3a^ = 0 , 0 + 4a® = 4a®, 

0-2a2=:-2a2 -5a-5a=-10a, 4-0 = 4. 

Examples. III. g. 

Subtract 

1. a® + 2a6 - 6® from a®+ 2ab + 6®. 2. x + Sy + Sz from 5x-h7y- 2z. 

3. 5j?® - 3a7+2 from 7a;® - 5a; + 6. 4. 3a;® - 2xy - 3y® from x- +2a;y + 5y*. 

5. 2a - 6-4d from a - 36 h-c. ^6. 3a;-4a+ 11 from 5a;-8a-2. 

7. - 3a6 - 26® +11 from C6'*+5a6+2. 

8. 5a - 3c + 4<f from 6a - 26 - .Sc - 2d. 

9. a;® - 6a;®y - 3a?y® from x^ - 9a;®y - 5xy^ +y*. 

From 

10. 6a-6 + c-3d take 3a + 6-c-d. 

11. 6a; - 3y - 4z + 7 take 5a; + 2y - 3»+9. 

12. 6a® - 7a6 -12 take - 3a6+2. ‘ 
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From 


13. 3x - 4 *Jx^ - 9 take 8 - 2a? - 8a;® - 2a?®. 


14. 5a3 - 9a® 4- 3 take 4a® - 6a - 3. 

15. ah - he - cd- ad take -ah + hc 

16. a® - 1 “ 2a^ - 3a 4- 5a® take 3a® 

17. 6a;^ - 36 + 8a;® -> 9a; take 3a;® - 7 
how much does ' 

18. 7 exceed 4 ? 

20. - 7 exceed - 9 ? 

22. 2.C® +1 exceed a;® +1 ? 

24. a - 5 exceed a-Shi 
Find the excess of 


Sed, 

ia* 4- t>a® - 2. 

8a?® - 3a?. 

19. 7 exceed - 4 ? 

21. 3a exceed - a? 

23. a;® - 2a; 4- 1 exceed 2a;4-1 ? 

25. 3a - 4a; exceed a 4- 7a; ? 



26. 6a over - 2a. 

28. 3a;® ovet - a?. 

30. 3 (a 4- h) over 2 (a ~ h). 

32. 9 times 3| over 5 times 3J. 


27. 7a over 5. 

29. 6 - a;® over - a;®. 

31. 8 times 3i over 6 times 3^. 


33. Subtract the sum of 3a ~ 6 and a 4-25 from 6a - 75. 

34. Subtract Sx-y-z from the sum of a;y - Zj-'Und Sy^- 

35. By how much does zero exceed 7a?-6? 

36. Subtract 3a® - 5® 4- c® from zero ? 

37. Subtract the sum of 3a - 5 4- 2c - 6d and a 4- 5 - 2c'4- 3d fromjth© 

of 6a-c-d over a-h-c. ' 

38. Take 3 from 2a;® andTliFresult from a;® -3a:-3. 


CHAPTER IV. 

MULTIPLICATION. 

Buie of Signs. 

^ 26. We know that 

4-2x 4-3 = 4 - 6 ; also 4 - a x +h is represented by +a5...(l) 
Again, -3x4-2 means - 3 taken twice. 

U. -3x 4-2==-3 + (-3)=-3-3=-6. 

We therefore deduce that —a x + = - ah .(2) 

Next let us consider 4 - 3 x - 2. 

This means + 3 taken - 2 times, and therefore has no 
arithmetical meaning. 

It bears however an algebraic interpretation- 
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Rememberi]ig the convention of signs for direction (Art. 8), we 
see that + 3 taken - 2 times is the same as + 3 taken + 2 times, 
lui in the opposite direction. 

4’3x-2=+3x+ 2 with the opposite sign, 

= + 6 with the opposite sign, 

^=-6. 

Algebraically therefore, 

+ a X - -ah .(3) 

Lastly let us consider the product - 3 x - 2. 

This denotes - 3 taken - 2 times. 

remembering the convention of sign for direction, this is the 
same as - 3 taken twice, hut in the opposite direction^ 

= - G in the opposite direction^ 

= +G. 

in algebra we say that -ax - 'b= + ah .(4) 

Examining the results (1), (2), (3), (4), we have the following 
rule of si^ns. 

Terms with like signs multiplied together give plus (+ ). 
Terms with unlike signs multiplied together give minus (-). 

Indices. 

26. By definition, w' ^axax a, 

and = a xax ax a. 

X — axaxaxaxaxaxa (7 factors) 
--uv by definition. 

In the same way a^xa^-ax a x a x a xa 
— a'\ 

In each case the index of the product is the sum of the indices 
of the factors. 

We therefore deduce the following law. 

To multiply two powers of the same quantity, add the indices 
of the factors. 

The continued product of a number of quantities is the result 
when ttiey are all multiplied together. 
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Thus the continued product of 2, 3, 4 is 2 x 3 x 4 = 24. 

...a, 6, c, is dbc. 

.is a®. 

. -a, 2a, - 3a is 6a^. 

. - a, - 2a, - 3a is - 6a®. 

27. Examples. 

(1) X a^h'^=a^ x a® x 6® x 6^ 

= a?h\ 

(2) 3a®6X --46=-3x4xa®xftx6 (Unlike signs give minus) 

= - \2a%\ 

(3) -4 aj2 y X -= +4x5xa?^xa^xyxy (Likesigns give plus) 

=::20x^y\ 

(4) (3a-46)x -2=-6a+ 85. 

(5) -4a:y(a;2-3yz + 52J®) 

= - 4a;y X - 4a;y x ( - 3y2) - 4a:y x (52®) 

= - 4a;y + 12a;®y^ - 20a;®y®2®. 

(6) 24a (|a® -1-5® + f5c)=24a x |^a® - 24a x 5® + 24a x jhc 

= 16a® - 6a5®+9a5c. 

(7) (^ct - |5 - c) X -1 a5®c = - f a5®c x a + |^a5®c x 15 + |a5*c x c 

= - y 5 a®5®c +1 a5®c +1 a5®c®. 

Examples. IV. a. 

Multiply 

2a by 3. 2. 3a by -3. 3. -2a by -4. 

4. a by 2a®. 5. -2a® by a®. 6. -3a5 by 2a5. 

7. 3a? by 4y. 8, -3a: by -2y. 9. -5a: by 3y. 

10. 7a:® by -2a:. 11. dbc by dbc, ^ 12. a®5 by -5®c. 

13. -a® by a:®. 14. -2a® by -3a5. 15. 4a;® by -2a:®. 

16. by -y. 17. by -pq\ 18. by 2p(f, 

19. a®5®c* by a5®c*. 20. by Jr 5. 21. f®* by -^5®. 

22 . by-fa:. 23. -f a:®y by -|y®z. 24. by 

Write down, or read off, the continued product of 

25. -2, -3, 4. 26. a, -5, c. 27. a®, -5®, c. 

28. 5®, -c®, -a. 29. 2a, 35,6c. 30. 3a, -25, -4c. 

31, a^, a:, -y. 32. 3a, a:, -»■. 33. -a, -a, -a. 

31 -2a, -2a, -2a. 36. a®, 5®, 2c‘. 36. 3p*, 2p5, 4qFr. 
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Write down, or read off, the values of 


S7 


37. 

(-£»)•■*. 

38. (-0)*. 

39. 

(-<*)*. 

40. 

{-2a)». 

41. (a:’)*. 

42. 


43. 

( - a;*)’. 

44. (-2a^)’. 

45. 

{-2xy)*. 

46. 

(-1)7. 

47. (-1)*. 

48. 

(-1)". 

49. 

(-*Y- 

50. \ 

51. 

( - 2a;7)«. 

52. 

(-2a»6)’. 

53. (-.Sa:^)’. 

54. 

(-3*y»)‘. 



Examples. 

IV. b. 


Multiply 




1. 

a + 56-3c by 5. 

2. 

2a - 36 + 2c 

by -4. 

3. 

a + 6 + c by 2a. 

4. 

3a2 - 2a + 5 

by -2«. 

5. 

6a»-4a2_2a -5 by la^. 6. 

a6 - 6c + ca 

by be. 


7. 2ah - 36c - 4ca by - 3a6c. 

9. a;^-3a;2y + 3icy2_y3 by -3x2 
11. 3a6 + 2ac-6c by abc. 

13. x^-3x2 + 3x + l by 2x. 

15. -3a2-2a6 + 62 by -262. 

Find the continued product of 

17. « - 6, a, 6. 

19. x2-5x + 3, 2x, and -3x. 


8 . x2-2xy4-y2 by x®. 

10. a- + ad 62 -ac-hc by -c. 

12. l-3x-2x2 + x3 by -2x. 

14. 3x^-2x2 -f6 by -Sx* 

16. - - a6^c* + 96*c2 by - l2a*6V- 

18. a^ - ^ab - 62, 2a, and 3c. 

20* - 3x^ + 2x2 _ 3^ _ j _ 2*. 


Following the law of indices, what is the product of 


21. a”* and a". 

22. a”* and -a". 

23. and a’". 

24. a”* and a'^”*. 

25. -a® and -a". 

26. and a” 

27. and a^”*. 

28. tt"”* and a^". 

29. -2a”* and a”*. 

30. -3a”*6” and -5a”6”*. 

31. tt*+a2* and a*. 

32. -e* + l and e^*. 

33. a”*“i and a”*+V 

34. a'"'® and a”*“V 

When a= - 2 , what is the value of* 

35. a2-2. 

36. 2a=-a + 4. 37. a’ + S. 

38. 3a2 + 2a-16. 

39. 2a’+16. 40. aH3a’ + 2a* 

When a = - 1, 6: 

=2, find the value of 

41. a2+6. 

42. o’-36. 43. o’+ 6’. 

44. 8a2-68 

46. a’+o6+6’. 46. o’+b*. 

When x=0, y = 

- 1, 2=2, find the value of 

47. x2-2y2+y*. 

48. xy+yz+zx. 

49, x®+y*-f23. 

50. 3^+y^+z^~xy-yz-zx. 

51. x*+y< + a5*. 

52. (»-y)*+(y -il’+lz-*)*. 
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28. To find the product of (x + S) and {x + 4). 

First let us regard (a: 4-3) as a single quantity, a suppose. 

(a;+ 3) X (a; + 4) = a X (.t + 4) 

== aa: + 4^^ 

= (a: + 3) X a; + 4 (ic + 3) 

==a;2 + 3a; + 4a;4-12 
= a:2-f.7a:+12. 

Examining the above, we see that it is the same as multiplying 
(a; + 3) by a; and by 4 and adding the results. 

To find the product of {x - 2) and {x - 5). 

Eegarding {x - 2) as a single quantity, a suppose, 

{x-2)x(x- 5) = X (a; - 5) 

= ax-6a 

^x(x-2)-6 {x-2) 

— x^- 2x - 5a: +10 
= a;^~ 7a:+10. 

Again, we see that this is the same as multiplying (x - 2) by » 
and by - 5, and then taking their algebraic sum. 

The work may conveniently be arranged thus: 

a: - 2 
a: - 5 

x' - 2x (multiplying a; - 2 by a:) 

- 5a: 4 10 (multiplying x-2 by - 5, and placing like 

x' - 7a: +10. (adding) terms underneath one another) 
N.B.—(a: + 3) x (a; ~ 2) is usually written thus, {x + 3)(x - 2). 

29. Example 1. Multiply a: + a by x 4 h. 

x-ha 
x + h 

x’^+ax 

_ bx + a h 

4 ax + 6ic + a&. 

This may be written x* + (a + 6) a: +a6. 

This result is true whatever values we give to a and 6, positive or 
negative. 

Hence (x+2)(a;+5) = x® + (5+2)x+5 x2=x*+7a;+10. 

(x-3)(x~5)=x2 + (~3-5)x + (-5)(-3)=xa^8x+15. 
(x-3)(x + 7)=xM-(-'3 + 7)ar + (-3)(7)=x®+4x->2l. 

(x + 3)(x-9)=x* + (3-9)ar+(3)(~9)=*®~6a:-27. 


V 
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After a little practice the student will be able to write down such 
products at sight. 

Example 2. Multiply 5 + 3a; by 7 - 2a:. 

5 +3a: 

7-2x_ 

35 +21a; 

35 + lfa:-6a;2 

Example 3. M ultiply ay + h by cy - d. 

ay + h 
cy - d 

acy^ + hey 

- (vhj - hd 
acir -f- hey - ady - hd 

Example 4. Multiply a + h by a - h. 

a \ h 
a - h 

0 ? + ah 
- ah • h^ 

Ir 

l.c. (atb)(a b)-^a2-b2 

This result is very important. It is true for all values of a and 6. 

Hence {a + 2) (a - 2) ~a- - 2-—- 4. 

(fH- l)(a 1. 

(j: + a){x - o) — 37“ - (f\ 

(2x + 3a)(^2x - 3«) -.(2a*)- - {3o)2 

v:.4a;2- 9a2. 


Examples. IV. c. 

[After a little practice, the student will be able to write down the results 
in many of the following, without showing any work.] 


Find the product of 


1. 


2 

a;+3. 

2 . 

3 ;-2, 

X - 3. 

3 . 

37 + 2, 

37-3. 

4. 

X- 

2, 

a: + 3. 

5 . 

a;+ 3, 

X + 9. 

6 . 

37-3, 

37 + 6. 

7. 

X- 

11. 

x-n. 

8. 

a: + ll, 

a:-7. 

9. 

1 + 3 ;, 

1 + 237. 

10. 

l + 4a;, 

1 - 33 ;. 

11. 

l-x. 

l-2.r. 

12. 

2 + x, 

3 + 37. 

13. 

5 + 


6 +a;. 

14. 

3 +a:, 

7-f-a*. 

15. 

1-93?, 

, 1+735. 

16. 

1- 


, 1 + 33 :. 

17. 

a: + l, 

X- 1. 

18. 

37 + 2, 

x-2. 

19. 

X- 

3, 

a:+ 3. 

20. 

a:-7, 

3 ; + 7 . 

21. 

1 - 3 ;, 

1 + 3 ?. 

22. 

2 + 


2 - 3 ;. 

23. 

7-Xj 

7 + a;. 

24. 

9-3?, 

9 + 3?. 

25. 

» + ?/, 

x-hy. 

26. 

a; + 2y, 

x + 3y. 

27. 

®“2y, 

, x+2y. 

28. 

X- 

3y. 

, x-2y. 

29. 

x-3y, 

a; + 2y. 

30. 


, *+4y. 
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Find the product of 


SI. 

2a:+y, 2a;-i-y. 

32. 

\ 

1 

33. 

2a;-3, 3a;+ 4. 

34. 

2a:-1, 3a;-4. 

35. 

5a:+6, 2a; + 3. 

36. 

3a;-7, 6a;+2. 

37. 

1 

1 

38. 

5 —4a:, 6+7a;. 

39. 

2-3a:, 2+3a;. 

40. 

2a;-5, 2a; + 5. 

41. 

5a;-7, 6a;+7. 

42. 

6a;-5, 6a;+6. 

43. 

9a;+8, 9a;-8. 

44. 

4a;+7, 4a:-7. 

45. 

a;-a, a: + 6. 

46. 

a: + a, a:-6. 

47. 

a+6, a + 6. 

48. 

aa;+6, ax + b. 

49. 

a - 6, a - 6. 

50. 

ax-b, ax-b. 

51. 

px-q, px-q. 

52. p + qxy p + qx. 

sa 

a + SXf a-5x. 

51 

3-a:, 7 + 2a;. 

55. 

a: + ay, x-ay. 

56. 

px-q, px + q. 

57. 

px-^q, px+q. 

58. 

cx -df cx- d. 

59. 

1 

1 

60. 

3x + 4y, 4x~5y. 

61. 

lx + 8c, 6a; - 4c. 

62. 

2aa:4-3, 3aa; + 2, 

63. 

a2-62, d^ + h\ 

64. 

a*-4&, a^+46. 

65. 

a® + 66, a®-46. 

66 . 

a2-36, a2-56. 

67. 

4aa-36, 4(i2+36. 

68 . 

5a2-262, 6a2+262 

69. 

a;2-2a2, a;2 + 2a^ 

70. 

x^-Pi x^+p. ^ 

71. 

a-6^ C5 + 6®. 

72. 

a-6®, a-6®. 

73. iB’+l, 

74. 

a:3-2, a;S+2. 

75. 

aa;2+l, ax^-l. 

76. 

hx^ + c, bx^ - c. 

77. 

aa;+l, 6a;+l. 

78. 

aa;+l, 6a;-1. 

79. 

a;+2i/, 3a; + l. 

80. 

2a;-a, 3a; + 6. 

81. 

a+6, c + d. 

82. 

a - 6, c - d. 

83. 

2a-6, Sc + 4:d. 

81 

a+ 36, 2ci-5d. 

85. 

x^ + a, a;^ - 36. 

86 . 

aa;^+6a;, aa; + 6. 

87. 

ax^ - 6a:, ax + 6^ 

88 . 

x^ + a^t x+a. 

89. 

a;2-a^ x + a. 

90. 



SQUARES. 

30. (x + a)2 = (ic + a)(a; + a) = a;2 + aa; + a3: + a2 

= x‘'^ + 2ax + a2. 

This is true for all values of a. 

Hence (a; + 2)2r=a;2 + 4a; + 4. 

(a; + 7)2 = a:2 +14x + 49. 

(x - a)2 =={x - a)(x - a) - ax - 

= x2~2ax + a2. 

This is also true for all values of a. 

Hence {x - 3)2 = - 6a; + 9. 

{x - 8)2=a;2 - 16a; + 64. 

From the above we gather that: 

The square of the sum of two quantities is equal to the sum of 
their squares plus twice their product. 

The square of the difference of two quantities is equal to the 
sum of their Aiuares minus twice their product. 
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Examples. IV. d. 

Doing all the work mentally, write doTrn the expanded values of the 
following: 


1. 

(a + 6)*. 

2. 

(a + a:)*. 

3. 

(c+d)*. 

4. 

(x + 4)* 

5. 

{x + lf. 

6. 

(P + 3)* 

7. 

(a-hf. 

8. 

(a - x)*. 

9. 

(c-d)*. 

10. 

(a;-4)*. 

11. 

(a:-9)*. 

12. 

(p-4)*. 

13. 

{2p + S)\ 

14. 

(3p+g)*. 

15. 

(2p-5)* 

16. 

(4p-l)* 

17. 


18. 

(3a:-1)*. 

19. 

(1-a:)*. 

20. 

(l-2x)*. 

21. 

(l-5»)*. 

22. 

(l+p)*. 

23. 

(l + 7p)*. 

24. 

(2o + 36)*. 

25. 

[ix-Syf. 

26. 

(-a + 6)*. 

27. 

(-2a+x)*. 

28. 

(2x-3o)*. 

29. 

(-2* + 3a)* 

30. 

(ip + 5qf 

31. 

(3/) - iqf. 

32. 

(a* + 6*)*. 

33. 

(a* - 6*)*. 

34. 

(a* + 6)* 

35. 

(d^-pf. 

36. 

(2a*-36*)* 

37. 

(4a* + 36*)*. 

38. 

(a* + 6)*. 

39. 

(a:* + y*)*. 

40. 

(x*-y*)*. 

41. 

(2j;*+o)*. 

42. 

(.3a*-y*)*. 

43. 

(l-2x*)* 

44. 

(-1-X)* 

45. 


46. 

(x* + a*f. 

47. 


48. 

(2x<-3y‘)*. 

49. 

(2p* + 3e*)* 

50. 

(n? - a*)*. 






31. Example 1. {x + 2) {x - 2) = - 2^ =- 4. (See Art. 29, Ex. 4.) 

Example 2. {2x - 3) (2a; + 3) = (2a;)2 - (3)^= 4.x^ - 9. 

Example 3. {-a-\-x){-a'-x) — {- af-x^^a^-x^. 

Example 4. (px-q){px + f/)=p^x^-q’^. 

Examples. IV. e. 

Write down the following products: 

1. (a; + l)(a;-l). 2. (a;-2)(a; + 2). 3. (H-a;)(l-x). 

4. (.r + 5)(a;-5). 5. (3-y)(3 + y). 6. (7-a:)(7+a;}. 

7. {b-a){b + a). 8. {'^P + q){2p - q). 9. (3/) + g)(3/3-g^). 

10. (a -36) (a+ 36). 11. {Sp + 2q){^p-2q). 12. (oa; - 4a) (5x + 4a). 

13. (-a- 6)( -a + 6). 14. (-2a + a:)(-2a-a:). 15. (a-76)(a + 76). 

16. (-a-76)(-a + 76). 17. + 18. (a- + 26*)(a* ~26*). 

19. {px ~ q){px + q). 20. (a - 6a:) (a + 6a:). 21. (a;* - a*)(a;* + a^), 

22. (-a;*-a)(-a;’- + a). 23. (2a* + a;)(2a®-ar). 24. (2a* - 3a-) (2a* + 3x). 

25. (l-a;3)(l+a;3). 26. (I+aa;*)( 1-aa;*). 27. (3 - a3)(3 + a*). 

28. (ll-7a;)(ll+7a;). 29. (9-8a;)(9 + 8a;). 30. (7a;-9)(7a; + 9). 

*32. The formulae ^ 

(ft + 6)- = + 2ab + b'^ and {a - b)- = a- - 2ab + 5^ 

may be used with great advantage in arithmetical work. 

99-= (100- 1)2 = 10,000- 200+ 1 = 9,801. 

1012 ==( 100 + 1 ) 2 = 10 , 000 + 200 + 1 = 10 , 201 . 

1052= (100+ 5)2=10,000 + 1000+ 25 = 11,025. 

100-52 =. (100 + - 5)2 = 10,000 + 100 + *25 = 10 , 100 - 25 . 

/ 
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These formulae may often be used in approximations. 
(100-03)2=* (100+ -03)2 

= 10,000 +200 X-03 +-0009 
= 10,000 +6 +-0009 
= 10,006-00 correct to two dec. places. 

In giving approximate values, -5 or more counts as unity. Thus 
79-7, 79-5, 79-8 would count as 80, correct in whole numbers. 

On the other hand, 79-3, 79-2 would be taken as 79. 

In the same way, 6-035729 would be taken as 


6-04 correct to two decimal places. 
6-036 .three. 


6-0357 .four. 

6-03573 . five . 

Using the formula (a + h)(a-b)=a‘- h'-, 

99xl01 = (100-l)(100 + l) 

= 10,000-1 = 9999. 

Also 99-6xl00-4 = (100--4)(100 + -4) 

= 10,000--16 
= 9999-84. 

15-6xl4-4 = (15 + -6)(15-'6) 

= 2-25--.36 
= 224-64. 

* Examples. IV. f. 

Without doing the actual multiplication, find the value of 


1. 98’. 2. 201*. 3. 102*. 4. 103*. 

6. 107*. 6. 9999*. 7. 1001*. 8. 1002*. 

9. 9-9*. 10. 10,003*. 11 . 20,001*. 12. 999-8*. 

13. 20,010*. 14. 2,005*. 15, 100-3*. 16. 1008*. 

17. 999*. 18. 99-97*. 19. 80-2*. 20. 600-5*. 

21. 899-6*. 22. 500-3*. 23. 9 006*. 24. 7-996*. 

25. 100-02*, correct to three decimal places. 

26. 1-005*. . four . 

27. 10-08*. three. 

28. 999-96*, . two . 

29. 10-005*, . four . 

30. 1002 x 998. a. 203x197. 32, 97x103. 33. 83 x 77, 

34. ll-6xl0-5. 35. 9-3x10-7. 36. 82 x 78. 37. 20 04x19-96. 

88. 1-72x1-68. 39. 1-96 x 2-04. 40. 9000-4 x 8999 6. 
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33. Example 1. Multiply a:* -2a; +5 by x+2. 

a;®-2a: 4-5 * 

_ X 4-2 

^2a;2 4-5i 
2a:^-4a:4l0 
4- a: 4-10 


Example 2. Multiply a - 6 4- c by 6 - c. 

a-ft-fc 

b-c _ 

ah - 6^ 4- 6c 
~ac + be-c* 

ab~ac~b^ 4- 26c - c* 


Examples. IV. g. 


Find the product of 

1. a:^-2a:+l, a:-l. 

3. 2x^-3x+l, 2a:-1. 

5. 9a:2 4-3a:4-l, 3a:-1. 

7. a;^ - aa: 4- a®, a: - a. 

9. a24-6^ a4-6. 

11. a?-b\ a 4* 6. 

13, 4a:^ 4-2a: 4-1, 2a:-1. 

15. 4.a:2-3, a:-2. 

17, 9a;®-3a: 4-1, 3a; 4-1. 

19. a;-a, a;-6, a:-c. 

21. a: 4-.36, a:-36, a:®-96®. 
23. a-by a 4-6, a-c. 

25. 2a-i-36-c, 3a-46. 


2. a:®4-4a;4-4, a;4-1. 

4. a:®-2a: 4-4, a: 4-2. 

6 . .3a;®-2a: 4-4, 2a; 4-5. 

8. 25a;® 4-5a; 4-1, 5a:-1. 

10, a;® 4- aa; 4- a®, x-a. 

12. a;® -6a: 4-9, a:-3. 

14. 4a:®-2a:-5, 2a;-7. 

16. a:® + .3a:-4, a;®-2. 

18, a;® + 3a:®43a;4-1, x-1. 
20. a:-2a, a: 4-2a, a;® 4-4a*. 
22. 2a: 4-.3, 2a;-7, 3a; 4-8- 
24. a4-6-c, a-5. 


Examples. IV. h. 

Find, by inspectiony the coefficient of 
1. X in the product (a; 4-2) (a; 4-7). 


2. a: . (a:-.3)(a;4-7). 

3. a; .(2a:-l)(3a;-l). 

4. a: .(2a; 4-3) (3a: 4-4). 

5. X . (3a;-5) (a; 4-2). 

6. a; .(5a:-4) (2a:-1). 

7. a .(a 4-2) (a; 4-3). 

8. 6 . (a: - 2) (a: 4-36). 

9. a . (.r4-2a)(3a;-6),<" 

10. a .(a: 4-2a) (a:-5a), 

11. a;® . (2x® 4-a; 4-1) (a: 4-2). 

XX ^ a Ik ^ 
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Find, by inspection^ the coefficient of 
12. in the product (3a:®-2aj+4)(5a;+7). 


13. .(5a;a-3a?-ll)(5a?+3). 

14. .(aa;^+.3a; + 4) (2a; -1). 

15. X*..(6a;® - aa; + 7) (6a; + a). 

16. x^ .(3a*®-2a;+ 4) (5a;-7). 

17. a?®. {ax^ + hx-\-c){x+d). 

18. a;®.(aa;® - fta;+c) (ax + 6). 

19. X .(5a;®-2a;+4)(5a; + 7). 

20. « .(9a;®-8a;+ 3) (5a;-2). 

21. X .(aa;®-6a; + c)(ca;-6). 

22 . X . (ax‘^ + hx + c)(hx-c). 


23. Simplify [a(3 - ft)+ 5(a4-1)-2a.] x (a + fe). 

24. Find the product of 3a;(a; - 3) + 2(2a;® +1), and 4(x - 1) - (a; - 9). 

25. Simplify (x + 3)® - (x - 2) (x + 2) + (x +1) (x - 13). 

26. Without doing the complete multiplication, determine the coefficient 

of X® in the product (5x® - 9x® - 7x - 13) (3x - 7). 

27. If X = Sx - 2a, and y—2x - 3a, find the value of {2X - F)(3X - 2Y). 

28. Find the value of (X + Y)(X - F) when X = 5x - 2 and F=3x-2. 

29. Simplify (x + l)(x4'9)-4(x-2)® + 3(x+l)(x- 1). 

Check your result by using some particular value of x. 

30. If X = .3px® - px - 4, and F = 16 + //x - 3gx®, find the value of qX +p F. 

31. Multiply the sum of 2x(x-1)-(x-4), 2x-3, and x® + l by the 

remainder when (x + l)(x - 1) - (x+6) is subtracted from 
(x-2)(x + 2) + 2(x-2). 

32. Simplify (5^ 

33. Find the value of (3x- l)(4x + 5) -2(2x- l)®-4(x- l)(x + 6), 

when x= -2. 

31 Prove that 4(2x + 1)® - 3(x - 2) (2x - 1) - 2(5x - 1)(x + 2) = 13x+2. 

35. Simplify 2 (x + 2)® - (x - 1) (x +1) - (x - 3)®. 


CHAPTER V. 


34. Buie of signs. 


DIVISION. 


4" ah = + Cl X 4“ ft i 


4“ cift d* 4” Cl = d" ftj 


4‘Cift 


+ ft. 


or 


( 1 ) 
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^ay. + 6* 

•« ab r — (/' = -^-bj 

or =+6. (2) 

-a ' ' 

+.a/; - ax - by 

-a^ - by 

“1“ ab j /Q\ 

or =-6. (3) 

-a ' 

-ab== + ax -h; 

/. - -r + a = - by 

or ~^=-& .(4) 

Examining the results in (1), (2), (3), (4), we have the following 
rule of signs for division. 

Terms with like signs divided by one another give plus (+) 
Terms with unlike signs divided by one another give minus ( - ). 

N.B .—The rule of signs in division is the same as that in multi¬ 
plication, 

35. a^^axaxaxaxOy hy definition, 

and a^^ax ax a; 


. ^ „ ax ax a x<( x a 

.. — - ~ax a 

ax ax a 

= tt-. 


r ^ ax ax it xaxaxaxa 

In the same way, a' a^ — -- 

a xaxa 

= a*. 

In each case the index of the quotient is the index of the 
dividend diminished by the index of the divisor. 

We therefore deduce the following law. 

To divide one power of a quantity by another power of the 
same quantity, subtract the index of the divisor from the index 
of the dividend. 


36. 

Examples. 



(1) 


0 


(2) 


. K 2 

(Unlike signs give minus. 1 




(7-2=6.) 
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(3) 


(4) 


( 5 ) 


- *7ahc 
^ ^35a^b^c 


(Like signs give plus.) 


labc 
=5a^b. 

(6a-96 + 3c)-5- -3 
_ _ ^ 9b Sc 

= -2a+Sb-c, 

(2Sa7b* - 20a»63 _ S6a*b^) -f 4a®52 
_2Sa^b^ 20a%^ S6^ 
4a^b^ 


“ 4a%^ 4a^b^ 

=7a«6®-5a36-9a265. 

(6) 4a;^y - 14a?y^ -- 2Qxy 4x^ _ 14a:y^ ^ 22ary 

2a?y “ 2xy 2xy 2xy 

=2a;-7y-ll. 

After a little practice, the student will be able to write the answer down 
at once in examples like the above. 


Divide 

1, Sx by 3. 2, 

5, labc by 7a. 6, 

- x^ by X, 10. 

a® by a*. 

21a:® by - lx. 
la^x^ by - ax. 
16a®6*c® by 4a&c. 


Examples. V. a. {Oral.) 


9. 

13. 

16. 

19. 


3a: by x. 
labc by - 7a. 
- a:® by ~ x. 
14. a® by 


3, - 3a: by - 
7. a® by a. 
11. a® by a®. 


3. 


17. 

20 . 

23. 


Sa^by -4a® 

- a*b'^ by - a®6®. 
-21a®a:* by 7a®a:. 


15. 

18. 

21 . 

24. 


Simplify the following: 


4. - 3a: by 3. 

8, a® by - a. 

12. - a* by a®. 
24a:^ by 6a:®. 

- 6a® by - 2a. 

- 54a®&c by 6ahc. 
63a®6»c7by-7a?)®c® 


29. 

33. 



26. 


27. 

- 6a® 

28. 

4 


a ’ 

a 

~ab 

24a®6® 

-4a * 

30. 

a;®y®z® 

xy 

31. 

96a7b^ 

4a26®* 

-9p3g®a: ■ 

- 56a®6®c® 


34. 

49p/7®r 

35. 

-32^71 


^12aW 

Sabc 


37. 


54a®5a:* 
-3a6 ’ 


38. 


132a:®.y7 

12a:®y®' 


Divide 

1, 3a - 66 by 3. 

3. 4x®-3a:bya:. 

5. a®+a6 bya. 

7t 3a®-6a6by3a. 


Examples. V. b. 


2. 3a-96 by -3. 

4. y®“6yby -y. 

6. - 6® + a6 by - 6. 

8. 4a®6*<12a6®by 4a6. 
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9. 9a*ft-21a6*by -3a6. 

11. ax+bx by -x. 

13. -7x*+9ai^by -x^, 

15. - Sa^bc + 7ab^c by - ahc. 

17. Hd^h - 7a6* by - lab, 

19. 12a* - 24a®62 by ba^. 

21. 12a-96-18c by -3. 

23. 3ac - 4cc? - 12ca: by - c. 

25. 2a^ - 8a6 + 16ac by - 2a. 

27. aa?* - by - aa;^. 

29. a^6c - ab^c + a6c^ by - ahc.. 

31. 15y* - 5y®a; - 39ya^ by lyy. 

33. 4a?*y® - 8x®y® - 28a;®y* by - 4a:^y^. 


10. a6 + oc by a. 

12 . ia;3-^5a:2by a:*. 

14. a*63-a36*by 

16. 9x?y^z^ - 5a;®y^2® by x^y^. 

18. - 3.3a^y2_i8^y3by -3a:»y* 

20. - Sm^Ti + 20mW by - bmn. 

22. a6 + 6c + 6c? by 6. 

24. - cL^x - ax- - a^x^ by ax. 

26. a:^ + 3x^ - 3x by x. 

28. 7a*62 + 35^354 _ 21a363 by 7a?b\ 
30. 4x*-2x3 + 8 x 2 - 2 xby - 2 x. 

32. Ox^y^ - 21 xy® - 3x®y by - 3xy. 


34. 27x*y®z® - 45x®y*2® + 54x*y V by 9x^y^z^. 


Following the law of indices, what is the quotient when 
35. a”' is divided by a". 36 a" is divided by a*. 

37. X* . x^. 38. 6x" . -2x*. 

39. 27x”‘y’* . Sx"^”*. 40. -54xy -6x'*y". 


37. Wo have already seen that a; (a; + 2) — + 2a;. 

The converse therefore is true, viz. 

a;- + 2a: = a;(a: + 2). 

Hence (x^ + 2a;) -r (a; + 2) = = ic. 


Divide x* + 5x+6 by x-l-2. 


(x2 + 5x+6)-f (x + 2) 


_x2 + 5x+^ 
'x-V2’ 


x® + 2x+3x + 6 
x + 2 


_ x^+ 2x 3 x-f-6 
x -f-2 x-i 2 


(Just as - =f + f in Arithmetic.) 


x(x + 2) 3x- i-6 
x+2 ^ x+2 


3x + 6 

= X+—---r- 

X + 2 
X + 2 

=x + 3. 


The above is worked out in full detail and should be studied 
carefully. 
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The work however is more conveniently arranged as follows: 

r-f2)a;®+5a: + 6(a? + 3 

+ 3a: + 6 
’ + 3x 4" 6 

If the two methods are compared, it will be seen that they 
differ only in arrangement. 

It should be observed that the second method is analogous to 
that used in Arithmetic. 


38. Example l. Divide 15x^ - 26x -f- 8 by - 2. 


Sac “ 2) 15x2 _ 26a5 + 8 (.3x - 4 

15x2- 6x .(1) 

-20x + 8.(2) 

-20x4-8.(3) 


15x2-f 5x=3x; 3x is the first term of the quotient. 

.3x(5x-2)=:15x2-6x, and we thus obtain line (1). 

Line (2) is obtained by subtraction, and by bringing down the term 4-8. 
- 20x4-5a? = - 4 ; - 4 is the second term of tlie quotient. 

“4(5x-2)= -20x f 8, and we thus obtain line (3). 

There is no remainder. 


Example 2. Divide x^ - 16 by x + 4. 

x44)x2-16(x-4 

x24-4x 

-4x-16 

-4x-16 

Example 3. Divide 6 - 1 3a 4- Ga^ by 2 - 3a. 

2-,3a)6-13a4-6a2(3-2a 
6- 9a 

- 4a4-6a2 

- 4a4-^2 


Examples. V. c. 


Divide 

1, x2 4-7x'f-12 by X4-3. 
3. a* 4- 3a 4- 2 by a 4- 2. 

6. 62-1-136 + 42 by 64-6. 

7. X®-14x4-49 by X-7. 
9. a*-15a4-54 by a-9. 

il. 2x»-3x-2 by 2x4-1. 
13. 2*^+Sx-2by X4-2. 
16. 9x*-3x--2 by 3x-2. 


2. x2-7x4-12 by X-3. 

4. a® - 5a 4- 4 by a - 4. 

6. x24-6x 4-9 by X4-3. 

8, x2-2x 4-1 by X- 1. 

10. y*4-13y4-36 by y4-4. 

12, 10x2-14x-12by 2x-4. 
14. 3x2 - X -14 by X 4- 2 , 

16. 10x2-14x-12 by 5x4-3. 
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19. 9 - 6a: + x* by 3 - a;. 

21. 25 - 30a+9a® by 5 - 3a. 

23. a:® -a® by a: + a. 

25. - 4a:® by a - 2x, 

27. 1 - 4a:® by 1 - 2x. 

29. 1 -16/^7 + C4/>®7® by 1 -> Spq. 
31. by a + he. 

33. 81a:«-lby 9a:3 + l. 

35. 100-a:®by lO + ar. 


18. l-5a: + 6a;®by l-3a;. 

20. 3a® - 8a + 4 by 3a -2. 

22. 35y®+32y-99by7y-9. 
24. 25a:®-16 by 5a;-4. 

26. 25 - a:® by 5 + a:. 

28. a;®-a:y + 6y® by a:-3y. 
30. 12a® - 7ab + 5® by 4a - b. 
32. 4a:^ - 49 by 2a;® - 7. 

34. 25a:^ - 16y^ by 5a;® - 4y®. 
36. 1 - 1005^ by 1 - 10?/®. 


Prove the following by divi*<ion : 


a®-15a + 50 ^ 4 

39- - -. - 9 - =a-r.-—3- 

35a’“ + 32n5-9W<* _ ,,, & 

^ 1 - --=•' 5 “+ 116 + ^ 

25-3a;'* 2x^ 

5 — a: 5 — a* 


10a:'* + 14a;-]6 „ , 4 

-96 l-2a:” ^ 1-2* 

.. l-19a;® . . 3a;® 

l+4:r=^-^*-r+4*- 


39. Example 1. Divide x^ 

x-a)ji^ 

Example 2. Divide 35x®- 5acx + 7pqx - acpq hy lx-ac. 

lx - ac ) 35a;® - 5aca; + Ipqx - acpq ( 5a’ ^ pq 
3r)a;® - 5aca; 

+ Ipqx - acpq 
+ lpgv-acpq 

Examples. V. d. 

'^Find the quotient in the following cases; 

1. (a;® + aa:® + a®x + a*'’)-f (a;-f a). 2. (a;® + aa; + ?>a; + a6)-f (a: + a). 

3. {x^-ax-bx + ab)~(x-b). 4. (3a:® + a:y+ 3.'t’+ y)-r (3a: + y). 

5. (a;® + aa:® + a®a: + a®)-r (a:® + a®). 6. (3a;® + a:y-6a;-2y)-r (3a; + y). 

7. (;>a:®+p®a; + a: + 7 ?)-r (a: + /)). 8. (Spx^ + qx-h^px-{-q)-T{^px-^q), 

9. (a;® - aa:® + a®a; - a®)-f (a:® + a®). 10. [px^ + 2x - p'^x-2p)-r(x - }>). 

11. (aa:®-7aa;-5ca; + 35c)-r(a;-7). 12. (tt®x’®+a6a; + aca: + 6c)'r (aa: + 6). 

13. (oa:® - 7aa: + 5ca: - 35(;) 4- (aa; + 5c). 

14. (Sa/Jar® - Saqx -f 5bpx - 3?>r/) ~ (Ctpx - liq). 

15. (21a;)a;® - 3aqx +1 4bpx - 2bq) -f {Ipx ~ q). 


- aa;® + a®a: - a® by x-a, 

- ax® + a®x - a® (x® + a® 
-ax® 

+ a®a’ - a® 

+ a®x - a-* 
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Find the quotient in the following casea: 

16 . (aV ~ abx - acx + 6c) 4 {ax - c). 

17. (27a;^+36ca? - 9aa: - a6c) 4 (Sx - a). 

18. (14a:® - 2apx 4 Ibqx - abpq) 4 (7a: - ap), 

19. {aba^-2bcx + acx~2c?)’T{ax~2c). 

20. i^apsiP - 6bpx 4 3aqa: - 36q) 4 {ax - 6). 

21. Divide the sum of x{x ~ 3) and 2(3 - a:) by a: - 2. 

22. Divide the product of 3a; - 6a and 5x - 15a by a: - 2a. 

23. Simplify [6a:(a: -1) 4 5 (a: - 3)] 4 (3a; - 5). Check your result by putting 

a:=3. 

24. Divide the sum of a:®41 and 3a:(a;41) by a:41. Check your result. 

25. Simplify (3a: 4 9) (7a: - 21) 4 (a? - 3). 

26. Find the product of 2a:® - 9a: - 5 and a: - 1, and divide it by 2a: 41. 

27. Simplify [6a: (a: - 1) 4 (a: - 6)] 4 (3a: 4 2). Check your result. 

28. Find the expanded value of (a46)(a-6)®. 

/29. Without doing all the multiplication, determine the coefficient of a;® 
in the product {a^ - 2a:® 4 6a; - 9) (2a: ~ 3). 

30. Divide 2a:®- 17a; by a:-3, and hence determine what number must be 
added to the first expression to make it exactly divisible by the 
second. 

81. Divide the sum of 2a; - 7 - 3a;®, 5a:® 41 - 3a:, and 7 -* 4a: 4 2a:® by 4a: -1. 

32. Divide 5(a:-l)(a:4l)43a;(3a;41) by 7a:45. 

33. What must be added to the expression 3a:® - 8a:® 410a? to make it 

exactly divisible by 3a; - 2 ? 

31 Divide a; (6a: - c) 4 c {bx - c) by a; 4 c. 

35. Simplify [a®(a;®-l)4(a-6)(a46)]4(aa:46). 

86 . Divide (a-26) (a 4 26) 4 46 (a 4 6) 4 46® by a 426. 


CHAPTER VI. 


REVISION EXAMPLES. 
VI. a. (Oral,) 


1 . Read off the simplest form of 

(i) 2+2* ^■^2* 

(iv) 4a64^. (v) 3a6c-|^6ca. 

t What is the value of 6a: -1 when 
(i) a:=2, (ii)a?=-2, 

(iv) a:= -4, (v) - *8, 


..... X 
(ill) a:-^. 

(vi) 2a-^4a. 


(iii) 

(vi) a:* *3? 



VI.] 
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4] 


1 


(viii) 


3. What is 

(i) the second power of 5, 

(hi) . 

(v) the square of -1, 

<'"*) . - 2 - 

4. What are the values of 

(i) (-2)* + (-3)2 (ii)(-2-3)*, 

(iv) (-2 + 3)^ 

5. Simplify 

(i) 7-5 + 3, 

(iv) + 

6. What is the value of when 

(i)aj=-l, (ii) a;=2, 

(iv) x=: ~3, (v) x= - li, 

7. What is the value of x^ - 5a; + 7 when 

(i) a;=0, (ii) a;=l, 

(iv) a;=2, (v) a;=3, 

8. What is the value of - 2x^+2x - 1 when 

(i) x=0, (ii) a;=:l, 

(iv) a;=2, (v) a;=3, 


(v) l-(-2)3, 

(ii) 7a-a-7a, 

(v) 3a;y - 7ya; + 4a;y, 


(ii) the second power of 

(iv) . 

(vi) the cube of -1, 

. 2 ' 

(iii) (-2)2-(-3)^ 


3, 
. 1 


(Vi) [l-(-2)]S? 

(iii) -a-5a + 3a, 

(vi) 5-4 + 3-2+2-.1. 

(iii) a;=5, 

(vi) a;=2i? 

(iii) X- - 1, 

(vi) -3? 

(iii) X- -1, 

(vi) a;= -3? 


9. Read off the simplest values of 
(i) 5 - 5(1 - x). 

(iii) 2a;2-(3a:2-4a;3). 

(v) 2(a;-l) + 3(a;-2) + 4(a;-3). 


(ii) 6a + (-3a + 2a). 

(iv) - 2ah - {Sab - 7ah). 

(vi) 3(2a;-l)-2(3a:+l) + 7. 


10. Simplify 


(iii) 

(V) 


4--2a; 5a;-5 9ar-3 
2 S 3 ■ 
7a;-9 ar+1 
~8 8 ‘ 


..jv 9-3a; 12-8a; 
' "3 4 

X .3a;- 1 a;-3 

(.V) +-^-. 


(vi) 


7x-5 3a;-13 


(vii) 

5 o 

(viii) (a + 6-c) - (a-6-c) + (a-6 + c). 

+11. In the expression ax^ + hx^y - 2cxy^ + 2y®, what is the coefficient of 
(i) y, (ii) y®, (iii) a? 


12. In the expression ax^ -hx-c-hx^ + cx+d, what is the coefficient of 
(i) a;®, (ii) x? 
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la 

What is the sum of 



(i) 3a and - 7a. 

(ii) 2a, -5a, 7a. 


1 

1 

(iv) 1 


, . 6a:« 3a:’*-8 
^ ^ 8 * 8 ‘ 

(vi) 07^-207, 2 o7+1. 


(vii) 3x^‘-4x, 4x4-1. 

(viii) o;2-3o7, 1-2o:. 


(ix) S(x-l), 4(x-l). 

(X) 'i(07-3), i{x-3). 


(xi) '^(a-f-bx), ^(a + M. 

(xii) i(a + ?>), i(a-b). 


(xiii) 2x(b-c), 2x(b4-c). 

(xiv) l(a + .r), l(a-07). 
a a 

14. 

Add together 



(i) x-2^4-3z, 2x-i-y-3z, x- 

(ii) x^-2x + l, 3x-l, 2x^-x, 

2y+2. 


(iii) 2(tt-?> + c), 3(a + 6-c), 4(/> + c-a). 

(iv) 7? - 4:r^?/ 4- 3x“y - 2xy^ +- 2ry^ - y®. 

(v) 3x^-1x^4-5x^ a:®-7aJ + 2, 30:^+203-7. 


. .. 5a 3b 7c ^V>ca 

»-?• 

15. In each of the following cases, 
the first: 

» subtract the second expression from 


(i) *, -3x. 

(ii) x-y -xy. 


(«■) 2, 4- 

(iv) 0, 2x-3y. 


(v) -a®03, -3a^.r. 

(vi) a + 3ft, a- 5b. 


(vii) 2(o;® - 1), 2x^ - 2. 

(viii) a-ft + c, 6 + c-a. 


(ix) 3(07-2), 7(07-2). 

(x) 3a, 2a-b. 


(xi) a, 3a-2b. 

(xii) o;2-.3:c-2, 072-5o; + 4. 


(xiii) or* - 1, x^-\. 

(xiv) 5or5-6o72 + 3, 2o72-5o7 + 2. 


(xv) 4(07-y), 2(.r-y). 

(xvi) 5(2a-6), l(2a-h). 


(xvii) 3(072-307 + 2), 3(2-3o:). 
(xix) 'i{x-y)-z, 5{x-y)-3z. 

(xviii) c(a + ?>), c{a-h). 

16. In each of the following cases find the excess of the first expression 
over the second; 


(i) 2o:, -2 o7. 

(ii) 7:^2, 4. 


1 

CO 

1 

(iv) - Sa^a:, - 5a2o:. 


(v) 6 - X^y x^. 

(vi) 2{a-b)y -2{a-b). 


(vii) a;»-7o72, 1x^-5. 

(viii) - 5(a® - b\ 2(a? - b^ 


(ix) 3 times 141, twice 141. 

(x) 5 times 2), 3 times 2}. 


(xi) 4 times the square of 9, 3 times the square of 9. 

(xii) 5 times the cube of 2, twice the cube of 2. 
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17. Simplify the following: 


(i) 

(iii) 

(V) 

(vii) 

(ix) 


- 2 a X 36. 


- xot X 


X |-a*6c^. 

lO^ 

o ot" 

-ax - X 


11*" 


4x 

3* 


/ 15 2 a 

(xi) —X -2x. 

(xiii) (-a)3x(-a)4. 

(xv) (-a‘^)xa®. 


' (ii) -- 2 a-r 2 a. 

(iv) la^x-~lax, 

(vi) - 
(viii) 

(x) ^x^y-^xy. 

(xii) -x-xar-i-ax. 

(xiv) 

(xvi) (-a)'*x(-«)••>-fa' 


18. Read off the products of the following expressions : 


(i) f-f, 12... 

(iii) 12*2+16.-8, |. 


(•>) 


.1 


(V) 


27 
" ,. 2 * 


(iv) 12x3-6.fH0.r, 

(vi) 3a:^-2a:^ 1 , lix, - 2 a?. 


19. Mxiltiply out; 
(i) (l+a;)(l-a:). 

(iv) (a+ 26)^. 

(vii) (a?-2y)(a;-3y). 

(X) (a2-.3)(a2 + 3). 

(xiii) 2(a?“4)(a:-|-4). 
(xvi) (2a+ 46)(a-26). 
(xix) 4(a-'J)(a+o). 


(ii) ( 1 +^)-. 

(v) (a;+ 3) (a;+ 5). 
(viii) (3a?+l)(.3.r-1). 

(xi) (3a?-5)(3a:+ 5). 
(xiv) (a ?2 + 3y)(ar2 + 2 y) 

(xvii) J(3 + 6.)(l+2.). 


(iii) {l- 2 .f. 

(vi) (*-3)(.r + 2 ). 

(ix) (5-;p)(6-;)). 

(xii) (a 2 .<:+l )2 
(XV) {l-2.«-)(l+4*). 
(xviii) -4 ( 2 a+ 2 *)( 2 a- 2 *). 
(xx) 9(x-2- ’)(.r 2 +>). 


20 . Give the following expressions in their expanded form : 


(ii) ( 2 a- 2 /)'l 

(V) 4(x-i)5 

(viii) 3(5-a?)(5 + vr). 

(xiv) (aa:- l)( 6 a? - 1 ). 
(xvi) 9(2a: + ^)( 2 a; ~ I), (xvii) (5a:-3)(2a?+ 3). 


(i) (3a-26)2 

(iv) (^ + 2) • 

(vii) (7-.r)(3+a:). 

(x) (a: + c)(a:-a). 
(xiii) (a - 2a:) (a + 4a;). 


(iii) (a 2 - 2 )^ 

(vi) 9(a:--J)-. 

(ix) 2{x-y)\ 

(xii) (.-!)(.+j). 

(xv) (3a - •^) (3a + ^). 
(xviii) (3.* + 7)(5.-2). 


(xix) (.3a;+2)(5a:+l). 


(xx) (7. -3y)(2x + y). 


TC21. Read off the coefficient of x^ in the products ; 

(i) (a;2+2a: + l)(a:+l). (ii) (a:®-,3a:+ 4)(2a?-1). 

(iii) (Ga:^-5a; 4 -2) (3a;-2). (iv) (a:^-2a:)(a: + 4). 


'i‘22. Read off the coefficients of x in the above products. 
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23. Read off the quotients in the following; 


(i) 

(iv) 


5a^x 

liax' 


(ii) 

(V) 


-4a» 

24p^gr^ 
Gp^qr ’ 


(vii) (6a6 - Sa^) -f 2a. (viii) (- - 3a;) *f - 3a;. 


(x) 

(xiii) 

(xvi) 


I2ah'^c - 16a^6c 
4a6c 
(g-a;)^ 

(a - xf* 
5ag-10a?> 
a ~ 2/> 


(xix) 


6a* - 4^)* 


(xi) + 

-6 

(xiv) 4(a--5)*^2(a"6). 


(xvii) 

(XX) 


(g + a;)* 
a+a; * 
(g - x)^ 
{a ~ a;)** 


(iii) 

(Vi) 


Whe 

abc 

-21pY 


(ix) 


(xii) 


ax 
4a;* - 9a;* 
5a? 


(XV) 

(xviii) 


a;*-2 a? 
a:“2 ’ 
27a*a? - 5aa;* 
27a “ 5a: 


REVISION PAPERS. 

VI. b. 

1, What is the value of a;* - 2a; + 1 , 

(i) whena?=l, (ii) when a;=2, (iii) whena?=-2? 

Arrange the following expression in descending powers of ar, and then 
collect like terms: 

3a; - 4a;* + 7a;* + 7 4- 2a: - 3a;* + 2a;^ - 7a;* - 10. 

What is the coefficient of a:*, and what is the coefficient of a:* in the 
result ? 

3, Prove that 4 + 2(6 - 3) = 10, by two different methods. 

4. Find the sum of 6a - (2a - h) and 6 - (3a - 2b); and subtract a - 26 

from the result. 

ts. Multiply 2a;+5a by 3a:-4a, and find the continued product of a, 
a:-a, x + a. 

6. Write down the quotients in the following cases; 

(i) 7a;*-r a;®. (ii) -9a;* 4-3a;. (iii) (2a* - 3a*6 + 4a6*)-f a. 

7. Divide 6a;* - 5xy + y* by 2a; - y, and check your result by multiplication. 


VI. c. 

1, What is the value of a;* + 2a: +1 

(i) whena;=-l, (ii) whena?=2, (iii) whena:=-2? 

2, Arrange the following expression in ascending powers of a, and then 

collect like terms; 

a*6* - 7a*6 + 5a6* + 4a*6 - 3a6* + a^ + 6H 4a*6*. 

What is the coefficient of a* in the result ? 

3. Prove that a - 2(4a - a) = - 5a by two different methods. 

4. Subtract 4a?*-6 from the sum of 3a:*-(a;+1) and a?+2a;*-6. ^ 
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. 5 , Find the product of a? - 3a and a: -f 3a; and the continued product of 

£c _ a; + a. 

6. Write down the quotients in the following cases : 

(i) -lx. (ii) {-Sax+x^)-rx. (iii) a*bc-i-{- a)^. 

7. Divide 6a^ -ah - 12ft* by 2a - 3ft, and check your result by multiplication. 

VI. d. 

1. What is the value of a* - 5a6 4- 6fe* 

(i) when a=0, ft = l, (ii) when a= - 1, 6=1, (iii) when a = 26? 

2. Arrange the following expression in descending powers of x ; then 

collect like terms, and find the value of the expression when a;=l; 

a: - 7 - 3a;* + 4a;3+2a: - Sar® + 6a;* + 6. 

3. Simplify the expressions : 

(i) 5(a:-3)-3(x-2)-(2i:-9). (ii) 

073 

4. Take 4c - 2ft from the sum of 2a - 36 - 4c, a -h 2ft - 3c, and 5ft - 2a - 2c. 

5. State the results of the following multiplications : 

(i) ( - af( - 6)2 (ii) ( - a^xnaxf. (iii) ( - aVjc) (- aft2c) ( - aftc*). 

6. Multiply 3a; + 12a by 2a; - 3a, and divide the result by a; -}-4a. 

7. Multiply 7p - 9(7 by 3p + 4(7, and check your result by division. 


VI. e. 

1. What is the value of (a;+1)^ 

(i) whena;=0, (ii) whena;=~2, (iii) w'hena;=3? 

2. Use squared paper to illustrate the following : 

(i) 7-5=2. (ii) 7-2-8=-3. 

3. Simplify the expressions ; 

(i) 7a-2^x-|j+4^x + |^. (ii) x»-(x-2) + 3(ar»-2-5x). 

Find the value of the second expression when a;= -2. 

4. Subtract the sum of 2a;*-3(a;-l) and 2a;H-3(a;*-2) from the sum of 

5a;* - (a; - 2) and a;* - 2(a;+1). 

5. If X stands for a; - a, and Y for 2a; 4-o, find tlie product of X 4 - F and 

X4-2r. 

6. Divide aa;* - 5aa; 4- 6a by a; - 2. 

7. Find the remainder when Ua;* - 21 xy 4 - 3^* is divided by 7a; - 3y. 

VI, f. 

1. What is the value of (2a; - af 

(i) when a:=0, a = l, (ii) x=-l, a=-2, (iii) when a;=2, a=47 

2. Use squared paper to illustrate the following: 

(i) 2a 4 -5a-3a = 4a, (ii) a-7a4-3a=-3a. 

3. Simplify the expressions : 

(i) {a;*-4a;-21)4-(a;4-3). (ii) 4(a;-l)-f(a;-1)-|(»-1). 
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Find the value of the sum of 1), aj® + 2(a5-l), and 

' x-2x{x- x^) when aj=2, 

6. If X stands for 2a;-a, and Y for a;+2a, find the product of 2X+3y 

andX-r. 

<1, Multiply 5a;* - 2(a;* - a) by 2a - 3(a - 2a;*). 

7. Divide 10(a;* - 2aa;) - 3(aa; - 4a*) by 2x - 3a. 

VI. g. 

1. What is the value of a* - 36* - 2a<; 

(i) when a=0, 6= -1, c = l, (ii) when a= -2, 6=2, c= -3? 

2. A man walks 4 miles East, then 7 miles West, then again 5 miles East. 

How far is he then from his starting point? Illustrate with a 
diagram. 

3. Simplify the expressions : 

(i) (a;* - 3aa;* + 3a*a;- a^) -r (a? - a). 

(ii) a(a~a;) - ^(2a~ 2a;) + ^(3a-6a;). 

4. If X stands for aa;* + 56a; + 5c, and Y for aa;* - 66a; ~ 6c, find the value 

of 6X + 5r. 

5. Find the expanded value of ap - hp when p stands for 2a - 36, 

6. Write down the results of the following multiplications: 

(i) (2a;-a)(2a; + a). (ii) (a;*-3)(a;*+ 3). (iii) (a-/>*)(a+/>*). 

47. Prove that [(a;*-6a;+9)-r(a;-3)]+[(y*+y-6)-r(y-2)]=a;+y. 


VI. h. 


1. Find the value of (a + 6 - c)* + (6 + c - a)* + (a + c - 6)* 

(i) when a=6=c=3. (ii) when a— -6 = c=2. 

2. What must be added to a;*-3x(a;-1) -1 to make it equal to 

a;* + 3a;(a;+l) + l? 

3. Find the sum of 3 (a; - a) + 2(y - a) and 2(a; + a) - 3(?/ + a). 

4. If X stands for a; + -, and Y for x--t find the product of 3X 4- 21'^andX. 

X X 

5. Find the values of 5a:*+a;-3 when a;=-2, -1, 0, 1, 2. Tabulate 

your work. 

6. Find the continued product of (a; - 2y), (a; + 2y), {x - 2y). 

7. Divide 2a*a;^ 6fl^a; + aqx + Spq by 2aa; + q. 

VI. k. 

1. Find the value of (2a; - y)* - (3y - a;)* 

(i) when x= - 1, y=2. (ii) when a;= -1, y= - 2 . 

2. By how much does 5a;* - 2(a; + 3) exceed 3 (a;* - 2) + a; ? 

3. Subtr^t a(6+c-a) from the sum of 6(c+a~6) and c(a+6~e). 
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VI.] 


4 If X stands for a(a; + y), and Y for 6(«-y), find the values of 
a 0 a b 

5. Find the values of Sx^-5x+l whena:=-2, -1, 0, 1, 2. Tabulate 

your work. 

6. Find the continued product of a; - a, a? + a, x + a, 

7. Divide 46a;^ - 5bx - Idea; + 20c by bx - 4c. 


CHAPTER VII. 


SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY. 

40. When we express algebraically the fact that two ex¬ 
pressions are equal, that statement is called an equation. 

Thus 2a — 3b — -3h-\- 2a is an equation. 

Moreover, the above equation is true for all values of a and 6, 
the symbols used. 

On the other hand, the equation x +3 = 5, is evidently only true 
when X is equal to 2 ; ir - 3 = 0 is true only when x is equal to 3. 

An equation which is only true when the symbols have certain 
particular values is called a conditional equation, or an equation 
of condition. 

An equation which is true for all values of the symbols used is 
called an identity. 


Simple Equations of Condition. 

The two parts of an equation on either side of the sign of 
equality are called its sides or members. 

We see that the equation x - 4 = 0 is true when x = 4. 

The value 4 is said to satisfy the equation. 

The process of finding that value of x which will satisfy an 
equation is called solving the equation. 

An equation which, when simplified, involves one symbol in the 
first degree only is called a simple equation with regard to that 
symtol, and the symbol used is caBed the unknown quantity. 

The value of the unknown quantity which satisfies^ 
is called a root of the equation, a solution of the 
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41. It will be seen later, that the solution of equations is a 
most important branch of Mathematics. 

I In the case of Simple Equations with one unknown quantity 
:the process consists mainly in the use of four axioms, 
v/ (1) If equals be added to equals the sums are equal. 
Thusifa:=a, z+2 = a + 2, 

^ (2) If equals be taken from equals the remainders are equal. 

Ifx-b, a;-5 = ft-5. 

(3) If equals be multiplied by equals the products are equal. 

Ifa; = a, 3a; = 3a. 

/ (4) If equals be divided by equals the quotients are eaual. 

If5a;=10, x^2. 


Examples. VII. a. 

Find the values of x which satisfy the following equations: 


L 

2a?=6. 

2. 

3a:=9. 

3. 

5a;=20. 

4. 

4a:=: 

-20. 

5. 

17a:=51. 

6. 

lla:=-33. 

7. 

-a:=6. 

8. 

7a:= 

0. 

9. 

-3a:= -15. 

10. 

1=1. 

11. 

3 

12. 

X 

2' 

=4. 

13. 

r-*- 

14. 

- 4a;=0. 

15. 

2a:=5. 

16. 

3a:= 

7. 

17. 

¥-«■ 

18. 

<-H r?c 

II 

19. 

Zx 6 

4~8‘ 

20. 

15a:: 

= 10. 

21. 

X 1 

6“ 12’ 

22. 

X 1 

3“ 12' 

23. 

^=10. 

4 

24. 

6a; 

5“ 

-18. 

25. 


26. 

5x 15 

7 '“U’ 

27. 

6»-2a?=12. 

28. 

2a?- 

5a:=9. 

29. 

-5a:+7a?=7 

-6. 

30. x+2x 

-6*= 

*0. 31. 9;i;-30 

tzs - 

36+30 

32. 

~lla:+7a:= 

-8 + 12. 

3a 

a?-5a;-4a?= - 

16. 



9L 

7«~2a:-a?= 

19-3 


35. 

- 3a?-4a?-7a:= 

:'-48+20. 


36. 

I6x-2x + x: 

=37- 

11. 

37. 

7a?+sc-6a:=s21 

-16+4. 


38. 

-a?-2»-3a? 

= -7 

-4-10. 

39. 

lla?-5a;+0a?a: 

-35+11. 


49. 

6xmh > 

41. 

•2xss4, 

42. 

•7a?sa2*l. 

4a 

'Sxatlil 

41 


46 . 

7a:=*2l. 

40. 







SIMPLE EQUATIONS 


49 


TO.] 

42t Example 1. Solve the equation 32;+2=:22->7a?. 

So?+2=22,r-7a:. 

Adding 7x to both sides, 3a; + 7a?+2=22- 7a: + 7a?, (Ax. f.) 

i,e. 10a:+2=22. 

Taking2 from each side, 10a: + 2- 2=22-2, (Ax, 2.) 

i,e, 10x=20. 

Dividing both sides by 10, a:=2; (Ax, 4.) 

2 is the reqd. root of the equation. 

To verify the fact that 2 ia a root of the equation 3a: + 2=22-7aP. 

When a:=2, 3a: + 2=3x 2 + 2=8. 

. 22-7a:=22 - 7 x 2 = 22-14 = 8. 

.’. 3a: + 2=22-7a:, t.e. the equation is then satisiled. Q.E.D. 


Examples. VII. b. 

Solve the following equations, giving reasons for each step, and verifying 
each solution : 

1. a:=6-2ar. 2. 3a; = 12 + 2ar. 3. 4a;=42-2a:. 4. 5=16-lla:. 

5. 17-7a;=-4. 6. -5a;=-6a:+12. 7. 3x-4 = 0. 8. 6ar+18=0. 

9. 4a;-6=3a:-6. 10. 5a:-13 = 7a:-13. H. 5a; + 6=2a: +12. 

12. 8a:-12 = a: + 2. 13. 2a: + 5=35-4a:. 14. 13a:-21 = 12a:- 24. 

15. -2a:-4=-5a?+ll. 16. 17a:-35 = 13a:-19. 

17. 6a:+15 = 9a: + 13-5a:. 18. 5-6a:-6 = 7a:-l. 

19. 9-3a:=6 + 2a:-12. 20. 3a: + 4+2a: + 6=0. 

[When denominators occur, multiply t)otli sides of the equation bF the 
least common multiple of the various denominators. 

This operation will clear away the fractions. 
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43 . Let us consider the equation 2a: + 5 = 10 - 4ic. 

Adding 4a; to both sides, 2a;+4a; + 6 = 10. 

[NIB, —The result of this operation is that - 4a; disappears from 
the right hand side, and appears on the left, iviih its sign changed, 
i,e, 6a; + 5 = 10. 

Taking 5 from each side, 6a; = 10 - 5. 

—Again, the result is that 5 disappears from the left hand 
side, and appears on the right, with its sign changed.] 

We therefore deduce the following most important rule. 

/ Any term may be transposed from one side of an equation tc 
the other by changing its sign. 

Example 1. Solve the equation 3a; - 4 + 6aj - 4=3aj - 10 + 7a: +16, 
Transposing so that we have all the terms containing x on the left, and 
the other terms un the right, 

3a:+5a:-3a:~7a:= -10 + 16 + 4 + 4, 
t.e. 8a; - 10a;=24 -10, 

^ -2a:=14. 

Dividing both sides by -2, a:= -7, the required solution. 

Verification. When a;= - 7, the left side 

= -7x3-4-7x5-4= -21-4-35-4= -64. 

When a;= - 7, the right hand side 

= - 7x3-10-7x7 + 16= -21-10-49 + 16= -64 = the left hand side. 

Q.E.D. 

Example 2. Solve the equation x^ - 8a; + 23 =.x (a; - 3) - 2 (a; - 4) + 3. 
Removing the brackets, x* - 8a;+ 23= a;* - 3x - 2a; + 8 + 3. 

Transposing all the terms containing a:, or powers of a;, to the left, and 
other terms to the right, 

a;9-8a:-a:* + 3x + 2a; = 8 + 3-23; 
i.e. - 8a:+ 6a;=-23 +11, 

-3a:=-12. 

Dividing both sides by - 3, a:=4, the required solution. 

Verification. When a;=4, 

the left hand 8ide=4 x 4 - 8 x 4+23 
= 16 - 32 + 23 = 7. 

When a;=4, the right hand 8ide=4 (4 - 3) -2(4 -4) + 3 

=4+3=7 

= the left hand side. 


Q.B.]>. 
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JBxample 3. Solve the equation 

(a;-l)(a;+6)=(a:-2)(ir-3)+3. 
Multiplying out, a?*+5ar-6=a;®~5a? + 6+3. 

Transposing, a!* + 5a;-a;^ + 5a;=6+6+3, 

10x=:15, 

x=l^. 


Examples. VII. c. 

[The beginner U advised to verify each solution.^ 
Solve the following equations : 

1. 6a?-18=4a;-8-3a; + 5. 2. 10a:-10-6a:-27*= 3. 

3. 24a;+10-20a:+100=5a:+ 96. 

4. 6a:-18 - 12a: + 60=3a; + 3-8a: + 17. 

5. 12a:-18-3a: + 3-4a;=0. 6. 6a:+18=4a:-8 + 3a:-2. 


7. 7a:+15-3a: + 4=2a:-3. 8. 5(a:-l)=4(a:-2). 

9. 3a:-(2a:-5) = 12. 10. 3(3a:+l)-(a:-l) = 6(a: + 10). 

11. 3(2a; + 5)-4(a:-3)=5(3a: + l)-4. 

12. ll(a;-2)-2(4-3a;)-4(l-2a:) = 17(a:-l) + 7. 

13. a:(a: + 4)=a:H36. 

15. a:2 + 8=(a: + 2)2. 

17. 2a:*-7=a:(2a:-3). 

19. (a;+l)(a; + 4)=a:(a: + 2). 

21. (a:-3)^=a:*+4a: + 29. 

23. (a;-2)2=(a:-oP-15. 

25. a:(a:-9)-4=(a:-7)(a; + 7). 

26. 2(a:-6)(a: + 6) + 12=(2a:-l)(a:-3). 


14. (a: + 3)(a:-2)=a:^-26. 

16. a:(a:-2)=a:2-4. 

18. 3a:2-5-a:(3a:+l) = 0. 

20. 2(a:-l)(x + l) = 2a:«-4a:. 

22. (a:-4)2=(a:-1)2-3. 

24. (a:-3)(a: + 3) = (a: + 4)(a:-7) + 40. 


44. When the equations are in fractional form, the tractions ' 
should be cleared first. 

a; 3 1 a: 7 

Example 1 . Solve the equation = 

4 5 4 5 2 

Multiplying both sides by 20, the L.C.M. of 4, 5, and 2, 

6a:+ 12=5-4a:+ 70. 

Transposing, 5a: + 4a:=5 + 70 -12, 

9a:=63, 

a:=7. 

Example 2 . Solve the equation ? + ^ = ?? 4 . i. 

5 10a: 5a: 

Multiplying both sides by 10a:, 

3 X 2a: + 4=23 X 2+lOx, 

6a: + 4=46 + 10x, 

6a: - 10a:=46 - 4, 

Dividing both sides by - 4, »= - V- = - = -10^, 
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Verlfloatioii. When 
the left hand side 


=f+TV-(-V-) 


— 3 4 ^ 

TTT' 


2 . 
^T- 


. 3 - 4 
• J TTTT 


_«S-4 _ 59 
- tJfJ' — ITTy 


When «= - lOj-, the right hand side=^ ~ ^ 


— — 23 w 

— —X- X 


TP A.^ + 1 - 


— zJLi5.+106_ 6 9 

-rni ~ TUJ 

=the left hand side. 


Q.E.D. 


Example 3. Solve the equation =^4— - 

* 4 2 8 3 

Multiplying both sides by 24, the l.o.m. of 4, 2, 8, and 3, 

6 (a: - 3) -12 (a; - 5) ^ 3 (a: +1) - 8 (x - 4), 
t.e. 6a; - 18 - 12a; + 60=3a;+3 - 8a; + 32. 

Transposing, 6x - I2x - 3a;+8a;=3 + 32 +18 - 60, 
i.e. -a;=-7, 

a;=7. 

Verification. When af=7, the left hand side=- — “^=1 ~ 1 ssO. 
When a;=7, the right hand side=- -jA, 

=1-1=0 

= the left hand side. ^ Q.E.D. 


Useftil facts to note in connection with decimals. 

4 


4x-25 = l, 


•25' 


4x-25 


= 4. 


Ai 1 8 


= 8 . 


1 

•025' 


40 


40 X -025 


= 40. 


T_ 

•75' 


7x4 28 

’4x -76" 3* 


Baunple 4. Solve the equation 

*125 *25 

8(a;+-16) 4(a;-•26)_^.o 
j j -3 3, 

8a;+1’2 - 4a? +1=3*3^ 
4a?=3*3-2-2, 
4a;=M, 
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vj^olve the equations: 

1 . 

5. 

8. 

11 . 

13. 

16. 

18. 


^xnples. VIL d. 


2 

2 . 1 = 1 + 1 . 

q * ^3x2x1 

5“2~6* T~T=3- 

II 

1 

6. I+M+5X. 

7. ^-4| + 3x=2x + lf* 

^ + 1 K n 

-g^-6=0. 

9. ^*g-^-.7-0. 

jA a;-3 x-2 

4 5 • 

X -1 , 2 x -1 

6 7 

25 

42* 

2x-l x-1 _ 

IZ. 


a? X 




1/26. 

28. 

30. 

32. 

34. 

36. 

36. 

3& 

40. 


12 - --~J2-^ _ 002 

7x ~x 

X-1 x-2 x-3 
2 3 - 4-=0- 

'-r-'-T-T-"' 

3a? 7a; 

■ 4 +^=-f + 2a?-9. 

7a;+8 9g~12 3a; + l 29-8a? 
8 


IK 1 


17. 


6a; + l 5a:-6 2a:+l 


91 ='-2,1 
~+3=* 


23. M+*-:-2=3. 

o 4c O 


5 7 ~ 3 ' 

19. ¥(a:-3)-J(x-4)=l 
2a:-l 


26. |(‘l='-l)-|(3a: + 2) = 6 + ^(6»-2). 


16 


10 


20 


97 a:-2 , , 14-x 5* 

27. + 


4- —-irs + al+ii-n 29 7a: + 9^8a + 19 ^ 

12 8 flo + a!l + -i—0. --— + 8|.=0 

2*-! 


OX - • 


_+l=3*+^+7. i|f«l. |-£^8_4(4^+2)=®^» 

|(3®+6)-|(2a;+7)=|^-10. 

|(2a!+ll)-i(6-6a:)=7®+lJ-. 

3(5±2) 31, 3(2='+!) ,, ,9x+4 

11 2{x-3)+ - =6^+-^. 


lx x-8 


QQ 7a;-11 9x-17 7 

8 "Tr““20' 


49 


4-7(|-x)=10(x+3)-2. 


37. 


•j-6*+8(»+^)=4*+3j. 

5 6_ &'-2 x+8 
6"3~ 5 3 • 

i(*-6)+i(*-3)=A(5»-3). 


5z-4 x-l_x-3 3a;-8 

^ if 2^1^ 7 

lf-f(3*-2)=|(2-*). 



54: 


ELEMENTARY ALGEBRA 


[OHAP« 


Solve the equations; 

^ aj-7 x-ll a;-10 


, 4 . ^+ 5 .- 89 =“^ 
48. F(*-f)-f(*+3) + l=®‘ 


43. s(6a!+l)+|(»+3)=*. 

45. 

47. T(3a;-^)-1 ^ =-5p^(2a? + 3). 

>1A 3aj +1 2x +1 _ 

49. _+_=!. 


60. 19-3(14*-.31)=4(6J-?^). 51. ^ 


+ 3 fl; + 4 a? + 5 a; + 6 


62. ^-^=a!-2-|^(3*-ll). 53. |(a: + 2)-J(a:-6)=3j-^\(a:-4) 

64. 65. 

66. f(*-l)+T-^=^ + 13. 57. -7*+-5=-52:+11. 

7 14 a 


68. l'4 + -3x=-5x-l-7. 59. (Wa:-•01x = -14- 06*. 

60. •03x+-02='17--07a:. 61. •004x+-412= Wx--008. 

«2- •5-^= '*®- 63- T2r5=T5-"2»- 

64 ^-^2 4 . ?x-_3 3^ 

”*• -25 125 ®®‘ 2-5 12-5 ^ 

„„ •25X--025 2X--45,.. 

*®' -125 ~ 1-25 ■*■ ® 

67. What value of x will make (5 - Sar) {7 - 2x) equal to (11 - 6a?) (3 - a?) ? 

1 1 q f* 

68. What value of x will make -^ equal to the fraction -sV? 

a? 2x 4x 12 

69* Under what circumstances is 

(a? 4- 3) (a?+ 4) equal to (a; + 5)(a; + 7)? 

70. Simplify the expression (a? - 2)* - (a? - 3) (x -1). 

What do you deduce about the equation (a? - 2)® - (a? - 3)(a? -1)=0? 

71, Go through the process of solving the equation 

(2aj - l)(3a: - 4)=(6a; - 5)(a?-1). What do you deduce ? 


Approximate Solntions, 

46. In finding approximate values, 

One half, or mbre than one half, counts as unity, 

i.e. *5.'5., 

*05 .*05 and < *1.1, 

*005 .... ‘005 and < *01.*01, and so on. 
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Thus it a: = 3*74526 

a;= 3*7 correct to one dec. place, 

= 3*75. two dec. places, 

= 3*745 . three ., 

= 3*7453 . four. 

In solving the equation 7a: = 25, 

dividing both sides by 7, a: = 3*571428. 

a: = 4, to the nearest integer, 

= 3*6 correct to one dec. place, 

= 3*57 . two. places, 

= 3*571. three. 

Thus, in approximations, if the first figure neglected is 5 or 
more than 5, increase by one the last figure retained. 

Examples. VII. e. 

Find approximate values of x in the following equations: 

1. 10(a; - 1) - 6a; - 26 = 3, correct to the nearest integer. 

2. 5 (a; - 1 ) = 11 (a; - 3), correct to one dec. place. 

3. .*la;® - 7 - 3a; (a; + 3) =0, correct to two dec. places. 

4. (a; - 2)® = (a; - 5)® + 5, correct to two dec. places. 

5. (a; - 3)(a; + 3) = (a; - 7)(a; + 7) + 7x, correct to two dec. places. 

0^ correct to the nearest integer, 

a* - 1 — 1 ‘I'S 

7, —“ _ rr- correct to two dec. places. 

6 > 42 

_ 1 V_1 

8 . —- =14 correct to two dec. places. 

4 5 

9. “ 2 ^ ~ ^ 4 “ correct to two dec. places. 

3a; 

10. y (3x + 5) - j (2x + 7)=- 2, correct to two dec. places. 

11. 4y ~ J (14.a; - 31) = 5 - correct to two dec. places. 

2a* - 3 — 4. 

12. = - i ’ A -r - 4- *262 correct to tw'o dec. places, 

2*5 12*5 
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CHAPTER VIIL 

SYMBOLICAL EXPRESSION. 

46 . Algebra is largely used for solving problems of various 
kinds, but before attempting this the beginner must learn 
how to express given statements symbolically, ie. in algebraic 
form. 

Let us take a few simple cases. 

There are (3 x 4) ft. in 4 yards. 

Thus we see that there are 3x ft. in x yds. 

There are (20 x 5) shillings in £5. 

Hence there are 20a; shillings in £x. 

There are (12 x 7) pence in 7 shillings. 

There are 12a; pence in x shillings. 

Just as 2 X 6 is a number which is double of 6, so 2a represents 
a number which is double the number represented by a. 

The number which is 3 greater than 6 is 6 + 3. 

The number which is 3 greater than a; is a; + 3. 

The number which is a greater than x is x+ar 

7 buns at 2 pence each, cost 7x2 pence. 

Hence x buns at 2 pence each cost (x x 2) pence, ie. 2x pence. 
235 shillings » (235 -r 20) £; 
a shillings=(«•*• 20) £ 
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14 pounds and 6 shillings are the same as (14 x 20 + 6) shillings. 
In the same way x poundsshillings = (20a;+ y) shillings. 


6 pounds + 5 shillings + 4 pence = (6 x 240 + 5x 12 + 4) pence. 
X pounds + y shillings + z pence = (240a; +I2y + z) pence. 


If 13 articles cost 54 shillings, each article costs 
It a; .54 . 


f ^ shillings. 
54 

X 


...a; . y . . 

X 

An even number is a number which has 2 for a factor. 
.'. if X is any whole number, 

2a; is an even number, 
if X is any whole number, 

2a; +1 is an odd number. 

2a5 - 1 is also an odd number. 


47. Example 1. What is the cost of a articles at h shillings each ? 12 
articles at 3 shillings each cost 12 x 3 shillings. 

by analogy, a articles at b shillings each cost ah shillings. 

Example 2. A man walks x miles an hour. How far does he walk 
in y hours ? If he walks 4 miles an hour, he will walk 4x6 miles in 6 hours. 

by analogy, if he walks x miles an hour, he will walk xy miles in 
y hours. 

Example 3. A man has x crowns and y florins, how many shillings has 
he ’ X crowns=5a: shillings, and y florins=2y shillings, 
he has (5a:+2y) shillings. 

Example 4. If I spend x shillings out of £y, how many pence have J 
left ? £y—24Qy pence, and x shillings = 12a: pence, 

.*. I have (240y - 12a:) pence left. 


Examples. VUL a. 

1, One part of a; is 20: what is the other part ? 

2. One part of 35 is y: what is the other part? 









ELEMENTARY ALGEBRA 


[OHAP. 


6B 

3. What number is less than a; by 20 ? 

4. What number is less than 34 by a; ? 

5. What number multiplied by x will give 66 

6. What number divided by x will give 35 ? 

7. If 16 is less than x by 5, what is the value of xt 

8. The sum of two numbers is x, and one of them is 23 : what is the 
other? 

9. The sum of two numbers is y and one of them is x: what is the 
other ? 

10. The difference of two numbers is 13, and x is the greater: what is 
the other ? 

11. How many times is x contained in 78 ? 

12. How many times is y contained in x ? 

13. How many times is 3a contained in 56 ? 

14. I have £x and give away y shillings: how many shillings have I 
left? 

15. The sum of three numbers is 96. One of them is a:, another yi 
what is the third ? 

16. The sum of two numbers is a+ 56, and one of them is 36: what is 
the other ? 

17. The difference of two numbers is a? - y, and the greater is y: what 
is the other ? 

18. If a book costs x pence, how many can be bought for y pence ? 

19. If a penknife costs x pence, how many can be bought for y shillings? 

20. I gave x shillings for y pencils: how many pence did I give for 
each? 

21. If I spend x half-crowns out of a sum of £y, how many shillings 
have I left ? 

22. What number exceeds a? by 4 ? 

23. What number exceeds 4 by x ? 

24. By how much does 20 exceed x ? 

25. What number is less than 40 by a ? 

26. If 75 contains x three times, what is the value of x ? 

27- If X oranges cost fourpence, what is the price of one ? 

28. I am a; years old now: how old shall' I be in 7 years ? 

How old shall I be in y years ? 

How old was Ill years ago ? 

29. Find a number half as great again as x ? 

30. If I walk X miles in 6 hours, how many do I walk in one hour ? 

How many do I walk in y hours ? 

How long do I take to walk one mile ? 

How long do I take to walk y mileu ? 

31. The sum of two numbers is a + 6; one of them is a > 6; what is 
the other ? 

32. I row X miles at the rate of y miles an hour : how many hours do I 
take to do it ? 
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33. What is the value of x eggs at 3 pence apiece ? 

34, What is the value of x eggs at 3 pence a dozen ? 

35, By how much does x-5 exceed a:-7? 

36. If 6^6® ^ pence a dozen, how much does each egg coat ? 

How many will you get for a shilling ? 

How many will you get for y shillings ? 

37. If 3 lbs. of sugar cost 8 pence, what will x lbs. cost ? 

38. If ^ lbs. of sugar cost y pence, what will z lbs. cost ? 

39. Write down three consecutive numbers of which n is the least. 

40. Write down three consecutive numbers of which n is the greatest. 

41. Write down three consecutive numbers of which n is the middle one. 

42. The greatest of four consecutive numbers is + 3: what are the 
others ? 

43. Write down five consecutive numbers of which the middle one is n. 

44. What is the cost in pounds of x cakes at y shillings apiece ? 

45. By how much does Zx~y exceed x + yt 

46. What number added to a - 36 will make a + 6 ? 

47. A bill is made up of £a, 6 shillings, and c pence : what is the total 
number of pence in it ? 

48. A train travels at the rate of x miles an hour: how many yards 
does it go in a minute ? 

49. How far is it from A to B, if a man, bicycling at the rate of 10 
miles an hour, does the journey in x hours ? 

50. A horse eats x bushels a week. How many days will it take him to 
eat 76 bushels? How many days will it take y horses to eat the same 
amount ? 

51. What is the number which exceeds one-quarter of x by 25 ? 

52. Write down five consecutive numbers of which 27i-3 is the middle 
one. 

53. Write down five consecutive odd numbers of which 2n-l is the 
middle one. 

54. What is the area in square feet of a room a feet long and 6 feet 
wide? 

55. The area of a room is x square feet and its length is y feet; what 
is its width ? 

56. A square has sides x feet long : what is its area ? 

Express the following statements in the form of equations: 

57. The excess of x over 20 is y, 

58. Three times x exceeds y by 25. 

59. The sixth part of a; - 8 is equal to the seventh part of 2x-f3. 

60. Three times a? - 4 is equal to five times a: --1. 

61. There are x shillings in £y and z florins. 

62. There are a pence in £6, c half-crowns, and d shillings. 

63. The product of two consecutive numbers, of which x is the 
greater, is y. 

64. The product of three consecutive numbers, of which x is the middle 
one, is a*. 
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65* A is j)? years old, B is 5 years older. The sum of their ages is y, 

66. A man is a; years old, and his son y years younger. The sum of 
their ages is a years. 

67. A has £a:, and B £y. After B has given A £a, they have equal 
amounts. 

68. When X is divided by y, the quotient is 15 and the remainder 7. 

69. When a is divided by 6, the quotient is x and the remainder y. 

70. The area of a room x feet long, and y feet wide is a square feet. 

71. The area of a courtyard a feet, by h feet, is x square yards. 

72- The product of x and y is three times the excess of a over 6. 

73. The excess of a? over y is five times the excess of a over 6. 

Substitution in formulae. 

48. If T is the radius of a circle, and C its circumference, the 
two quantities r and C are connected by the formula 
C = 27rr, where TT = 

(This is only an approximate value of tt.) 

Thus if we know the radius of a circle, we can find its circum¬ 
ference. 


]Bxample 1. Find the circumference of a circle whose radius is 21 feet. 

If C denote the circumference, substituting the given value of r in the 
formula C=2vr, 

C=27r x21 feet 
=2x^x2! feet, for 
=2x22x3 feet 
=6 x 22 = 132 feet. 


Example 2. Given that the circumference of a circle is 99 ft. in length, 
find its radius. 

If r denote its radius, 2rrr=99; 


2x-\2^=g9, 

„ 7x9e __ 7xe 

^”2X22"“ i 


feet 


=^=15|. feet 
= 15 feet 9 Inches. 


The area. A, of the floor of a room whose length is i, and 
breadth 6, is given by the formula 

A=^lxb. 

Example 8. Find the area of a, room 16^ feet long and 10} feet wide. 

If A denote the area, substituting in the above formula, 

A=16^xl0|8q. ft. 

= ^ X V=(multiplying by factors) 

= 173-J sq.ft. 
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Example 4. Find, to the nearest inch, the length of the circumference 
of a circle of radius 6 inches. 

Let C denote the circumference in inches. 

Substituting the values of ir and r in the formula 
C=27rr, 

C=2 X X 6 inches 
= -y^x6 inches 
inches 

= 37*7... inches 
= 38 in. (to the nearest inch). 

Example 6. Given that tlie area of a circle (A) and its radius (r) are 
connected by the formula A=irr^ when ir = find, to the nearest tenth of 
a square inch, the area of a circle of radius 3 inches. 

If A sq. in. denote the reqd. area, substituting the values of tt and r in 
the formula 

A = irr^, 

A=\2 (3)2= 2^2 X « 

=28*28... sq. inches 

=28*3 sq. in. (to the nearest tenth). 

Examples. VIII. b. 

Given that the circumference (C) of a circle and its radius (r) are con¬ 
nected by the formula C = 27rr, where 7r = ^Y^-, find : 

1. The circumference of a circle of radius 7 inches. 

2.9 inches. 

3, The radius of a circle whose circumference is 110 feet long. 

4.12 feet long. 

5. The circumference (correct to a tenth of an inch) of a circle whose 
radius is 5 in. long. 

6. The radius (correct to a tenth of an inch) of a circle whose circum¬ 
ference is 16 inches long. 

7. The radius (correct to a tenth of an inch) of a circle whose circum¬ 
ference is 20 inches long. 

The area (A) of a circle is connected with its radius (r) by the formula 
A=:7rr2, where 7r= y - 

8. Find the area (correct to a tenth of a square inch) of a circle whose 
radius is 4 inches. 

9. Find the radius of a circle whose area is 154 sq. inches. 

The area (A) of a room is connected with its length (1) and its breadth (6) 
by the formula A=Z5. 

10. Find the area of a room 15J ft. long and 12 ft. wide. 

11, Find, to the nearest foot, the length of a room whose area is 
246 sq. ft. and width 11 ft. 
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12. Find, to the nearest incli, the length of a room whose area ie 
112 sq. feet and width 9 feet. 

If A is the area of the walls of a room, / its length, & its breadth, 4 its 
hoig***. A=2A(l+b). 

13. Find the area of the walls of a room, 10 ft. high, 16 ft. long, and 
12 ft. wide. 

14. The area of the walls of a room is 750 sq. ft. ; its length is 18 ft. 
and its breadth 12 feet: find its height. 

16. The area of the walls of a room is 650 sq. ft.; its length is 18 ft. and 
its breadth 12 ft.: find its height. 

The volume (V) of a cylinder on a circular base of radius r, and of 
height 4, is given by the formula 

V=irr24, where 

16. Find the volume of a cylinder of height 7 feet on a circular base 
of radius 3 feet. 

17. The volume of a cylinder on a circular base of radius 7 ft. is 
693 cubic feet: find its height. 

The area. A, of a triangle of height 4, on a base 6, is given by the 
formula A=^fc6. 

18. Find the area of a triangle of height 3 feet and base 2 ft. 3 in. 

19. A triangle of area 36 sq. ft. stands on a base of 10 ft.: find its height 
to the nearest inch. 

If a body falls freely under the acceleration, (/, of gravity for t seconds, 
the space (in feet) it falls through is given by the formula 

where <7=32. ' 

20. Find the space a body under the acceleration of gravity falls through 
in 6 secs. 

21. Find how long a body under the acceleration of gravity takes to fall 
through 144 feet. 

If a body, starting with a velocity of u feet per second, and moving under 
an acceleration/, acquires a velocity of v ft. per second in ^ seconds, v is 
given by the formula v=u+Ji. 

22. Find the velocity of a body in 7 seconds if it starts with a velocity 
of 3 ft. per second and moves under an acceleration 4. 

a, a+ 6, a+26, a+ 36 ... being a series of numbers, the value, p, of then*** 
is given by the formula p=a + (n -1)6, 

23. Find the twenty-first number of the following series: 

1, 3, 5, 7 ... . 

24. Find the twenty-fifth term of the series: 

-4, -1,2, 6, 8 ... . 

If in a series of numbers the numbers increase by regular intervals, their 
sum is given by the formula 

8=g(a+f), 
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where S denotes the sum, n the number of terms, a the first term, and I the 
last term of the series. 

25, Find the sum of the first 25 natural numbers. 

26i Find the sum of the consecutive numbers from 9 to 31 inclusive. 

Find the sum of the series : 

27. 9, 12, 15, 18 ... to 11 terms. 

28. 6, 10, 14, 18 ... to 12 terms. 

29. 97, 94, 91 ... 37, 34, 31, 28. 

Find the sum of : 

30. The first 43 even numbers. 

31. The first 21 odd numbers. 

32. All the even numbers between 5 and 51. 

33. All the odd . 40 and 90. 

34. The first 17 numbers each of which is divisible by 4. 

35 . 21 ... 3. 

The sum (S) of the squares of the first n natural numbers is given by the 
formula 

6 

Find the sum of: 

36. The squares of the first 15 natural numbers. 

37. The squares of all numbers from 7 to 21 inclusive. 

38. The squares of all numbers between 12 and 35. 

The volume (v) of a splj,ere of radius r, is given by the formula v 
v = where = 

39. Find, correct to two decimal places, the volume in cubic feet of a 
sphere of radius 3 feet. 

40. The volume of a sphere is 4851 cubic feet; find its radius. 

41. A clerk starting with a salary of 100£, has a salary of 105€ in his 
second year, 110£ in his third year, 115£ in his fourth year, and so on. By 
means of the formula in Example 23, find his salary in his twenty-first 
year of service. 

If when A is divided by B, Q Is the quotient and R the remainder, 
A=BQ+R. 

42. A certain number when divided by 22 has a quotient 15 and a 
remainder 4 : find the number. 

If two sides of a triangle, of lengths a and by contain a right angle, the 
third side c is obtained from the formula c^=^a- + b\ 

[N,B ,—The above may be written, ^-a^=^b\ or c*-5-=a^.] 

Which of the triangles whose sides are of the following lengths will be 
right-angled ? 

43. 3, 4, 5 feet. 44, 13, 12, 6 inches. 46. 25, 24, 7 centimetres. 

46. 1-6, 2, 2*6 yards. 47. 13, 1*2, *7 feet. 48. 30a, 24a, 18a. 
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FUNCTIONAL NOTATION. 

When we speak of a function of x wc mean an expression 
containing x or powers of x. It may also contain constants and 
various symbols of operation. 

It is called an algebraic function if these symbols are only those 
of the algebraic operations, addition, subtraction, multiplication, 
division and extraction of a root. 

A functioii of X may be denoted by /(a;), F(a;), or a similar 
form. 2 a :2 _j. 3 ;;^ ^ 7 jg ^ function oi x: so we might write 
/(a:) = 2a;2 + 3a: + 7; 

and /(4) would hero mean the value of 2x^ + 3x + 7 when 4 was 
substituted for x. 

Thus /(4) = 2x 42 + 3x4 + 7 = 51. 

/(I) = 2xl2 + 3xl+7 = 12. 

/(-l) = 2x (-l)2 + 3x (-l) + 7 = 2-3 + 7 = 6. 

/(O) = 7, for 2 X 02 = 0 and 3x0 = 0. 

Sometimes a function of a; is denoted by another letter, usually 
the letter y. 

Thus, in the above case, we might write y = 2a;2 + 3a; + 7. 

In such a case the student must be careful to express clearly 
what is meant when he uses different values of x, 

. y = 2x 42 + 3x4 + 7 would not be sufficient. 

Write y=2x 42 + 3x4 + 7 when z=4, to make it quite clear. 


Examples. Vlll. c. 

1. If /(a?)=2a?+3, find the value of 

(i)/(5), (ii)/(l); (iii)/(-l); (iv)/(0). 
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2. If /(a;)=6a5+7, find the value of/(I) aud/(2). 

3. If /(^)=a + what does /(I) x/( -1> become ? 

4. If f{x)=x^-4:X + 3, find the value of /(1) +/(2) +/(3). 

6, If /(a:)=*+i, prove that/(2)=/^ij. 

6 . If /(x)=x^- 2x, prove that f(x) +/{- x) = 0 . 

7. If /(x) = 3x“4 and 0(x) = 5x + 7, find the value of 

(i)/(l) + ^(l). (ii)/(2) + 0(3). 

8. If two sides of a rectangle are 3x + 5 and 3.r-5 respectively, and/(x) 

denotes its area, express/(x) in its simplest form, and find the value 
of /(lO). 

9. If /(*) = 12a: - 3, for what value of x is f{r) equal to 33 ? 

10. If f(x)=Zx + 9, find the value of x which makes/(a;) equal to —2. 


EXAMPLES. VIII. d. 

1. If /{x)-=i^+x+ 1, find the value of 

(i)/{0), (ii)/(l). (iii)/(2). 

2. If /(ra) = —, find the value of 

(i)/(6), (ii)/(7), {iii)/(-3), (iv)/{n+l), (v)/(«-3). 

3. If ^ (a:) = (a: -1) (a: - 2) (a; - 3), find the value of 

(i) ^(0), (ii) 0(1), (iii) 0(3), (iv) 0(5), (V) 0(-2). 

4. If 0(7i) = (2ra-1)(2» +1) - (jt - 1), find the value of 

(i) 0(0), (ii) 0(3), (iii) 0(2a), 

(iv) 0(2»i+l), (v) 0(n+l), (vi) 0(|). 

'5. If /(a:)=2a:* - 6a:+3, prove that 

(i) /(x+l)+/(®-l)-2/(a:)=4. 

(ii) /(X+2) +/{x - 2) - 2/(x) = 16. 

5. If /(x)=2x* - 6x+6 and 0 (x)=2x* - 6x + 7, find the value of 

(>) 0(O)-/(O), (ii) 0(2)-/(2), (iii) 0(4)-/(2). 

B.B. 3.A. X 
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7. rf/(a) =2a:®+a: and <p{x)=a^+2x, find the value of 

/(a:+l)-^(a:-l). 

8 . If f(x)=ax‘+bx+c, and 4>(,x)=ax^-bx+c, find the value of 

/(a: + l)-0(a:+l). 

9. Ji /{x)=(Mc^ + bx + c, and <t)(x)~a-bx + ca:®, find the value of 

(i)/(0)-«(0), (ii)/(l)-^(l), 

(iii)/(2)-«(2), (iv)/(3)-0(2). 

10. If ^(a:)=a:® + 3a:® + 3.r+1, find the value oi <j>(x- 1) in its simplest form. 

11. A man walked for Zx hours at the rate of x miles an hour; then he 

walked back towards his starting-point for 2 hours at a? 1 miles 
per hour, and then for. 1 hour at 4 miles an hour in his original 
direction. Express as a function of x (i) his final distance from the 
starting-point, (ii) the total distance travelled. 

12. If 0(0 denote the distance in feet fallen by a body in the first t seconds 

of its fall, what will denote the distance fallen in the third second ? 
Find also the numerical result if 0(0 = 16^^ 


CHAPTER IX. 

EASY PROBLEMS. . 

49. We will now proceed to solve some easy problems: 

Example 1. Three times a certain number diminished by 15 comes to 
45: find the number. 

Let X be the number required. 

Three times the number diminished by 15 is 3a: -15, 

3a;-15=45; 

.*. 3a:=45-f 15=60; 

.*. a;=20, 

t.c. the required number is 20. 

Veriflcatioii. 3 x 20 -15 = 60 -15 =45. 
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Example 2. A man is twice as old as his son, and ten years ago he was 
three times as old. Find the present agea of the father and son. 

Let X be the present age of the son. 

Then, by hypothesis, the present age of the father is 2x years. 

10 years ago the son was x-lO years old. 

Also 10 years ago the father was 2a: - 10 years old. 

2a:-10=3(a:-10), 

2x-10=Sx-30, 

2x-Sx= -30+10, 

-a;=-20, 

a;=20. 

.*. the father is now 40, and the son 20 years old. 

The student should verify the result. 


Example 3. A man paid a bill of £6. lO.*?. in sovereigns and florins. If 
he used three times as many florins as sovereigns, find the number of 
sovereigns he paid away and the number of florins. 

Let X be the number of sovereigns he used. 

Then 3x is the number of florins he used. 

X sovereigns = 20:*; shillings, and 3x florins=6a: shillings. 
Also £6. 10s. = 130 shillings, 

20a;+ Ga;= 130, 

26a;=130, 
x=5, 

i.e. he used 5 sovereigns and 15 florins. 


Example 4. The number 55 is divided into two parts such that one- 
third of one part, together with one-fifth of the other part, is equal to 17. 
Find the parts. 

Let X be one part. Then 55 - a; is the other part. 


X 55 - a: , _ 
3 +- 5 “ = ^^' 


Multiply both sides by 15, 


5a: + 3(55-a;) = 17xl5, 
6a;+165-3a;=255, 

5a:-307=255-165, 
2a;=90; 
a;=45; 

and 55-07=55-45=10. 


.*. 45 and 10 are the reqd. parts. 


Example 5. A and B travel in opposite directions from two places 54 
miles apart, and meet in 6 hours. If A goes twice as fast as B, nnd their 
rates of travelling. 

Suppose B travels x miles an hour, then A travels 2a: miles an hour. 

In 6 hours, B goes 6a: miles, 

. A goes 120? miles. 

But the total distance travelled by A and B in 6 hours is 54 miles. 

6a; + 12a:=54, 
a;=3, 

t.e. A travels 6 miles an hour, and B 3 miles an hour. 
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Examples. IX. a. 

1. One man has £a?, another man £2Xy and they together have £30. 
How much has each man ? 

2. A boy has a certain number of apples, and when he is given 20 
more he finds he has three times as many as at first: how many had he at 
first? 

3. A certain number when trebled is 54 more than before : what is the 
number ? 

4. A has a certain sum of money, and B has £10 more than A. They 
together have £40 : how much has each ? 

5. To three times a certain number of apples I add 17, and then find I 
have 77. How many apples had I at first ? 

6. From four times a certain number I take 23, and obtain 61 as the 
result; what was the original number ? 

7. A man walked a certain number of miles, and then bicycled for 
three hours at 10 miles an hour. He finds he has altogether travelled four 
times as far as he walked : how many miles did he walk ? 

8. A man has a certain number of shillings, and an equal number of 
sovereigns. His total sum of money is 63 shillings. How many sovereigns 
has he ? 

9. A man has a certain number of half-crowns, and double that 
number of florins. If his total sum of money amounts to £3 18s., how 
many half-crowns has he ? 

10. A man is 28 years older than his son, and the sum of the ages of 
father and son is 48. Find their ages. 

11. Find the number which exceeds its sixth part by 30. 

12. A man has five children, each three years older than the next one, 
and their united ages amount to 70. Find the ago of the eldest. 

13. Three persons A, B, C together have £144. B has £10 more than 
A, and C £10 less than A. How much has each ? 

14. Two numbers differ by 18, and their sum is 42. Find them. 

15. Find the number which exceeds its fourth part by 15. 

16. Find a number such that its third part exceeds 24 by as much as 24 
exceeds its fifth part. 

17. Out of a cask of wine full, 10 gallons are drawn, and the cask is 
then ^ full. How much can it hold ? 

18. Find the three consecutive numbers whose sum is 96. 

19. Ten times a certain number exceeds 24 by as much as 102 exceeds 
four times the number: find the number. 

20. A man has a certain number of pennies, one half that number of 
shillings, and one-third that number of florins, his total sum of money 
amounting to 22«. 6d. How many of each coin has he ? 

21. Two men have £49 between them. If one has six times as much as 
the other, how much has each ? 

22. A has £3 less than B, and they together have £41. Find the share 
of each. 

23. ^t^OO is divided between A and B, so that A receives £172 more 
than B. Find their shares. 
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24. The sixth and seventh parts of a certain sum amount to £2 128. : 
what is the whole ? 

25. A is 25 years older than B, and in five years he will be twice as old 
as B. Find their present ages. 

26. A is 2.3 years older than B, and A’s age is as much below 90 as B’a 
age is above 13. Find their ages. 

27. A is three times as old as B, and 9 years ago their united ages 
amounted to 66. Find their ages. 

28. A is 6 times as old as B, and A’s age .32 years ago is equal to B’s age 
28 years hence ; find their ages. 

29. Three boys A, B, C ilivide the apples on a tree. A takes one-third 
of the apples, B takes 21 and C the rest. If A has 2 more apples than C, 
how many apples were there on the tree ? 

30. Find a number such that, if you divide it by 2 and add 11, the 
result will be three times as great as that which you would obtain by 
multiplying it by 2 and adding 11. 

31. The half of a certain integer exceeds the third of the next greater 
integer by three: find the integer. 

32. A man bought a house, and gained five-sixths of what he gave for it 
by selling it for £770. How much did he give for it? 

33. The sum of three consecutive numbers is 105: find them. 

34. The sum of three cousecutive odd numbers is 135. Find them. 

35. A sheep costs twice as much as a turkey, and I spend £ 18. I s. in buying 
6 sheep and 7 turkeys. Find the price of each sheep and each turkey. 

36. A man walks a certain distance, bicycles twice that distance, swims 
half as far as he walked, and finds he has covered 14 miles. How far did 
he swim? 

37. A and B divide a sum of £40 between them, so that A has £6 108. 
more than B. What is the share of each? 

38. Two persons have £4320 between them: if the first has five times 
as much as the second, how much has each? 

39. Divide £36 into two shares so that one-third of the less is equal to 
f)iie4ifth of the greater. 

40. The number 57 is divided into two parts, so that one-third of the first 
and one-seventh of the second arc together equal to 11; what are the parts? 

41. In a village consisting of 151 persons, there are 17 more women than 
men, and 30 more children than women: how many men, women, and 
lihildren are there ? 

42. A man makes 304 runs in 15 innings at cricket: how many must he 
make in the next three innings to have an average of 20? 

43. A, travelling half as fast again as B, and starting 9 miles behind 
him, catches him up in 6 hours : find their rates of travelling. 

44. Two trains, one of which travels half as fast again as the other, 
start at the same time from two places 300 miles apart, and meet in 
5 hours. Find their rates of travelling. 

45. A and B run round a circular course of 1000 yards, starting from 
the same point, at the same time, and in the same direction. A, after 
running 2J times round the course in 10 minutes, just overtakes B: find B’s 
rate of travelling. 
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46. A travels from P to Q» a distance of 30 miles, and back again at the 
rate of 9 miles an hour. On his way back, he meets B, who travels at the 
rate of 6 miles an hour, and who started at the same time from P. Find 
the distance of their meeting point from P. 

47. A starts at noon to travel from P to Q at the rate of 6 miles an hour, 
and B starts at 1 p.m. to travel from Q to P at the rate of 6 miles an hour. 
If they meet at 4.30 p.m., find the distance from P to Q. 

48. A man does one-third of a journey at the rate of 4 miles an hour, 
one-third at 5 miles an hour, and the remaining third at 6 miles an hour, 
completing the journey in 6 hours and 10 minutes. Find the length of the 
journey. 

49. A man walks one half of a journey at the rate of 4 miles an hour, 
bicycles one-third at 12 miles an hour, and rides the remainder on horseback 
at 9 miles an hour, completing the journey in 6 hours and 10 minutes. 
Find the length of the journey. 

50. In a journey of 72 miles, a man does one-quarter of the distance at 
the rate of 6 miles an hour, one-third at the rate of 9 miles an hour, and 
does the whole journey in 7 hours and 40 minutes. What is his rate of 
travelling over the last part ? 


USE OF SQUARED PAPER 

[The most convenient paper for beginners is that ruled to show 
inches and tenths of an inch.] 

60. To find the length of a straight line joining the corners of any 
two sqmreSy with the aid of a pair of compasses. 



Take points A and B at corner of squares. 

With centre A and radius AB describe an arc cf a circle cutting 
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the horizontal line through A at C. We see that the point C falls 
as nearly as possible at the middle point of a side of a small 
square. 

Therefore, from the diagram AB = AC = 2-15 inches. 

61, A nian travels 8 miles due east, then 9 miles north, then 15 
miles west, and finally 14 miles south Find to the nearest halfimiU 
his distance at the finish from the starting jpoinL 
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Using a side of each square to represent one mile, with the 
accompanying diagrams, 8 m. east takes him from O to A, 


9 m. north.A to B, 

15 m. west .B to 0, 

and 14 m, south.C to D. 


With centre O and radius OD describe a circle cutting the line 
OW at F. The reqd. distance = OD — OF = 8^ miles to the nearest 
half-mile, from the diagram. 
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62. Two vertical posts, 16 ft, and 26 ft, high, are 40 ft, apart 
Find, to the nearest foot, the length of the straight wire joining their 
upper ends. 



Taking one-tenth of an inch to represent one foot, one inch 
will represent 10 feet. 

Mark the points A and B 4 inches apart, also the point C 2*6 
inches vertically above A, and the point D 1*6 inches vertically 
above B. Join CD. 
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AB = 4 inches and therefore represents 40 feet. 

AC = 2*6 inches...26 feet. 

CD = 1*6 inches. 16 feet. 


Therefore CD represents the wire whose length is required. 
With centre D and radius DC, describe an arc of a circle to cut the 
horizontal line through D at E. 

From the diagram we see that DE = 4*1 inches. 

.'. DC = 4*1 inches, and the wire is 10 x 4*1, i.e, 41 feet long. 

63. ^ ladder 30 ft. long has its foot at a distance of \0 feet from 
a vertical wall. How far up the wall does it reach ? 
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A B D 


Let A be the foot of the ladder, and, taking a side of a square 
to represent one foot, take B 10 units in a horizontal line from A, 
80 that B is the foot of the wall. 

With centre A and radius 30 units describe a circle to cut the 
vertical through B at C. 




















74 ELEMENTARY ALGEBRA [ohaa 

AC represents 30 feet so that C is the point in the wail to which 
the ladder reaches. 

From the diagram it is seen that BC the required dis¬ 
tance = 28*3 feet. Here we estimate the decimal of a foot by eye. 

54. Two sides of a triangle contain a right angle and are 1*6, and 
1*2 feet long respectively: to find, hy means of squared paper, the length 
of the third side. 



Taking an inch to represent a foot, AB 1 *6 in. long represents 
the longer side, and BC at right angles to it and 1*2 in. long 
represents the shorter side. Join AC. 

With centre A and radius AC, describe an arc of a circle cutting 
the vertical line through A at D. 

AC = AD = 2 in. from the diagram, 
the side required is 2 feet long. 

Those who are familiar with the proposition in geometry which 
proves that “the square on the hypotenuse of a right-angled 
triangle is equal to the sum of the squares on its sides” can 
readily verify the above as follows. 

AC ^ - AB 2 = 22 -1 *62 = (2 +1 * 6 ) (2 - 1 * 6 ) 

»= 3*6 X *4 

= 1*44 = 1*22«BC2 
le. AC2=AB2 + BC2. 
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Examples. IX. b. 

PROBLEMS INVOLVING THE USE OP SQUARED PAPER. 

1. A man travels 9 miles west, then 11 miles south, and finally 4 miles 
east: how far from the starting point, to the nearest mile, is he at the 
finish ? 

2. A man after travelling 7 miles due east, and a certain distance due 
north, finds himself 15 miles from his starting point. How far north did 
he travel? 

3. A ship steaming at the rate of 8 miles an hour due east, drifts at the 
same time with a current at the rate of 3 miles an hour due north. Find 
its distance from its starting point in 2 hours. 

4. A ship steaming at the rate of 10 miles an hour due west, and 
drifting due north with a current is found to be 32 miles from its starting 
point in 3 hours. Find the rate at which the current flows. 

5. A balloon after sailing 5 miles horizontally from its starting point, 
is found to be at an altitude of 2 miles. Prove that it is approximately 
5*4 miles from its starting point. 

6. Two vertical posts, 6 ft. and 9 ft. high, are four feet apart: find the 
length of the straight line joining their upper ends. 

7. A ladder with its foot at a horizontal distance of 20 ft. from a 
vertical wall, just reaches a point on the wall 30 ft. from the ground: find, 
to the nearest tenth of a foot, the length of the ladder. 

8. A ball rolls 3 ft. east, then 5 ft. north, then 1 ft. west, and lastly 

3 ft. in a direct line towards its starting point. How far is it then from its 
starting point ? 

9. A man walks 2 miles east, then 3 miles north-east: how far is he 
then from his starting point ? 

10. A man, having walked a certain distance in a north-westerly 
direction, finds that he is 25 miles west of his starting point: how far has 
he walked ? 

11. A boy bicycles 2'7 miles east, and then 3*4 miles north : how far is 
he then from his starting point, to the nearest half-mile ? 

12. A man swims in a north-easterly direction until he is 2 miles north 
of his original position, and then 3 miles to the north-west: how far is he 
then from his starting point ? 

13. A room is 5*6 metres long, and 3*4 metres wide : find tne distance 
between two opposite corners, as accurately as you can. 

14. On a base of 3 inches, describe a triangle whose other sides are 

4 inches and 4J inches long: find the altitude of the triangle to the nearest 
tenth of an inch. 

15. Find, as accurately as you can, the length of the diagonal of a square 
whose sides are three inches long. 

16. Find, as accurately as possible, the length of the diagonal of a 
rectangular board 2 ft. wide and 3 ft. long. 
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17. Find the altitude of an equilateral triangle whose sides are 3 
inches long. 

18. Draw two circles of IJ inches radius, with their centres 2 inches 
apart. Find the length of the line joining their points of intersection. 

19. With centres 3 inches apart, draw two circles of radii 2 in. and 
2J in. Find the length of the line joining their points of intersection. 

20. A man walks due east from a town P which lies 4 miles due north 
of a town Q. How far from Q is he when he has walked 5 miles ? 

21. A man walks south-east from a place P which lies 3 miles north of Q. 
How far from Q is he when he has walked 4 miles ? 

22. Multiply 2*3 by 3*5 by means of squared paper. 

23. Multiply 3*4 by 4*7 by means of squared paper. 

24. The road from A to B is inclined upwards at 30® to the horizon for 
2 miles, then at 20® for 2 miles, and then descends at an inclination of 27® 
to B, which is on tlie same level as A. Measure the length of the descent 
to B. 

25. A travels east at 12 miles an hour, and B, starting at the same time 
from the same place, travels north-east at 20 miles an hour. Find, to the 
nearest mile, their distance apart at the end of 1, 2 and 3 hours. (Use 
one-tenth of an inch to represent one mile.) 

26. A and B are two places 6 miles apart, B lying due east of A. One 
man walks at 2 miles an hour from A towards the north-east, another man, 
starting at the same time, walks north-west from B at 3 miles an hour. 
Find their distances apart to the nearest tenth of a mile in one hour. (Use 
one inch to represent one mile.) 

27. A donkey tethered to a post can graze over a circle of 24 ft. radius. 
The shortest distance from the post to a straight hedge is 17 ft. Over what 
length of hedge can the donkey graze ? 

28. A man walks 2*8 miles north, then 3*4 miles west, and then 1 '6 miles 
south-east. How far is he then from his starting point ? 


66. Exhibition of Statistics by means of Graphs. The 

accompanying diagram gives a portion of a barometric chart, 
from which we can read off the height of the barometer at any 
hour of the dates given. 

We determine the height of the barometer from the vertical 
lines, and the date and hour from the horizontal lines. 



] 

USE OP SQUAKED 

PAPER 

Thus the height of the barometer at 


4 a.m. on the 14th is given by AL= 29*8 inches. 

6 a.m. 

. 15th . 

BM = 29-65 . 

8 p.m. 

. 15th . 

CN = 30-2 . 

8 p.m. 

. 16th . 

DR = 30-15. 


August. 



Friday 14 . 

Noon 


Saturday 15. 

Noon 


wm 

—BT 

lasesil 


Sunday id*. 
Noon 


SB 


Also we see that the barometer was falling from midnight 
Thurs. 13th to 8 p.m. on Fri. 14th, and rising from 8 p.m. on the 
14th to 8 a.m. on the 16th. 

66. Construct a graph to exhibit the following: 

Premiums of Life-insurance at various ages (for 100£). 


Age in year'^. 


21 


60 
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From the diagram estimate the premium at the ages of 32, 51 
and 58. 

Premfum 



Measuring the ages horizontally, the premiums vertically, we 
plot the given points as shown in the diagram, the point O 
denoting age 20, and premium 1^ (not premium 1£ at age 20). 

The dotted lines AB, CD, EF give the premiums at the ages 32, 
51, 58 respectively. 

They are £2. 9.s., £4. 11s., £6. 8s. 
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Examples. IX. c. 

1. Construct a graph to show the following: 
Premiums of Life-insurance at various ages (for 100£). 


Age in years 

20 

25 

.30 

35 

40 

45 

50 

55 

60 

Premium in £ 

2 

2-2 1 

2-5 

2-8 

3-2 

3*8 

4*6 

5*5 

6*9 


Estimate the premium for £1000 insurance at ages 28 and 43 to the 
nearest £. 


2, Population of England and Wales. 


Year 

1801 

1811 

1821 

00 

00 

1851 

1861 

1871 

1881 

1891 

Number in 
Millions 

8-9 

1 10-2 

120 

13*9 

15-9 

17-9 

20 0 

22-7 1 

26 0 

29 0 


Draw a graph to exhibit the above. Estimate the population in 1837, 
and the year in which the population was 24 millions. 


3. The temperature taken every two hours one day showed: 


Midnight, 

46*0“ 

2 p.m.. 

66*7“ 

2 a.m., 

44-8*’ 

4 p.m., 

67-5* 

4 a.m., 

44-6*’ 

6 p.m., 

58*5“ 

6 a.m., 

47-5® 

8 p.m., 

54 6“ 

8 a.m.. 

52-6‘’ 

10 p.m.. 

51-4“ 

10 a.m., 

56*8* 

Midnight, 

50*6“ 

Noon, 

61 0^ 



Draw a curve to show the variation of temperature throughout the day 
and estimate the temperature at 3 p.m. 


4. The following table shows a patient’s temperature at the given 
times. Construct his temperature chart. 


Mon. 

Tues. 

Wed. 

Thurs. 

Fri. 

Sat. 

Sun. 

a.ri.. 

p.ra. 

a.m. 

p.m. 

a.m. 

p.m. 

a.m. 

p.m. 

a.m. 

p.m. 

a.m. 

p.m. 

a.m. 

p.m. 

99-4° 

99*8*’ 

loo-e* 

102-4* 

101-1* 

102-2* 

100-4" 

100-9* 

100-2* 

99-8* 

98-7* 

98-4* 

98-2" 

98-2* 


6 . Rainfall in 1903 at Greenwich. 



Inches. 

Average of 
60 years. 

January, 

2-12 

1*99 

February, 

1-36 

1-48 

March, 

2*22 

1-46 

April, 

1*84 

1*66 

May, 

1*95 

2-00 

June, 

607 

202 



Inches. 

Average of 
60 years. 

July, 

5*27 

2*47 

August, 

4-81 

2*35 

September, 

2*23 

2*21 

October, 

4*44 

2*81 

November, 

2*09 

2*29 

December, 

1*31 

1-77 


In the same figure and on the same scale construct a chart of the above, 
showing the actual rainfall in oontinuous lines, and the average rainfall in 
dotted Tines. 
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6 . If P ozs. is the weight required to stretch an elastic string until its 
length is x inches, show the following in a graph: 


Length in inches 

9 

B 

D 

B 

B 

Q 


on 

IQ 


IB 

g 

|5 


Determine the weight necessary to stretch the string to a length of 16 
inches. 

7. The price on Jan. 1 st (in pence) of silver per Troy ounce in London 
was as follows: 


1890 

1891 

1892 

1893 

1894 

1895 

1896 

1897 

1898 

1899 

45 

1 

40 

36 

29 

30 

31 i 

28 

27 

27 

28 


Exhibit the above in a graph. 


8 , Table giving the boiling-point of water in degrees Fahr. at different 
heights above sea-level. 


Height above 
sea-level in feet. 

0 

1000 

2000 

3000 

4000 

5000 

6000 

Boili^-pt. 
deg. Fahr. 

212“ 

2 io*r 

208*2° 

•206*3° 

204*4° 

202*5° 

200 * 6 ° 


Exhibit the above graphically and read oft the height above sea-level 
where the boiling point is 203*5°, and the boiling point at a height of 3700 
feet. 


9. Table giving the height of the barometer at various heights above 
sea-level. 


Height above 
sea-level in feet. 

0 

2000 

4000 

6000 



12000 

Height of baro¬ 
meter in inches. 

1 

30 

27*8 

25*7 

23*8 

22*1 

20*5 

19 


Show the above in a graph, and from it read off the height of the 
barometer at an altitude of 3000 ft. and 64(X) ft. Also the altitudes when 
the readings of the barometer are 20 in. and 24*4 in. 


Diameter of circle. 

10 

11 

12 

13 

14 

15 

Corresponding area. 

78-6 

95*0 

113*1 

132*7 

153*9 

176-7 


Show the above graphically, and deduce the areas of circles whose 
diameters are 11*7 in. and 14*4 ft; also the diameter of the circle whose 
area is 136*8 sq. in. 






































<,) SIMULTANEOUS EQUATIONS 8i 

CHAPTER X. 

SIMULTANEOUS EQUATIONS OP THE FIRST DEGREE IN TWO 
UNKNOWNS. 

67. Take the equation Zx-iy= 12. 

3a: = 4y+12. = 

For every value we give to we get a corresponding value of x. 


1 

II 

1 —i 

4 + 12 16 

3 “3* 

if y=2, 

8 + 12 20 

3 “3’ 

CO 

II 

.r 12 + 12 

*= 3 

if - 2, 

-8 + 12 4 
3 "3’ 


Hence wo see that the equation 3a;~4y=12 has an infinite 
number of solutions, Le, an infinite number of values of x and y 
can be found which will satisfy the equation. 

But suppose we are given two equations. 


3a;-4y==12,.(1) 

5a:+2y--=46.(2) 


We can now find values of x and y which will satisfy both 
equations. 

From(l) 3a; = 4y+12, — 

„ (2)5a; = 46-2y, 

Hence, if the value of x is the same in both equations, 

4?/ + 12 46-2y 
3 

Multiplying both sides by 1 5, 5 (4y +12 ) = 3 (46 - 2y). 

20?y + 60=138-6y, 

26y-78. 

y=3. 


b.b. .s,a. 
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Substituting this value of y in equation (1), 

3a;-4x3 = 12, 

3a;=24, 

x=8. 

Thus the values a;=8, y=3, will satisfy both equations. 

Verification. When x = 8, and y=3, 

3a;-4y = 3x8-4x3 = 12. 
equation (1) is satisfied. 

Again, when a; = 8, and y = 3, 5x-h2y=5 x 8 + 2 x 3 = 46. 

equation (2) is also satisfied. Q.E.D. 

68. We notice in the above, that in order to find the value of y 
we first get rid of x. 

This process of getting rid of an unknown quantity is called 
elimination. 

We might have effected the above solution by eliminating y, 
and obtaining the value of x first. We should then obtain the 
value of y by substituting this value of x in one of the original 
equations. 

Also we notice that having first found the value of y, we may 
substitute that value in either equation. It is advisable, of 
course, to choose the simpler equation for this substitution. 

If we put y = 3 in equation (2), we have 
5a; + 2 x 3 = 46, 

6a; = 46-6 = 40, 

a;=8, as before. 

Also we must observe that two simultaneous equations of the 
first degree have only one solution. 

69. The following method of elimination is the most common. 

Example 1. Solve the simultaneous equations, 


3a7 + 5y=29,.(1) 

2a;+7y=34.(2) 


Multiplying (1) by 7, 21a; + 35y=203, 

„ (2) by 6, 10a;+35y=170. 

(N.B .—The coefficients of y in the two equations are now equal,) 
Bubtmting. lla;=33, 

a;=3. 
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Substituting this value of a; in equation (1), 

3 X 3'l~5|4~29f 
6y=29 - 9=20, 
y=4. 

• jj* — Q \ 

J- is the reqd. solution. 
y=4J 

Verification. When a 5=3 and y—4, 3a;+5y=3 x 3 + 6 x 4=29. 

. 2a; + 7y=2x3 + 7x4=34. 

Example 2. Solve the simultaneous equations, 

.3a: + 2y=2, 

6x-2y= -18. 

(N.B.—The coefficients of y are equal but of opposite, sign.) 

Adding, Sx= - 16, 

x= -2. 

Substituting this value of x in either equation we obtain the value of y. 
This is left as an exercise for the student. 

The work may often be shortened if the coefficients of a; or y 
have common factors. 

Example 8 . Solve the simultaneous equations. 


38a: + 17y=127, .(1) 

133a;+71y=479.(2) 


These equations may be written, 

2 X 19a: + 17y=127, 

7 x19a;+71?/=479. 

Multiplying (1) by 7, 266a;+119y=889, 

Multiplying (2) by 2, 266a;+142y=958. 

Subtracting, - 23y = - 69, 

y=3. 

Substituting this value of y in equation ( 1 ), 

38a;+ 51 = 127, 

38a;=76, 

a;=2. 

.. x— 2 )-^ reqd. solution. 
y=3 5 

Examples. X. a. 

Eliminate a; from the following equations ( 1 - 6 ): 

1, a;+y = 4, a; + 3y=8. 2. 3a;-2y=14, 2a;-5y=2. 

3. y-a;=5, 3y + a;=7. 4. y=3-4a;, 5a;-4?/=7. 

R y=3»+6, 2y+3»=9, 6 . |+y=l. |+ 2 ~ 






84 


ELEMENTARY ALGEBRA 


[OHA?. 


Eliminate x from the following equations (7-10): 
7. 2x+3y=7, 5x-y=9. 8 . x-^=- 


« ^ Uy 2x+2y+l 

0» X ^ — g I g —A. 


6 3 . 5^8 . 

-= 7 > — 4 -"= 4 . 

0 ? y X y 


=9. i+?=ii. 
a; y 


11. If a?=3 find the value of y when 3a;+4y=17. 

12. If a;=5 find the value of y when 7y-6a:=5. 

13. If y = - 3 find the value of x when 3a: - 7y=30. 

14. If y= -2 find the value of x when + 

2 4 

" V ““ 3 

15. If a;=~ find the value of y when 6a: -1 + =4. 


16. If v= - i find the value of x when j =4. 


Solve the equations: 

17. a: + 2y = 12, 18. 3a:-y=26, 

a;-3y=2. a:-5y=4. 

21. 4a:-yFlO, 22. 7a:-3y=31, 
2a:-y=4. 9a;--5y=41. 

26. a; + y=4J, 26. a:-10y=5, 

a;-y^4J. 2a: + 10y=40. 

29. 7a:-3y= -6, 30. 5a;-7y=20, 
a;+5y = 10. 3a7-2y=12. 

33. lla: + 13y = 23, 13a:+lly=25. 

35. 6a; + y = 5, 7a:*-y = 13. 

37. 4a:-5y=2, a:4-10y=41. 

39. 4a: + 3=3y + 2, r)a; + 4y=22. 

41. 4a: + 3y = 43, 3a;-2y = ll, 

43. 8a:-4y=9a:-3y=6. 

45. 10y=7y-a;=20. 


19. 2 a:+ y=5, 20. 3a:+2y=7, 

a: + 3y = 5. 5a:+ y=7. 

23. a:+y + 8=0, 24. a: + y=3, 

a:~y=2. a:-y=lj. 

27. 2a: + 3y=28, 28. 4a:-3y=14, 

3a; + 2y=27. 3a:-4y=0. 

31. 15a: + 2y=27, 32. 7a;-3y=41, 
3a: + 7y=45. 3a:- y=:17. 

34. 2a: + 3y=47, 4a:-y=45. 

36. 6a:-4y = 8i, 2a: + 3y = 14. 

38. 4a: + 6y=ll, 17a:-5y=l. 

40, 2a:-3y=5, 3a: + 2y=l. 

42. 6a;-4y=a?~y=-2. 

4^ 3a; + 2y=2a;-y-56=0. 

^46. 5a:~2y=7a?+2y=a?+y+ll. 


60. i t necessary first simplify the equations. 

Example 1. Solve the equations, 

.(II .(21 


Multiplying (1) by 3, and simplifying, 

«+ y=6+6y, 

a;-5y=6.....(3) 

Multiplying (2) by 5, and simplifying, 

2a: ~ 4y=23 - 5y, 

2a?+ y=23..(4) 


We now solve equations (3) and (4) in the usual manner. 
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Ezampla 2 . Solve the equations, 


?-5=3. 
X y 


M=48. 

X y 

In sncli cases as this, It is advisable to solve first for ^ and 

Thus, multiplying (1) by 2, 1 _ ?=g. 

X y 

Adding this to (2), -=54. 

X 


( 1 ) 

(21 


••• 

X=\: 

0 

Substituting this value of x in (2), 5 x 6 + -=48, 

fi ^ 

-=48-30=18, 

y 

i=3, 

y 

y-\. 


is the 

2 /=^- J required solution. 


Solve the equations: 

1 . %-h-h 


Examples. X. b. 


3 4 
6^16" 


= 6 , 


V ^ n 
12 


6 4 2"' 

4 ^+^ = 1 ^-?' = 14 

8 5 ’ 4 


6 . 2 y-|= 22 , 3 y+|=U. 


6. | + |+9=0. 


o 

X 


4 10 


i^4.0= 


+ 9 = 0 . 


7. ae-J^= 

O 


6 , 4y+-™=12. 


8. ^^-(y-3)=4, 

o jg-y 2a;+3y _ 

3 *" 5 “ 


3 

7?/+ 3 


-(a;+2)=-3. 


10 . 1 + 1 = 14 , 1 - 1 = 3 . 


aj-2 10-a?_y-10 2y+4 2ar+y_a? + 13 

^•5 3"’4* 3"'8~4’ 

12. 3*+^=ny-^+2=22. 


14 . 


2 ‘ 
a?+4 a;- 
7 


B. 


- = 2a;-4, 2y-4-=3a?. 


1 15. 8(2aj-3y)-(2a;+3y)=l, (2a;-3y) + ^( 2 a 7 + 3 .v)= 2 . 
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Solve the equations: 
18. ^=^=2. 


5a?+6 lly-5 ,, 55y-12 7a; 

10 " 21 25 


y + 2 2y + l" 

18. i(3a;-4y) = ^(a;-y-3), J(a;-y + 7)=-^(4a;-3y). 

nr’- “• 

21. •3a;+4y=H, •2»+3y=8. 22. l’2a:+%=’6, 'Sx- ■2y='01. 

23. -6*+-Ty +3-95=0, ^+.£ + 10 = 0 . 

*0 *7 

24. *03a; + *06^= *05, *09y - *030;= *05. 

25. 2x+*4y=l*2, 3‘4a:+*02y=*126. 

26. f+1=12-3, f+ 1=5-5. 

27. If 3a; + 5y=16, and 2a; - 3y=17, find the value of a; + y. 

28. If 3a;+2y=8, and 2a; + 3y=2, find the values of a;+y, and x-y. 

29. If 7a; +1 ly=2, and 8a; + 13y = 1, find the value of 5x + 8y. 

30. Given that 13a;-lly=:17, and lla;-13y=7, find the values of »+«! 

and a; - y. 


81. 

1 

~4 

1^ 

=5, 

1-1=3. 

32. 

1 

2_ 

12, 

1 

2 

=4. 

X 

y 


X y 


X 

^y 


’ X 

y 


33. 

h 

1^ 

:5, 

1+2=5. 

34. 

? + !’= 

28, 

3 

2 

H— = 

=27. 


X 

V“ 


X y 


X 

y 


X 

y 


35. 

7_ 

3__ 

=41, 

--1=17. 

36. 

7_ 

5_ 

3, 

2 

- + 


= 12. 


X 

y 


X y 


X 

"?/ 


X 

2y' 


37. 

12 

_8 

= 2, 

2+1=2. 

38. 

1+1= 

1, 

1 

1_ 

9. 


X 

y 


X y 


X 

y 


X 

y 


39. 

K 

2 

X 

yj 

1(1+1 

C> 

II 

+ 








SIMULTANEOUS EQUATIONS WITH THREE UNKNOWN 
QUANTITIES. 

H^Gl. The method is similar to that for solving equations with 
two unknowns. Here however we shall need three equations. 

Example 1. Solve the equations, 2a;-f3y- z=5, .(1) 

3a;.-4y+2z=l, .(2) 

4a;-6y + 5z=7.(3) 

First let us eliminate z from equations ( 1 ) and ( 2 ). 

Multiplying ( 1 ) by 2 , 4a?+ 6 y - 2 z= 10 

Adding (2), 3a; - 4y + 2z = 1 

7a; + 2y, ^ . ( 4 | 

Next eliminate z from equations ( 1 ) and (3). 
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Multiplying (1) by 5 10a: + 15y - 5z=25 

Adding (3), ' 4x- 6 y 4 5z= 7 

14a;+ 9y =32 . ( 5 ) 

Now let us solve equations (4) and (5). 

Multiplying (4) by 2, 14a: + 4?/ = 22. 

Subtracting from (5), ■ oy -10, 

y = 2. 

Substituting this value of y in (4), 7a; + 4 = 11 , 

7a: = 7, 
x=h 

Substituting/or both x and y in equation ( 1 ), 

2 + 6 — 2 = 5, 

- 2 = -3, 

2 = 3. 
a;=l"j 

y=2 Vis the reqd. solution. 

2 = 3j 


Example. 2. Solve the equations i+-=7, ... 

X y 

2-2=-9,. 

X 2 

2 + i=32. .. 
y 2 

1 


Here we shall first solve for - 


y 


I and 1. 


2 

Multiplying (2) by 4, 

8-1?=-36 

X 2 

.(3) by 3, 

?+!?= 96 

y 2 

Adding, 

?+?= 60 

X y 

Multiplying (1) by 9, 

?+?= 63 
^ y 

By subtraction, 

i=3. 

X ' 


a:=^. 


Substituting for v in equation (1), •^+~= 

1 . 

y" 

y= 


% 

4, 

X 

X- 


( 1 ) 

( 2 ) 

+3; 
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Sabstituting for y in equation ( 3 ), 


8x4+~=32, 

z 

a+1.8, 

\-^ 

2 =T- 

A 

y=Tr 

Z=iJ 


=7 Ms the reqd. solution. 

V 


Bzample S. Solve the equations ^+1 =5 ~3, 


From the first equation 
Multiplying both sides by 24, 

Also from the first equation 
Multiplying both sides by 8 , 

Multiplying both sides of ^ 

Multiplying by 2, 

Subtracting ( 2 ), 


2 

^=^ + 1. ‘ 

3 8^ 

8a;=3y + 24, 

8a?-3y=24.. 


| + l=|-3. 

y + 8=4z-24, 
y-4z=~32. 

|-|=2 by 10 . 

5y~2z= 20. 

10y-4z= 40 
y-42= -32 


9y= 72 

y- 8 . 

Substituting this value of y in equation (1), 

8a;-24=24, 
8a;=48, 
a;= 6. 

Substituting for y in equation (2)t 

8-4z=-32, 
-42=-40. 
s= 10, 


.(« 


..( 2 ) 




(3) 


/. »= fi'j 

ysz 81 * is the reqd. solutloa. 
ssloJ 
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S.] 


* Examples. X. c. 


Solve the following equations : 


1. 3a; + 4y-z=19, 

5x -}- 2y + z == 15, 
2jc: + 3ij + 2z—11. 

4, a: + y-f-z=12, 
Sir+ 6?/ - 3z=2, 

3»r + 4y- 4z= -14. 


2, a; + 2y + z=16, 
a:-~2y + 3z—12, 
4x + 2y + z = 22. 

5. 3ir-2y-z=l, 

4aj - 3y + 4z = - 3, 
2.r-f-y-5z= -2. 


3, 5a;-3y + 4z=35, 
x + 3y - 42= -23, 
2a7-5y + 6z = 43. 


6 . 


2^3 ^4 
X y _z 

3 4 2 
x_y z 

4 2‘^3 



7. 

x + y- 2 = 2, 

8 . 

a: + y + 2 = 18, 

9. 

a;-2y=10. 


3j;-f y -2=8, 


X -y + z=\2. 


3y+ 42= -26, 


x-y + 2z— -6. 


a: + y-z=6. 


y-42=18. 

10 . 

2aj-y = 12, 

11 . 

a; + y + 2=20, 

12 . 

+ 

+ 

II 


3a;-4z=30, 


8.r+ 4y-f22 = 50, 


Z 4 


a;- 2= 11. 


27ir-r-9y + 32=64. 


4 + 1 + 1 = 29. 






M + | = 25. 


13. x-y = y-z-~y^-2. 


3y-4z + 26 34-2a’-3y ^ 

14. -=- .2 -^=2(2-y). 


15. 


i.i+i 

X y z 

\A^ 

X y z 
X y z 


= 9, 

16. ? + ^ = 18, 

a; y 

17. 

= 3, 

? + -=23, 


= 1. 

y 2 

2 3 

18. 

=+- = 19. 

2 X 



X-\ _y-3_ 2-5 
"■2“ “ 4 6“* 

an y 4 2 = 33. 

3a: _ 4y _ Sz 

'2 ~T“ V 

a; + 2y-z = 82. 


CHAPTER XI. 

BRACKETS. 

62. When two or more pairs of brackets occur within one 
another, there are two ways of simplifying the expression. 

First Method. Remove the brackets one at a time, beginning 
with the, innermostjpair. 

Second Method Remove the outermost brackets first. After 
a little practice, several pairs may be removed in one step. 

Example 1. Prove that 8 a - { 3a + ( 2 (z - 5)}=3a + 5. 

First Method, 8 a - { 3a + ( 2 a - 5)} = 8 a - { 3a + 2 a - 5 } 

= 8a-{5a -5}=8a-5a + 5 = 3a + 5. 


Q.B.D. 
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Second Method, (In removing the curly bracket we must look upon all 
the terms in the plain bracket as a single quantity,) 

The given expression = 8a - - (2a - 5) 

= 5a-2a + 5 = 3a + 5. Q.E.D. 

Example 2. Simplify 3 {6a; - 2 (2a; -1)}. 

First Method, The given expression=3{6a:-4a?+2} 

=3{2a; + 2} = 6a; + 6. 

Second Method. [Every term inside the curly brackets must be multi¬ 
plied by 3, and each term inside the plain brackets must be multiplied by 
2 as well.'l 

The given expression = 18a; - 6(2a; - 1) = 18a; - 12a; + 6 = 6a; + 6. 

Examples. XI. a. 

Prove the following; 

(Remove one pair of biackets at a time.) 

1, a-{6 ~ (c + c?)}=a-fo + c + d. 2. 6tt~{2a + (a-5)} = .3a + 5. 

3. 4a-{3a-(2a-a)}=2a. 4. 7a; + {2a;-(3a;-4)}=6a; + 4. 

5. a-{a-(a-a)}=0. 6. 3-{4a;-(2a; + 4) + l} = 6-2a;. 

7. 9a;-h{3a;-(4a;-2) + a;}=9a;+2. 8. 7-{4a;+(2a;-3) + 7}=3-6a;. 

9. 14-{12-(2a;-6)-9a;}=lla;-4. 

10. 12a; - {3a; - {lx - 9) + (2a; - 3)} = 14a; - 6. 

11. 24 - {5a; - (2a; + 5) - (3a; - 7)}=22. 12. 2{a; + 3(a; - 2)} = 8a; -12. 

13. 3{7a;-2(3a;-4)}=3a; + 24. 14. 4{3a-(a-2a)}=16a. 

15. 2-3{a;-2-5(a;-l)} = 12a;-7. 

16. 6-2{a;-3-{a; + 4) + 3(a;-2)}=.32-6a;. 

17. 7{2-3(a;-4) + 4(a;-6)}=7a;-70. 18. 6{a;-^(a;-l)} = 3a; + 3. 

19. 8 {2a;(6a;+ 5)} = 4a;-10. 20. 6{a;-^(2a;-7) + ^(a;-5)} = 5a;- 1. 

Simplify the following: 

21. 3a;+ {2a;-(a;+ 2)}. 22. 6-{5-(3-a;)}. 23. 2a;-{3a; + (a;-2)}. 

24. 6a; + {5-(2a;-5)}. 25. 9-{-2 + (2a;-7)}. 26. a-{-h-{c-d)}. 
27. a + [2a-(7a-l)-(9-8a)]. 28. 6y - [3a; - (2y - a;) + (3^^ - 5a;)]. 

29. 9a-[36 +(2a-56)-(3a4 55)]. 30. llc + [-3d-(4c-3rf) + c]. 

31. a-[-(a-6) + (a + 6)]. 32. 2{3a; + 3(a;- 1)}. 

33. 3{2a;-5(2a;-3)}. 34. l{x-2{3-x)}. 

35. 3{6a-5(a-l)}. 36. 9{2(a- 1) -3(a - 7)}. 

37. 4{a-2(a-l) + 3(a-2)}. 38. 5{2a-3(a-l)-(l-a)}. 

39. 2a; - 7 {3 - (2a; -1) - 2 (a; - 2)}. 40. 9a; - 3{ y - 2 (So; + y) + (3y - x)}. 

63 . Example 1 . Prove that a + [36 - { 4a - (a - 6)}] = - 2a + 26. 

First Method, a + [36 - {4a - (a - 6)}] 

=a + [,36-{4a-a + 6}]=a + [36-{3a + 6}] 

2 =a + [36 - 3a- 6]=a+[26 - 3a]=a + 26 - .3a - -2a+26. 
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Second Method, (In removing the square brackets [] we must look 
upon all the terms within the curly brackets as a single quantity.) 

The given expression = a + 3& - {4a - (a - &)} = a + 3& - 4a + (a - 6) 

=a + 3/;--4a + a-fe=2a-4a4'3^)-6= -2a+ 26. 

Or, more shortly, the given expression 

=a + 36 -4a + a-6=2a-4a + 36 -6= -2a+ 26. 

This is easy to understand if we remember that the plus preceding the 
square bracket does not alter the minus preceding the curly bracket, whilst 
the minus preceding the curly bracket changes the minus preceding the 
plain bracket into plus. 

Example 2. Simplify the expression 

4[a -,3{a - 2(6 - r) + 2c} - 4 (a - 6)]. 

First Method, (Remove both ijairs of plain brackets in one step.) 

The expression=4 [a - 3 {a - 26 + 2c* + 2c*} - 4a + 46] 

= 4[a - 3a + 66 - 12c - 4a + 46J 
= 4 [ - 6a +106 - 12c] = - 24a -i- 406 - 48c. 

Second Method, Every term inside the square brackets must be multi* 
plied by 4. 

Every term inside the curly brackets must be multiplied by 3 as wdl. 
Also (6 - c) must be multiplied by 2 as well as by 3 atid 4. 

(a - 6) must be multiplied by 4 x 4. 

The given expression = 4a - 12{ a - 26 + 2c + 2c} - 16(a - 6) 

= 4a - 12a + 246 - 24c - 24c - 16a +166 
= - 24a + 406 - 48c. 

Example 3. First Method. 

a - 26 - [3a - 56 - {2a - 3c + (5a - 2(f- 3a - 6 + 2c)}] 

=a - 26 - [3a - 56 - {2a - 3c + (5a - 2c - 3a + 6 - 2c)}] 

= a-26-[3a-56-{2a-.3c + 5a-2c-3a + 6-2c}] 

=a - 26 - [3a - 56 - {4a + 6 - 7c}] 

= a - 26 - [3a - 56 - 4a - 6 + 7c] 

=a-26 - 3a+ 56 +4a+ 6 - 7c = 2a+ 46-7c. 

Second Method, a-2b- [3a - 56 - {2a - 3c + (5a - 2c - 3a - 6 + 2c)}] 

= a - 26 - 3a + 56 4 2a - 3c + 5a - 2c - 3a + 6 - 2c 
=2a + 46 - 7c. 

Explanation. The minus preceding the first square bracket ([) operating 
on the minus preceding the first curly bracket ({) makes it plus. 

Thus the plus in front of the first plain bracket remains plus and the 
minus preceding the vinculum remains minus. 

The work of the above might be given in greater detail thus : 

The given expression 

=a - 26 - 3a + 56 + {2a - 3c + (5a - 2c - 3a - 6 + 2c)} 

= a - 26 - 3a + 56 + 2a - 3c + (5a - 2c - 3a - 6 + 2c) 

= a - 26 - 3a + 56 + 2a - 3c + 5a - 2c - 3a - 6 + 2c 
= a - 26 - 3a + 56 + 2a - 3c + 5a - 2c - 3a + 6 - 2c 


as before. 
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Examples. XL b. 


Remove the brackets and collect the like terms in the following 
expressions: 


1, 4a-{3a-(2a-a)}. 

3. a-{a + (a-a + 6)}. 

6. 7 + [6-2(3 + a?)-4(a;-2)]. 

7. aa+63-[a(a + 6)-6(6-a)]. 

9. 6[a-2{6-4(c + d)}]-4[a-2{6 


2. a-[a-(a-a-c)]. 


4. 2x - [3a; - {5a: - (5a; - 6a;) + 2a;}]. 
6. 4a-3[a-4(l-a)]. 


8- 

-3(c-(/)}]. 


4a;-8 3a;-9 15a;+6 

^'^‘2 3 5 * 


11. ■ 5 -(a: + y)+-J-(a!-y). 


12. 7 {*+j^)-i(a-y). 13. a{b-c)-^h(c-a)+c[a-b), 

14. -[-{-(-a:)}]-[-{-(-»-y)}]. 


Prove the following: 

16. 3i-{5a-[6a + (12a-3&)]-o}=14o. 

16. 9(6-c)-[-{a-6-4(«-6+a)}]=-3a + 126-13c. 

17. 6a!»-(3a!-i^)+2(a:“-^) = 8*®-5a:+6. 

18. 4a-[2a-{26(a;+y)-2()(a;-y)]=2a+46y. 

When a=l, 5=2, c=0, prove that 

19. o-2(6-c) + 3i2a-46)-6(c-2o-.35)=27. 

20. 35-[5a-{6a + {14<i-35)-2(in = 13- 

21. 35c - t4o5+{3a - (12a - 75) - 2abc\]= - la 

22. 4[a-2(5-c)-{a-(5-2)}]=-16. 


Express the following in their simplest forms: 

23. 7o-[55-{4a-(3a-25)}]. 

24. a-(5-c)-{5-(a-c)}-[a-{25-(a-c)}]. 

25. a-[.3o + c-{4a-(35-c)} + 35]. 

28. 5a-[2a-2{a-(a-l)}+2]. 27. 6a-[35-{2a-f8a-.%)]. 

28. o-[35 + {3c-2a-(a-5)}+2a-(6-3c)]. 

29. 3{a-2[5-4(c-d)]}-4{a-3[5+4(c+d)]}. 

30. o-[2a-{3a-(4a-50^7)}]. 

31. 4a^-2a:(x-2y)+2y(2y+a;)-2a;“. 

J32. 2[3a5-a{-5 + 5{2+a)}+3{a(2-5)+a«5}]. 

33. a!*-2*{ai’-a;(2-a:)}+3[a!’-x(x-l)]. 

34. 3o-2[3a-2{.3a-2(3o-2a+5)+5}+5]. 

36. 6a-4[2a-3{4a-3a-5}-45]+24a. 

86. 4{4-4(4-a) + a}-3{a-3(a-3) + 3}. 

S^3[*y+a:{y-y(3 + x)}+2{a!(3-y)-*VU* 

*-*[»+»(»-i-»)]. 


Prove the following: 

• ^-^+i=^.when«=l. 


4 
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42- ^^2-ST4=®’ 

43 _ ?i£±i>-8=^-l, whena:=24, 

aj-4 a:-5 a;-2 , 

44. -g-g- = -^,whena:=14. 


45 _ a, _ 1 _ ^1=0, when *=5. 

Ca; + 1 3 + Ca;* ^21 o 

^^r-**-l = ~^3.^hena;=2. 


g 

3a;-‘2 


19 

7a;~l 


= 0 , 


when 


Insertion of brackets. 

^64. In the preceding articles we have dealt with the removal 
of brackets. Sometimes it is necessary to insert brackets, and the 
rules for doing so will obviously be the converse of the rules for 
their removal. 

Any number of terms may he placed within brackets with the positive 
sign (+ ) prefixed^ without changing the signs of the terms included in 
the brackets. 

Any number of terms may he placed within brackets with the negative 
sign (-) prefixed, provided tliat the sign of each term included in the 
brackets is changed. 

Thus 2a + - 4c - = 2a + (33 ~ 4c — M), 

Also the same expression = 2a + 36 - (4c + 5d). 

ac - JeZ + 6c - ad = ac - {bcl - 6c + ad) 

= ac - {hd - 6c) ~ ad. 

When all the terms within a pair of brackets have a common 
factor, that common factor may be removed and placed outside 
the bracket as a multiplier. 

4a - (5a - 5d) = 4a - 5 (a - d), 
a? - (2a;2 - 4a; + 6) = - 2 (a;^ - 2a; + 3). 

Example. Collect in brackets the like powers of x in the expression 
as? - caj2 dx^+ax. 

The given expression 

=ajc* - 6a:* - ca;^ - efa:® - cZar+aa? 
s: ae*(a - 6) - **(c+d) - a;(d - a). 
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^Examples. XL c. 

Arrange the following expressions in descending powers of x, bracketing 
the coefficients of the different powers of x: 

1. 2a;®~6a;+a+a;® + aa;®-2aa;~7. 

2. a;®-2aa?+a*+«*-26a:+6®+a:*-2ca?+A 

3. x^y-y'^x+a^-y^-ooz^ + xh. 

A a^-Sa^x+Sax^-x^+b^-Sb^x+Sbsfi-a^, 

6. a^ax+hai^-bai^-bx+e+ax\ 6. pV+2pa:+p*-g®aj*-2gaj~9*. 

Bracket the powers of x in the following expressions in descending order 
and so that the signs preceding the brackets are all positive: 

7. aoc^-bx'^+cx+d-ba^+csi^'-ax-e, 

8 . 2oc/^-Zx^ + Qoc^-*lx + bx'^-ax-a3i^-ax^, 

/9. a:®+y*-3a;y2 + 3A;^ + 3a»*-3a;®z. 10, ax^-hx+C’^eofi+cx-haf^+cui^, 

11. ax* ~ 6a:* - co:* -px*+qx^ + rx\ 

12. S{m + n)x^y-27nxy^-2{m-n)x^-i‘2nxy\ 

Bracket the powers of x in the following expressions so that the signs 
preceding tho brackets are all negative: 

13. aa::*+pa:*~ga: + c-6a:*-ca:*-da:-p. 

14. ax^-bx-c - 6a:* - bx^ + cx + d 

15. aa:*“(a-l)a:+2a + (3-2a)a:-6a:*. 


65. Identities. An equation which is true for all values of 
the symbols used is called an identity. 

The symbol s is often used to denote that two expressions are 
identically equal, i.e. that they are equal for all values of the 
symbols used. 

Thus when we write a-b= -b + a, we mean that a-6 and 
-6 + a are equal whatever values we assign to the symbols 
a and b. 


Example l. Prove the truth of the following identity 


. 2a-b ^ 4a+46 . , . 

4a 5 —+ — 2 —=4a+6. 


. 2a-6 4a+46 _ 2a 6 4« 4» 

*• 3+6 ““ 3+3+6+ 6 

. 2a , 2a , 6.2b 

®^-t+t+3+t 

s4o+6. 




To prove the truth of an identity when both sides of the equa¬ 
tion are somewhat complicated, it is often advisable to simplify 
each side separately. 



BRACKETS 


Bzaxaple 2. Prove the truth of the identity 
3af-y+4£a?- ^3y-a:-^^-^^J=5(a?-y-l)“4(y-a?)-4y+6a;-3, 

3a?-y+4|^af- ^3y-a;-?~-^^J = 3a?-y+4a;--4(3y-a:~a;+2). 

= 3a;-y + 4a?-12y + 8a;-8 

= 15a;-13y-8.(1) 

Again, taking the right hand side, 

6(«-y-1) “ 4(y - a;) - 4y + 6a; - 3 = 5aj - 5y - 6 - 4y+4a5 - 4y+6a; - 3 

= 15a?-13y-8.(2) 

/. from (1) and (2), 

3a;-y+ 4 x-f3y-a;-?^f^)"| = 6(a;-y-l)“4(y-a;)-4y + 6a;-3. 

^ ^ /J Q.E.D. 

Example 8. Simplify the expression x- 5 - [3 + {x- (3+x)}], and hence 
determine what value of x will make it equal to zero. 

The given expression =x-5-3-x + 3 + x 

=x-5; 

it is equal to zero when x=5. 

Example 4. Prove that ~ - ^(4x + 2) = 

^-£^-g(4a;+2) (The l.c.m. of 2, 3 and 6 is 30.) 

_ 15x7a: 10(a:-8) 6x4(4a:+2) 

“ 15x2 10x3 “ 6x6 

_ 105a: - 10a; + 80 - 96a: - 48 

“ 30 

_ 105x - lOx - 96x+80 - 48 

== 30 

^32-x 

“ 30 ’ 

Example 6. Find the simplest form of the expresejoa 

x-1 2x-33x-l 

5 ‘ 4 2 * 

The L.C.M. of 5, 4 and 2 is 20. 

Therefore multiplying numerator and denominator 

of the first fraction by 4, 

.second. 5, 

.third .10, 

. 4(x-l) 5(2x-3) . 10(3x-l) 

the given expre88ion= 

4x-4-- 10x + 15+30x-10 
20 

24x+l 
20 ’ 
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Prove the following identities: 


1 . 


- 9a-a a 

6 a- ^=2a. 


2. 7a- 


21a-6 

3 


h 

:s= —• 

-3 


8 . 2a+2[a-2(6-c)]s4(a-6+c). 

_ 4ii? “ 3 83 ? — 6 f. 

®- -2 -4“ = ®- 

^ a;-2,23?-l a;__5a?-10 

'• 4 ■'■"■3 2 = 12 ■ 

o 3a; ^ 7a? . n 72 - 9a; 

9 . _+a,___2x+9s-g-. 

-- 7a;-ll 9a;-17 7_ a?+l 
8 “ 10 20~“40* 


^ 2a?-3 6 - 3 a?+y_4a;-y 
4. j 2 — 2 

c a? — 3 a?—1 a? — 61 

- 

o , a?-2 , a?+3 6x + 6 

- 2a?-l , - ^ a; + 2__6a?+2 

10 . 6*-^- + 1-3*—^ = -g-. 

12. 10(*+3)+7(f-»)—V-®3*+23. 


13. 4a!-3{5a;-8(a;+^)}sl3a!+12. 

njt a?4"7 3a? . i7a?—35 

14. - 3 —g-{*-2)+^(3»-ll)=-^ 

«e I/O I/O .m 3^— 88a;+170 
I 6 e y(3a;+5)-^( 2 a? 4 - 7 )--g-— jOg • 

ta 3a?-5 7a;+9 8a?4-19_21a?+9 
4 " 16 ^ 8 *“16 ’ 


17. Simplify the expression 12-[4a?-2(3-a;)-5(a;-3)], and hence deter¬ 
mine what value of x will make it equal to zero. 

la What value of a? will make the expression 6 (a?-3)-4 (a;- 2 ) equal to 
zero? 


19. What value of x will make the expression 

5x-10-(3a;-7)-{4-2a?-( 6 a?-3)} equal to zero? 


20. What value of a? will make 

2a;-3 4a;-6,6a?+16 
““6 3 10 


equal to zero? 


Simplify the following expressions: 


21 . 

a? 4-1 2a? 4*1 

2 3 * 

22 . 

3 4 

2S. 

a? a?-S 

5"^ 2 ‘ 

9A 

a? a?-l 

1^ 

f 

CO 

26 

a?-3 a?-4 

ctx. 

B” 7 ’ 

^’6 4 

CiVi 

4 3 ’ 


27. 


8L 


4a;- 3 a?-2 

T IT’ 

a ?-6 2a?-l . a?+5 

_— 5 -+-^ 

2a;-3 3a?-5 x+2 

9 **‘ir 


00 ® 4a? 4* 6 

28. g-. 

AA a? — 8 3a? — 7.2a? 4“ 3 
30. -5 - 6 -+—- 

09 3a?-8 .2a?4-7 7a?-8 

^ “8~+"i0-25"* 



XII.] 


REVISION PAPERS 


07 


CHAPTER XII 


REVISION PAPERS. 


XII. a. 


1. Prove that ^ 

S o 6 10 5 

2. Multiply 3a;-5y by 5a; + 7y, and find the remainder when the result 
is divided by 5x - 8y. 

3. Solve the equation j Check your result. 


4. Find values of x and y which will satisfy both the equations, 


Check your result. 


3a; ^ « rt 3y „ 

^-2y=7, 2x--^=7. 


5. How many pence are there in £a + h half-crowns + c florins? 

How many pounds are there in a half-sovereigns-f 6 half-crowns 
+c shillings ? 


6 . On squared paper take two lines AB, AC, at right angles, such that 
AB=2*4 in., and AC = 3*2 in. Find, without actual measurement, the 
length of BC. 


7. Three-quarters of a certain number exceeds two-thirds of it by 4. 
Find the number. Check your result. 


XIL b. 


1. Simplify the expression - -- 4 . 

4 5 6 

Check your result by putting a;=5. 

2. Divide 2la^-ab--lOb’^ by 7a - 56, and multiply the quotient by 3a - 26. 

3. Solve the equation 2x) -2=0. Check your result. 

4. What values of x and y will make both 5x - 3y, and 3 (y - a;) equal 
to 3 ? Check your result. 

5. A man walks a miles in 6 hours. How many miles does he walk in 
an hour ? How many minutes does he take to walk one mile ? How long 
does he take to walk x miles ? 

6 . Solve the following problem on squared paper, without actual 
measurement. A man walks lA miles East, and then 3 miles North, flow 
far is he then from his starting point ? 

7. From a cask Iths. full 36 gallons j.re drawn, and the cask is then 
^und to be half full. How many gallons does it contain when full? 
Check your result. 

B.B.S.A. 


a 
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zn. c. 

1. Divide 22a;* - 67a; ~ 35 by 2a; - 7. Check your result by using a:=2. 

2. Simplify ( 2 a; + 3) (3a; - 1 ) + ( 2 a; - 6 ) (5a; - 3) - (4a; - 3)*. 

3. Solve the equation (a; - 3)* - (a; - 4)*=3. 

4* What values of x and y will make both 

equal to a; -10 ? 

o 5 

6 . I was X years old 5 years ago. How old shall I be 7 years hence ? 
How old was I 21 years ago? In how many years from now shall I be 
a?+21 years old ? In how many years from now shall I be 45 years old ? 

6 . A man walks 3*7 miles South, and then in a direction due West, 
until he is 5 miles in a straight line from his starting point. Find by 
means of squared paper, without actual measurement, the distance he 
walked in a westerly direction, to the nearest tenth of a mile. 

7. A man sold half his oranges and half an orange more, and then found 
he had 25 left. How many had he at first ? Check your result. 

XIL d. 

1, Simplify the expression 5[3a; - 2 ( 1 ~ 3a;) + ^ {3 - (4 - a;) }+ 2]. 

2, Prove that (3a;-l)(3a; +1)-(1-a;)(l+a;) + 3(l-2a;)(l+ 2a;) = 1 ~2x*. 

3, Solve the equation (a;-3)(a;+l)-(a; + 2)(a;-5) =0, Check your result. 

4, Prove that if ^ q, then x = 2y. Hence write down 

three positive integral solutions of the equation. 

5, If CL lbs. of cheese cost h pence, how much will 1 lb. cost? How much 
will X lbs. cost ? How much cheese shall I get for a shilling ? 

6 , A straight wire joins the top ends of two vertical posts, 17 ft. and 
24 ft. high respectively, 35 feet apart. By means of squared paper, without 
actual measurement, find the length of the wire to the nearest foot. 

7. A is 13 years older than B. Also A is as much above 57 as B is below 50. 
Find their ages. Check your result. 


XIL e. 

1, Divide apx + qx- 5ap - 6g by a; - 5. Check your result by multipli* 
cation. 

2, Prove that (a? - a)* + (a;+a)* - (2a: - a) (a; - 2a) ~ 5clx. 

3. What value of * will make 1 (x - 4)+2(* - 3) -|^equal to aerol 

Check your result. 

4. Solve the equations 

A 3 
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6 , Write down the number which exceeds one-third of x bv 14, 

.one-quarter of 52 by x, 

.a;-f 1 by a; - 1. 

. 

4 

6 , A man walks 2J miles East, then 3 miles North. He then walks due 
South-west until he is due North of his starting point. How far is he then 
from home ? and how far has he walked ? Solve the problem on squared 
paper without actual measurement. 

7. A is 10 years older than B. In 8 years B’s age will be ^ of A*8. 
Find their ages. Check your result. 

XIL f. 

1 . Simplify the expression ~ -- + 2| > and hence 

determine what value of x will make it equal to zero. 

2. Prove that 2 (a; + 3a.+3 (a; - 2a)" - 5(a;- -f 6a^) = 0. 

3. What value of x will make 6[3J J {2x - 5 (a? - 1)} + 2] equal to zero ? 
Check your result. 

4. Find the values of a and y if = 1^ when a:=2. 

5. Eggs sell at a pence a score. How much will 100 eggs cost? How 
much will a dozen cost ? How many eggs sell for a shilling ? 

6 . A man w^alks 4 miles West, 3*4 miles North, and then straight 
towards his starting point until he is one mile from it. How far has he 
walked ? 

7. If /(ic) == - 2a; +1, and (f> (a;)=4a;- - 3a; - 2, find the value of 

3/(3)-20(2). 

XIL g. 

1. Find the value of lq-3a;-4a;®, when a;= -3, -2, -1, 0, 1, 2, 3. 
Tabulate your work. 

2. The weight (W lbs.) of a square-cut beam of ash is given by the 
formula W=45a% where I feet is its length, and a feet the length of an 
edge of its square end. Find the weight of such a beam in lbs. 

(1) 20 feet long and 6 in. square. 

(2) 15 feet long and 8 in. square. 

3. Solve the equation (a;-}-l)(a;-2)(a;-f 5) = (a;- l)(a;4-2)(a;-j-3). 

4. Divide 224 into two parts which dififer by 10. 

6 . What values of x and y will make both 

and equal to 3! 
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6. Solve the equations 

3(a:-y) + 5z+4=0, 
a5+6y-2«=9. 

7. A donkey tethered to a post can graze over a circle of 40 feet radius. 
The shortest distance from the post to a straight hedge is 25 feet. Over 
what length of hedge can the donkey graze ? Solve on squared paper. 


XIL h. 


1. Find the values of 3a;®-4a;+7 when a;=-3, -2, -1, 0, 1, 2, 3. 
Tabulate your work. 

2. If a room is I feet long, h feet wide, and h feet high, the area of its 
walls is 2^ (/ + &). Find the area of the walls of a room 10 feet high, 13 ft. 
6 in. wide, and 15 feet long. 

3. Solve the equation 4 (a; -1)® - (2a; -1) (2a? - 5)=5. 

4. If 5a; - y = 8 , and 5y - a;=20, find the values of a; + y and a; - y. 

5. The sum of five consecutive odd numbers is 275 : find them. 

6 . A man walks 2*6 miles West, then 3*5 miles North, and then 
t miles South-east. How far is he then from his starting point? 

?• Solve the equations 

2 (a;-y+2z)=12+y-z, 

3(a;+y)=z-y-16, 

5(a;+y)=2(y - as - 2). 
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CHAPTER XIII. 

CO-ORDINATES, AND GRAPHS OF STRAIGHT LINES. 

[All graphs should be drawn on squared paper- It should be ruled to 
show inches and tenths of an inch, or centimetres and millimetres.] 

66. Take two straight lines, XOX', YOY', at right angles to one 
another. Let P be any point in their plane, and draw PN, PM 
perpendicular to XOX' and YOY' respectively. 

Let PM = Xy and PN = y. 

These values, x and y, determine the position of the point P; 
i.e. if we know the values of x and y, we can draw the point P. 

For instance, if a; = 5, and y = 3; along OX measure ON = 5, and 
along OY measure OM = 3 units of length. Then PM = ON = 5, and 
PN = OM = 3, and therefore P is the point we required to find. 



X and y are called the co-ordinates of the point P; XOX', YOY* 
the axes of co-ordinateSy or, more shortly, the axes ; O the origin. 

P is often described as the point (a?, y). 

X is called the abscissa, and y the ordinate of the point P. 
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If lines drawn in one direction are taken as positive, then lines 
drawn in the opposite direction must be taken as negative. 

Lines drawn in the directions OX, OY are usually considered 
positive, and therefore lines drawn in the directions OX', OY' are 
taken as negative. 

For example, in the accompanying diagram, at Q the abscissa 
is negative, and the ordinate positive. At R the a'lscissa is 
negative, and also the ordinate. At S the abscissa is positive 
and the ordinate negative. 

In practice, it is simplest to draw the point (5, 3) in the 
following way. 

Along OX measure ON = 5; and at N draw NP perpendicular 
to ON in the direction OY, the positive direction, and make 
NP = 3. We then have the same point as in the paragraph above. 

Example 1. Plot the point (6, 8) and find its distance from the origin. 



Draw axes XOX', YOY', and using a side of each square as unit, take 
ON =6 units along OX. 

Along the vertical line through N, and in *the positive direction, take 
NA=8 units. 

A is the point (6, 8). 
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With centre O and radius OA describe a circle cutting OX at B. 

The distance reqd. =OA=:OB = 10 units, as we see from the diagram. 

Example 2 . Plot the points (6, 8) (~ 6, 3), and find the length of the 
line joining them. 

Plot the pt. (6, 8). (See diagram in above example.) 

Along OX' take OM=6 units, and along the vertical line through M, 
and in the positive direction, take MG=3 units. 

C is the pt. (- 6, 3). 

With centre A and radius AC, describe a circle cutting the horizontal 
line through A at the point D. 

The length reqd. = AC = AD = 13 units, as we see from the diagram. 

We might also find the length of AC in the following manner. 

From the diagram, AK=5 units, and CK = 12 units. 

AC‘^=AK2 + CK2=52 4 - 122=169; 

.*. AC =13 units. 

Example 3. To find the area of the triangle formed by joining the 
points (4, 8), (9, ■-5),(-7, -5). 

[The area of a triangle is equal to one-half the product of its base and 
altitude.] 



Plot the points as shown in the diagram, and form the triangle ABC| 
by joining them. 

that the base BQ=16 unitQ- 
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Also if the vertical line through A meets the base at N, AN is the 
altitude of the triangle, and is equal to 13 units. 

the area of the A = JBCxAN = 4x16x13=8x13 = 104 square units. 

Example 4. To find the area of a triangle by counting sqtuares. 

Find the area of the triamjle joining the points (7, 6), ( ~ 6, 7), (3, - 8). 



Plot out the points as shown in the diagram, and form the triangle. 

Now let us count up the number of squares in the triangle, counting as 
Whole squares those which are equal to or greater than half a square, and 
Ignoring those which are less than half a square. 

Beginning with the top horizontal row, the numbers in the different 
rows are 7, 12, 11, 10, 9, 9, 8, 6, 6, 5, 4, 3, 2, 1. 

Adding these up, the total number of squares is 93. 

.*. the area of the triangle is 93 square units. 

When one side of a rectilineal figure is drawn along a line of 
squared paper, its area can easily be found by dividing the figure 
into rectangles and right-angled triangles. 
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Example 6 . Find the area of the figure ABCD in the diagram. 



BE F C 


Draw AE and DF perpendicular to BC, and DG perpendicular to AE. 
A ABE = .IBE X AE =4 ^ 4x14= 28 sq. units 

A AGO = Sag X GD= .V X 4x10= 20 . 

A DFC=^DFxFC = |xlOx 5= 25 . 

Fig. DFEG = ‘'DF xEF= 10x10=100 . 

the area of ABCD = 173 sq. units. 

Example 6 . To find the area of the figure ABCD in the diagram. 



F B G 


Through A, B, C, D, draw lines along the lines of the paper so as to 
form the rectangle EFGH. 

AAED = iAE X DE = JX 5x15= 374 sq. units. 

AAFB=4AFxBF=4x 9x19= 854 . 

ABGC = ^BGxCG=4x 7x 8 = 28 . 

ADHC = 4^DHxCH=4xllx 6 = . 

184 

ABCD = EF xFG-184sq. units. 

= 14x26-184 . 

= .364-184 . 

= 180 . . 
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Examples. ZIII. a. 

1. Write down the co-ordinates of the points Pi, P 2 » Ps* ** shown in the 
diagram below. 


■■■■■■■■■■■■■iyf 

- 

■BflB 


BflBBflBBBBBBBHHB 

-~lflBiBBfl 

"IBflBflB 


ifliBBBBBBBBBBBB 

JBBBBBBBBBBBBBfl 

BBBBBBBf^BBBBBBfl 

BBBBflflfliaBBiBBBB 

BBfll- 

BBBI 


BBBBBBBBBfliflflBB 

BflBflBBiBBBBBBBfl 

BBflflBBBBEBBBBBB 


BBHUMBl 

aaaaaaHgar 


■■■■■■£■■■■■1_ 

■■■■■■■■■■■■■■■ 



■■■■■■■■■■■■■■I 

■■■■■■■■■■■■■■I 


■■■■■■■■■■ ■■■■■■■■■ ' 

■■■■■■■■■■■■■■■■■■I 




'BSI8B 
8888888888188888 


8888888888888888 

8888888.88888888 

BBflflIBB BBBBBiifl 



2. Plot the following points on squared paper; 

(2, 3), (2, -4), (-3,3), (-2, -4). 

3. Plot the following pairs of points, and determine the co-ordinates of 
the middle points of the lines joining them: 

(i) (2,4), (-2, -4). (ii) (3,4), (3, -4). 

(iii) (6, 8), ( - 2, - 4). (iv) (- 3, 5), ( - 5, 3). 

4. Plot the points (5, 2), (6, 1), (5, -2), (5, -4), (5 -3). Join them. 
What do you notice about them ? 

5. Plot the points (0, 6), (4, 0). Join them, and determine the area of 
the triangle this line forms with the axes of co-ordinates. 

6 . Plot the points (3, 4), (3, - 4), (- 3, 4), (- 3, - 4). Determine the 
number of square units in the area of the figure formed by joining them, 
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7, Plot the points (3, 4), (4, 8 ). Join them, and write down the 
ordinates of the points on this line whose abscissae are respectively 2 and 6 . 
Write down also the abscissae of the points wL ^se ordinates are respectively 
- 2 and 6 . 


8 . Plot the points (3, -2), (-3, -2), (0, 4). Join them, and, by 
counting squares, determine as accurately as you can the area of the 
triangle so formed. Verify your result by calculation. 

9, Determine the perimeter of the triangle formed by joining the points 

(8, 0), (-8, 0), (0, 6). 

10. Find the perimeter of the triangle formed by joining the points 
(7,9), (-11,20), (-17, -o). 

11. Draw the triangle (10, 0), (-10, 0), (0, 18). Find its area by 
counting squares and verify your result by multiplying half the altitude by 
the base. 

12. Draw a semi-circle of radius 1 *5 in. and find its area by counting 
squares. 

13. Find the area of the triangle joining the points (4, 2), (4, 7), ( -2, 3), 
using half an inch as unit. 

Find the lengths of the lines joining the following pairs of points: 

14. (0,0), (15,20). 15. ( 9 , 8 ), (-10,19). 

16. (7,13), (-16,3). 17. (15,-12), (-15,4). 

In the following^ use an inch as unit, and when necessary estimate the voXut 
of the second decimal place. 

Find, to the nearest hundredth of an inch, the lengths of the lines 
joining the following pairs of points: 

18. (0,0), (2-4, 1*3). 19. (3-2, 1 - 8 ), (-0*4, 27). 

20. (2 .3, 0-9). (- 11 , -1-4). 21. (0-5,-0-9), (-0*9, 2*3). 

Find the area (in squares of your paj^er) of the figures formed by joining 
the following points: 

22. ( 2 , 6 ), ( 2 , 1 ), ( 8 , 6 ), ( 8 , 1 ). 23. ( 0 , 0 ), (0,9), ( 8 , 0 ) (8,9). 

24. (5, - 6 ), (5, 5), (-4, - 6 ), (-4,5). 

25. (0,0), (10,0), (14,7), (4,7). 26. (-9,5), (7,5), (16,13), (0,13). 

27. ( 0 , 0 ), (17. 0), ( 0 , 12 ). 28. (13, 0 ), ( 0 , 8 ), (13, 8 ). 

29. (10,5), (- 6 , 5 ), (6,17). 30. (-9,20), (-9,5), (11,24). 

31. (5,12), (-15,8), (-4,17). 32. (10,7), (3,16), (-8,3). 


67. Draw axes XOX', YOY', and mark a number of points 
whose abscissae are equal to 6 taking^ any convenient unit (rf 
length. 
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A, B, C, D, E, in the diagram, are such points. 

We thus see that all points, whose abscissae are equal to 6, lie 
on the straight line parallel to OY and distant 6 units from it. 

Moreover, if we look at any other point not on this line, we see 
that its abscissa is not equal to 6. In other words, a; =6 for all 
points on the straight line CE, and for no other points. 



The line CE is therefore called the graph of a; = 6. 

We notice too that the equation a; = 6 is true for all points on 
the line however far we produce it in either direction. 

In the same way, if we mark a number of points whose 
ordinates are all equal to 8 and join them, we get a straight line 
PQ parallel to OX, and it is the graph of y — %, 

68. If in a diagram vffi mark the points (2, 2), (3, 3), (4, 4), 
( 5 , ^ and so on, and join them, we get a straight line. Also if 
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(a;, y) be the co-ordinates of any point on this line, we see that 
x-y. Hence this line is the graph of x=y. 



It will be seen that the points (0, 0), (-1, - I), (-2, 
(- 3, - 3), etc., all lie on this graph. 

69. Draw the graph of y = 2x. 



When 


When 


x=l 

2 

3 

4 

... 

y =2 

4 

6 

8 



a ;=0 

-1 

-2 

-3 

-4 

... 

o 

II 

-2 

-4 

-6 

-8 ! 



Joining the points thus found, we have the graph required. 
It will be seen to be a straight line through O the origin. 

N.B ,—The line is of unlimited length. 
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70. Draw the graph of the expression 2x - 3. 
—This is the same as the graph of 



Let y = 2a;-3. 
When 


a :=0 

1 

2 

3 

... 

CO 

1 

II 

-1 

1 

3 



Marking in a diagram the points thus found, and joining them, 
we have the graph reqd. 

It will be seen that the graph is a straight line of unlimited 
length. 


71. Draw the graph of the expression 

j . 2a; - 3 

Let y = —-— 


2a;-3 


When 


X — 

0 

1 

2 

3 

4 

y= 

-•6 

-•2 

•2 

, 6 

1 


Marking these points in a diagram and joining them, we have 
the graph reqd. 


N.B.—lt will be seen that all graphs of expressions of the first degree, 
i.e, graphs obtained from equations of the first degree, are straight lines. 


72. To draw the graph of the expresswa i,e. the graph of 

26-2a; ^ 

the equation y==—g— 

[The equation being of the first degree, its graph is a straight 
line. It will therefore be sufficient if we plot two points on the 
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graph, for only one straight line can be drawn through two given 
points.] 



Choose convenient points. 

When x=3, 

the pt. (3, 4) is on the graph. 

When *=-2, y=2^=6. 

the pt. ( - 2, 6) is also on the graph. 

Joining these points, P and Q in the diagram, the line PQ is 
the graph reqd. 

73. Solve graphically^ on squared paper^ the following equations : 
2x-y=ll. x-2y=^l0. 

In the first equation, when y=], a: = 6. Mark this pt. on the 
squared paper. 

In the same equation, when y = 3, a; = 7. Mark this pt. also. 
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The str. line joining these pts. is the graph of the first equation. 
In the second equation, when y=l, a;=12. Mark this pt. in 
the same diagram. 

Also in the second equation, when y = 2, a? = 14. Mark this pt. 
The line joining these last two pts. gives the graph of the 
second equation. 



From the diagram it will be seen that the str, lines meet at the 
pt. (4, - 3). 

Hence a; = 4, y= -- 3, is the reqd. solution. 

Verification. In the first equation, when 
a; = 4, 2x4-y—11, 

~2^=11-8 = 3, -3. 

a; = 4, y= - ^ satisfy the first equation. 

In the second equation, when a; = 4, 

4-2y=10, -2^=10-4, 

2/=-3. 

.*. a; = 4, y = - 3 satisfy this equation also. 

74. The following are very important: 

(1) The co-ordinates of the origin are (0, 0). 

(2) If a point lies on the axis of a;, its ordinate is zero. 

(3) If a point lies on the axis of y, its abscissa is zero. 

Thus we see that the graph of a; = 0 is the axis of y ; and 
the graph of y = 0 is the axis of x. 
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(4) The graph of = where a is constant, is a str, line H to 
the axis of y. 

The student should illustrate this by drawing graphs of 
x = x = 5, x= -7, and so on. 

(5) The graph of y = where d is constant, is a str. line || to 
the axis of x. 

Illustrate this by drawing the graphs of ?/ = 3, y = 4, y = - 8. 

75. It is sometimes advisable to work with other units than an 
■rich, or a tenth of an inch. 

Draw the graph of 



Let y== 0 • The graph is a str. line since the equation is of 

the first degree. When 


x= 

0 

4 

y= 

7 , 
F 

' s 


Taking 6 tenths of an inch to represent unity, we have the 
graph as shown in the diagram. 

B.fi. 8.A. 


n 
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76. To find the eqmtion of the graph which passes through the points 
(2, 3)(4, l-5)(6, 0)(8, -1*5)(10, -3). 

[In the diagram 10 sides of a small square are taken to 
represent unity.] 
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When we plot these points we see that they lie in a str. line. 

the equation of the graph is of the first degree. 

Let ax + hy-chQ the equation reqd. 

The pt. (2, 3) is on the graph, 

a; = 2, y = 3 satisfy the equation aa; + fty=c, 

i.e, 2a + 36»=c.(1) 

The pt. (6, 0) is on the graph, 

a; = 6, y = 0 satisfy the equation ax-^-hy^c^ 
i,e. 6a —c; 

a=£. 

6 

/. from (1) 36=c-| = y, 
b = 

. cx 2cy 

i,e, 3a; + 4y= 18 is the equation reqd. 

The equation might also be found as follows: 

Let P {x, y) be any pt. on the line. 

As AMP, ANB are equiangular, and therefore their sides are 
proportional. 
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ie, ^ — 1=1^ (see diagram). 

Whence 3a;+ 4^ =18, as before. 

Before drawing any graph, first tabulate the values of 
z and y, and then choose a convenient unit. 

Make it a rule to state, in a prominent position on the 
squared paper, the unit employed. 

Let your work be very neat, and do not use a pencil with a 
thick point. 


Examples. Xlll. b. 


[In each case state the. unit employed. Small units are inadvisahle.l 

1. In separate diagrams draw the graphs of the following : 

(i) a; = 4. (ii) y = 5. (iii)a:=~2. (iv) y=-3. 

2. In the same diagram draw graphs of the following; 

(i) y~*^x. (ii) -*lx. 

Distinguish the graphs by writing their equations on each. 

3. In the same diagram dra w graphs of: 

(i) y-=\x. (ii) y--.-,1a:. 

Distinguish them as in tlic previous example. 


Trace on squared paper the graphs of the following: 


4. y + 4=0. 
8 . y-x + Q. 
12. 5-6a;. 

16, 


5. a; + 2. 

9. y=2x-hl. 
13. y = 6 + 2x. 
5-3a: 


17. 


G 


6 . x-2. 

10. 2a:-f 3. 

14. 3a: + 4t^=12. 

3“ 4 ’ 


20. 15a:=19y. 21. 3a; + 4y=0. 22. 7x-Sy=0. 

24. 2y=4a;-l. 25. a;-3jy = 6. 26. 2y-x=6. 
28. 6a;=5-3y. 29. lla: + lli/ = 9. 


7. y-a:=5. 

11. 4-3a:. 

15, 3a:-4y=12. 

19. 1-1=1. 

23. M=0. 

27. 6a:=3y-5. 


Solve the following equations graphically, and verify your result by 
Algebra: 

30. a;-f 2y= 12, a: - 3y=2. (Use half an inch, or a centimetre, as unit.) 

31. 4a;-y=10, 2a:-y=4. (Use an inch as unit.) 

32. 4a:-3y = 14, 3a;-4y=0. (Half-inch unit.) 

33. 5a; - 7y=20, 3a; -2y= 12. (Half-inch unit.) 

34. a;=5, y - a;=3. (Half-inch unit.) 

35. y=3, ^+1 = 1. (Half-inch unit.) 

o O 
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Solve the following equations graphically, and verify your result by 
Algebra: 

36. a:=2-8, |=|. (Half-inch amt.) 

37. y-2a:=-3, 2y+a;=14. 38. 2a;+7y=62, 3aj“6y=16. 

39. 5a?+9y=188, 13a?-2y=57. 40. 3y-4a?=0, y+a?=21. 


y-2 - . a?+10 „ 

41. a:-^y-=5, 4y-3“=3* 



+ 5 = 10, 


x-y 

2 


+7= 


19 

T* 


Ill the following, plot the points given, and find the equation of the 
graph in each case : 
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CHAPTER XIV. 

PROBLEMS INVOLVING SIMULTANEOUS EQUATIONS. 

77. Example 1. Find two numbers such that twice the first added to 
three times the second is equal to 45, and also such that five times the first 


added to four times the second is equal to 74. 

Let X be the first number, and y the second. 

Twice the first + 3 times the second = 2a? + 3y, 

2a? 4-3y=45, (by hypothesis).(1) 

6 times the first+ 4 times the second=5a? 4-4y.(2) 

5a?4-4y=74, (by hypothesis). 

Multiplying (1) by 4, 8a? 4- 12y = 180, .(3) 

. (2) by 3, 15a? 4- 12y=222.(4) 


Subtracting (3) from (4), 7a?=42, 

a?=6. 

Substituting this value of a? in (1), 

2x6 + .3y=45, 

3y=45-12=33, 

y=ll. 

.*. 6 and 11 are the reqd. numbers. 

VerlflcatioiL 2 x 6 4- 3 x 11 = 12 4- 33=45, 

5x64-4x11 = 30 + 44 = 74. 

Example 2. Five years ago A was twice as old as B, and 6 years hence 
♦^heir united ages will come to 82. Find their present ages. 

Let a? years be A’s present age, and y years B’s present age. 

5 years ago, A’s age was a? - 5, and B’s age y - 5. 

.. by hypothesis, a? - 5=2 (y - 5), 

a?-5=2y- 10, 

a?-2y= ~5,. (1) 

fi years hence, A’s age will be a?+ 6 years, and B’s age y + 6, 
by hypothesis, a? + 6+y + 6 = 82, 

a?+y=70.(2) 

Subtracting (1) and (2) - 3y = - 75, 

y=25. 

Substituting in (1), « - 50 = - 5, 

a?=45. 

.‘. A’s present age is 45, and B’s 25. 

In representing numbers of more than one digit algebraically, we must 
remember that 23 means 2 x 10 + 8, and not 2x3. 

Thus the number, whose tens’ digit is x and units’ dig^t y, is lOz+y, 
and not zy, for xy denotes z x y. 
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Example 3. The sum of the digits of a certain number, less than 100, 
is 11, and if the digits are reversed, the number is diminished by 9. Find 
the number. 

Since the number is less than 100, it has two digits. 

Let X be the tens* digit, and y the units’ digit. 

By the first hypothesis, a: + y=ll.(1) 

The number obtained by reversing the digits is lOy + 
by the second hypothesis, 10a;+y - (lOy + a;)=9, 

lOr+y-* 10y-"a;=9, 

9a;-9y=9, 

a?-y = l...( 2 ) 

Adding (1) and (2), 2a; =12, 

a;= 6 . 

Substituting this value in ( 1 ), y=5. 

\ the reqd. number is 10x6 + 5=65. 

Verification. The sum of the digits =6 + 5 = 11, 

65-56 = 9. 


Example 4. A man walks two-thirds of a journey at 4 miles an hour, 
then bicycles back for one-ijuarter of the whole journey at 8 miles an hour, 
and turning round, runs the rest of the way, taking 9 hours over the whole 
journey. If he had run the whole distance at the rate at which he did the 
last part, he would have taken 4y hours: find his rate of running. 

Let a miles be the whole distance, and suppose he ran x miles per hour. 

He w^alks 4 miles in 1 hour; 

.*. 1 mile in \ hour; 

2 a . 2 a 1 a, 

.•. . V miles in - 5 - X 7 = 2 : hours.( 1 ) 

o o 4 D 


He bicycles 8 miles in an hour; 

.*. . 1 mile ill -J- hour; 

. 7 miles in ~ hours. 

His distance now from the end of his journey 

2 a a 7 a 

-a-y + l-jg. 

He runs x miles an hour; 

li 


. 1 mile in i hour; 

X 


12 


7a 

1 ^' 


miles in hours. 


a a la 


19a+56-=864. 

X 


( 2 ) 


(3) 

W 


A, From ( 1 ), ( 2 ), (3), 
Simplifying this, 
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He runs x miles in an hour; 
. a miles in - hours; 

X 


.-44— 32 
- 


.( 6 ) 


Substituting this value of - in (4), 

X 


lirhence 
From (5), 


19a + 8 X. 32= 864, 

a=32 miles. 

a ;=^=7 miles an hour. 


Examples. XIV. a. 

1. The sum of two numbers is 29, and their difference is 5 : find them. 

2. Three times the sum of two numbers is 51, and their difference is 7: 
find them. 

3. Find two numbers such that three times the first and twice the 
second together make 34, and tliree times the first together with five times 
the second make 58. 

4. Half the sum of two numbers is 11, and half their difference i? 2 : 
find the numbers. 

5. Six pounds of sugar and three pounds of cheese cost 48. 3d., and five 
pounds of sugar and six pounds of cheese cost fiv. 2 (/.: find the cost of sugar 
and cheese per pound. 

6 . I have 10 coins consisting of half-crowns and florins, together 
amounting to 238, 6 d. How many coins have I of each sort ? 

7. At a meeting of a cricket club to elect a captain, 75 members were 
present, and the captain was elected by a majority of 13, all voting. How 
many voted for and against ? 

8 . Six years ago I was three times as old as my brother, and now I am 
twice as old : find our present ages. 

9. The daily wages of 10 men and 7 boys amount to £2. 2fi .: if a man 
earns in two days as much as a boy earns in seven days, find what each 
earns per day. 

10. Four times A’s age exceeds B’s age by 16, and one-fifth of A’s age is 
equal to one-sixteenth of B’s age. Find their ages. 

11. Ten years ago a father was seven times as old as his son, two years . 
hence twice his age will be equal to five times his son’s. What are their 
present ages ? 

12. When A and B begin to trade, B’s capital is four-ninths of A’s. 
Each of them gains £50 and then A’s capital is twice B’s. Find the 
original capitals. 

13. A man’s age is three times that of his son, in fifteen years it will be 
double that of his son. How old is each now ? 

14. A man receives 38 . fid. for every day that he works, but is fined one 
shilling for every day that he is absent. After 20 days he receives the 
same wages that he would have earned by steadily working for 11 days. 
How many days was he absent from work ? 
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15. A sum of £2. 15^. 6d. is paid in florins and half-crowns, there being 
25 coins in all; how many are there of each ? 

16. The sum of two digits of a number is 9; if the digits are reversed, 
the new number is four-sevenths of what it was before. Find the number. 

17. A man travels the first half of a journey at a uniform speed, and 
the second half at double the speed, completing the journey in 10 hours 
48 minutes. He travels the whole way back at a mile an hour faster than 
he originally started, and does the return journey in 12 hours. Find the 
length of the journey, and the man’s starting pace. 

18. Two men start from two places 48 miles apart. When they travel 
in opposite directions, they meet in 4 hrs. 48 minutes ; when they travel in 
the same direction, one overtakes the other in 9 hrs. 36 minutes. Find 
their rates of travelling, 

19. If A were to give B twelve shillings, A would have half the sum 
which B then has; but, if B were to give A thirteen shillings, B would 
have one-third of what A then has. How much money has each originally? 

20. A is three times as old as B ; in eleven years he will be four times 
as »»ld as B was the year before last. What are their ages? 

21. A bag contains £5 in shillings aud sixpences. If there were twice 
as many shillings and half as many sixpences the amount would be 
increased by half-a-crown. How many coins are there in the bag? 

22. At an examination, A obtained 11 marks less than B; if be had 

f ained half as many marks .again as he did, he would have beaten B by 17. 
low many marks did each receive? 

23. If £2. 11s. 6d. is paid in florins and half-crowns, the number of 
coins being 24, how many are there of each ? 

24. A number is composed of two digits of which one is three times the 
other, but if the digits were transposed, the number would be reduced by 
54. Find the number, 

25. Two persons starting at the same time from places 40 miles apart, 
ride towards one another, and meet at a distance of 18 miles from one end. 
If the faster one had gone 1 mile an hour slower, and the slower one 
1 mile an hour faster, they would have met half-way. At what rate was 
each riding? 

26. A merchant has two sorts of wdne worth respectively 6.<?. 8d. and 4^. 
a gallon; how much of each must he take to obtain a mixture of 40 gallons 
worth 48. 8d. a gallon. 

27. At a certain election there were two rival candidates, and their 
supporters were conveyed to the polling booths in carriages capable of 
accommodating 8 and 12 voters respectively. If the voters, 740 in all, just 
filled 75 carriages, find by what majority the election was won. 

28. A traveller walks a certain distance. Had he gone half a mile an 
hour faster, he would have walked it in four-fifths of the time; had he 
gone half a mile an hour slower, he would have been 2^ hours longer on 
the road. Find the distance, and his rate of walking. 

29. A’s age is twice B’s. Four years hence B’s will be twice C*s, and 
12 years after that A’s will be twice C’s. Find their present ages. 

30. Certain annual parish expenses were met by collections on alternate 
Sundays with an annual donation of £15. It was determined to have a 
collection on every Sunday, with the result that, though each collection 
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was one-fourth less than before, there was enough without the donation to 
meet the expenses and £3 to spare. Find the expenses. 

31. Some smugglers discovered a cave, wtiich would exactly hold the 
cargo of their boat, consisting of 13 bales of silk and 33 casks of rum. 
Whilst they were unloading, a Custom House cutter coming in sight, 
they saile<l away with 9 casks and 5 bales, leaving the cave two-thirds fulL 
How many bales or casks would the cave hold ? 

32. On two successive days a man bought a shilling’s worth of eggs 
and a shilling’s w'orth of oranges. On the second day the number of eggs 
was 25 per cent, greater, and the number of oianges was 15 per cent, less 
than the numV)cr.s of those he got on the previous day. On both days the 
number of eggs and oranges united was 32. How many eggs did he 
receive on the first day ? 

33. If the floor of a room w’ere 9 feet longer and 6 feet narrower it 
would take 4 sijuare yards less carpet; but if it w^ere 6 feet shorter and 6 
feet wider, it would not change its area. Find its dimensions. 

34. At a school treat it was calculated that if each teacher gave 5«. 
there would be 'A(L for each child and 3f7. over: but two more teachers 
arrived bringing a tliinl as many children as there w^ere before, and it was 
now found th;it each child would receive 3Ad. if each teacher gave 5.s'. 6flf. 
How many children and teachers were there at first and at last? 

35. A certain dole was 25.9. more than would give the recipients a 
florin apiece, and there were fifteen too many to receive half-a-crown 
apiece. What was the amount of the dole? 

36. The difference of the perimeters of two square fields expressed in 
linear yards is one-fourth of the difference between their areas expressed 
in square yards, and tlie sum of the perimeters of the fields is eight times 
the difference of their perimeters, bdnd the areas of the fields. 

37. A’s age is equal to the combined ages of B and C. Ten years ago 
A was twice as old as B. Show that ten years hence A will be twice as 
old as C. 

38. A bill of 25 guineas is paid with crowns and half-guineas, and 
twice the nuinher of half-guineas exceeds three times that of the crowns 
by 17 : how many of each are used ? 

39. The united ages of a man and his \\’ife are at present six times 
those of their children; two years ago their united ages were 10 times, 
and six years hence they will be times, the united ages of their children, 
liow many children have they ? 

40. A man docs a journey at a certain rate, and finds that if he had 
travelled 6 miles an hour fa.ster, he would have done the journey in 
one-third of the time. What was his slower rate of travelling ? 

41. A man does a journey in a motor car at a uniform speed in 6 hours. 
On his return he is delayed at half-w\ay for half-an-hour, but quickening 
his pace by 3 miles an hour does the journey in the same time. Find his 
original speed and the length of the journey. 

42. Ill going the shortest way from A to B, a man had to go back one 
mile to pick up something he had dropped, and took SJ hours over the 
walk. He went back by a route which was lialf-a-mile longer, and took 
3 hours over the return walk. Find his rate of walking, and the shortest 
distance from A to B. 
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43. In walking from A to B a man meets a friend and rides back with 
him in his motor-car for 3 miles at the rate of 12 miles an hour. Resuming 
his walk he arrives at B 7 hours after his start. If he had walked 
straight through, he would have taken 6 hours over the walk. Find his 
rate of walking, and the length of the walk. 

44. Two men run a course of 4000 feet at uniform rates. One starts 
30 seconds after the other and arrives 10 seconds before him. Where 
does he pass him ? 

45. A man pays a certain tax on the whole of his income. If his 
income had been one-tenth more, and the tax 1^. in the £ lower, the 
tax paid by him would have been exactly £1 less; but if his income had 
been one-nfteenth less, and the tax Irf. in the £ higher, the amount of 
his tax would have been exactly £1 more. Find his income and the rate 
per £ of the tax. 

46. The road from A to B ascends five miles, is then level for four miles, 
and finally descends six miles. A man walks from B to A in four hours, 
the next day he walks half-way to B and back again in three hours 
fifty-five minutes, and returns on the third day to B in three hours 
fifty-two minutes. What are his rates of walking (a) uphill, (ft) downhill, 
(c) on level ground, if these rates do not vary from day to day ? 

47. Two ships (Sj, S 2 ) start at the same time in the same direction from 
two stations (Aj and Ag respectively) on the same route. After a certain 
time Sj overtakes So, when it is found that they have sailed 1500 miles 
between them, that Sj passed K 2 four days ago, and that S.> is now nine 
days’ sail from Aj. Find the distance between A^ and A 2 and the average 
rates of sailing of the vessels. 

EASY GRAPHICAL PROBLEMS. 

78. A man^ starting at noon^ walks at the rate of 6 miles an how. 
Draw a graph of his motion^ and from the diagram, read off, as accurately 
as you can, the time when he is miles from his starting point, and 
the distance he has travelled in 2 hours 24 minutes. 

Measure distance along OX, taking a side of each square to 
represent a mile. Measure times along OY, at right angles to OX, 
taking 10 sides to represent an hour, so that each side represents 
6 minutes. 

Taking OA along OX equal to 30 miles, (30 squares), and AB at 
right angles to OA equal to 5 hours, (50 squares), B represents the 
man's position in 5 hours, for he travels 30 miles in 5 hours. 

Join OB. OB is the graph of his motion. 

By this we mean that any ordinate PN represents the time 
taken to walk the distance represented by the abscissa ON. 

To find the time when he is 22 miles from the start, take ON 
equal to 22 miles and draw the corresponding ordinate NP. 

This ordinate repiesentf the time reqd 
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Drawing PK parallel to OX, and estimating the value of the portion 
KV of the side of a square, we see that 4;he reqd. time is 3.40 p.m. 

To find the distance travelled at 2.24 p.m., take OM along OY 
equal to 2 hours 24 minutes, and draw MQ parallel to OX. Draw 



O 6 12 18 24 30 Miles X 

the ordinate QL at Q, OL represents the distance reqd., and is 
equal to 14i miles nearly. 

The student should verify these results by calculation. 

He should also verify the fact that OB is the graph of the man’s 
motion by taking simple distances, and reading ofi* the corresponding 
times; e,g. 6 miles (time 1 hour), 12 miles (2 hours) and so on. 
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79. Given that *62 of an English mile = 1 kilometre, construct a 
graph from which you can read off any number of miles in kilometres 
and any number of kilometres in miles. From it write down the 
number of kilometres in 420 miles and the number of miles in 580 
kilometres. Calculate the results to the nearest 10 kilometres or miles. 

If X miles = 3 / kilometres, ^= 2 ^- 

Take an abscissa ON = 62 units (31 sides of a sq.), 

and an ordinate NP= 100 units (50 „ „ ). 

iC t/ 

Join OP. OP is the graph of 02 

taking each horizontal side of a sq. to represent 20 miles, 
and each vertical side of a sq. to represent 20 kilometres, 


Y 



the abscissa of the pt. Q represents 420 miles; 

.'. its ordinate represents 420 miles in kilometres. 

/. from the diagram 420 miles = 680 kilometres nearly. 
Also from the diagram 580 kilometres = 360 miles. 
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80. Construct a graph which will enable you to convert, at sight, 
degrees Fahrenheit into degrees Centigrade, and vice versa. 

Let X* in the Centigrade scale be the same temperature as in 


the Fahrenheit scale. 














Y: 


i 

SI 

5 


i 


■ 

IB 

8 



III 



|g 

11 


ij 

|. 



IB 

ifi 

■ 

I 

III 

rahrenheit z 


jg 

■1 


■ 

■ 



IB 


■ 

" 

III 



■e 

si 


■ 

8 





B 


— 

ioo° ~ 


IS 

■1 


■ 

■ 

■ 

■ 



IB 



_ 

~l~ _ 

I 


IS 

11 


8 



m 

IB 




III 

I 


m 

■! 


ja| 

-4 

i 


IS 







■■ 

IS 



III 

!1! 

--! 

■ 


IB 

!8 




— 

" 


1 



t 

88 

8 



— 

— 

-1 


■ 


!Si 



- 

_ 

eo® j 


■■ 

n 

■Si 




e 





T" 

~~t~ 



1 

||j 



t: 

4^ 


-.-j 

1 


-ll 

III 


Is 

ill 




4xi 

-HI 




— 




!!! 




HI! 









il 




81 

■■■1 

_ 



_ 

_ 



1 

Jg 




IB 

Mn 





III 

60® - 


S 

Ilf 




iiii 

|88| 

IBI 

IB 


— 

— 



a 





ilE 

■■il 

El 

IBI 



x_ 

“ 


a 

8 




Is 

!S8i 

IBI 

!Si 


— 


- 


Wi 

iii 




■■■ 

IIH 

■■■1 

!!■ 

IB 


— 

— 

I 

■9 


■■1 




Mm 

■88i 

Si 

y 



x 

* 


1 

|« 




III 

IB! 

R 

y 




40®- 

62® ^ 

II 

18 

in 




!88i 

!88i 

■1 

IBI 



III 


1 

III 




n 

IR 

Si 

S 


_ 

XI 

X]: 



MBi 

SB! 


IBI 


I—I 

XI 

_ 




— 



---f 

T ■ 
t- ^ 





XI 


::: 



1 




. 

'X] 



IX 

XI 

20®- 

__ 


-- 

— 

— 

— 

u4 

■ft' 

— 


— 

— 

— 

-- 







-- 

— 

I_I 

I_I 

10® - 


-1 


::: 



--- 



:: 


ix 

i:: 




-- 

xx 



i ... 


it 

- 

III 

XX 

XI 

- 



- 


::: 




__ 

- 


IX 



O lo® 20'* A&Centiarade 60 ® 


In the Centigrade scale, freezing point stands at 0®; in the 
Fahrenheit at 32°. 

In the Centigrade scale, boiling point is at 100°; in the 
Fahrenheit at 212°. 

, X y — 

" 100^2V2"^’ 

whence 9x = 5?/ -160. 

Therefore if we draw the graph of this equation, the abscissae 
will give us temperatures in Centigrade scale, whilst the corre¬ 
sponding ordinates will give us the corresponding temperatures in 
Fahrenheit scale. 
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Thus from the graph, 

80“ F. = 26-7“ C. and 40“ 0. = 104“ F. 

A graph may often be drawn without the use of an equation, 
but the student must realize that every graph has its corre¬ 
sponding equation, and vice versa, every equation will have its 
corresponding graph. 

81. Two men start at noon to walk: the one from A to B, the other 
from B ^ A. If k and B are 20 miles apart, and the men walk at the 
rate of 3 miles an hour and 2 miles an hour respectively, construct a 
graph which will enable you to determine when and where they meet. 

Read off from the graph their distance apart at 1.30 and also 

find at what time they are first at a distance of 6 miles from one another. 

Miles 



On squared paper, take pts. A and B on a vertical line 20 units 
apart. Horizontally take AC = 50 units (10 units to an hour) and 
vertically CH = 15 units. Join AH. Then since the first man 
walks 15 miles in 5 hours (50 units), AH is the graph of the first 
man's motion; i.e. the ordinate of any pt. on AH denotes the dis¬ 
tance he has walked in the time denoted by the abscissa of the pt. 

Considering the second man, take BD horizontally 30 units in 
length, to denote 3 hours, and DE vertically downwards 6 units 
in length. Join BE. 

Then BE is the graph of the second man's motion if we read 
his times along BD, and his distances walked at right angles to 
BD and downwards. 

Hence if AH and BE meet at O, AN denotes the time when 
they meet, and ON, OT denote the distances walked by the two 
men in that time. 
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Thus from the diagram, we read off that they meet at 4 o'clock, 
that the first man has then walked 12 miles and the second 8 miles. 

If AK denotes hours, and KML is dmwn vertically, LM is their 
distance apart at 1.30 p.m. From the diagram LM = 12*5 miles. 

To find when the men are first 6 miles apart, take a pt. P on 
BE where it passes through a corner of a square, and take PQ 
vertically downwards equal to 6 units. 

Draw QR || to BE to meet AH at R. If the ordinate through R 
meet BE at V, VR = PQ = 6 units. 

/. the abscissa of R gives the time reqd. From the diagram we 
read this off as 2*8 hrs. after noon, i,e. at 48 minutes after 2 o'clock. 
H«82. A walks a distance of 24 miles at the rate of 4 miles an hour^ 
and B, starting an hour later, does the distance in 3 hours less. Draw 
graphs of their motion, and from the diagram determine (1) when and 

Hours 
6 


5 

4 

K 

3 

M 

2 

V 

1 


O 4 8 12 16 20 

where B overtakes A, (2) their distance apart after B has been walking 
hours, (3) the times when they are 2 miles apart 
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Measure distances horizontally from O along OX, taking 10 
sides of a square to represent 4 miles. 

Measure times vertical^ from O along OY, taking 10 sides of a 
square to represent one hour. 

Take the point D whose abscissa is 24 miles and ordinate 6 
hours. 

Join OD. OD is the graph of As motion, for he walks 24 miles 
in 6 hours. 

Take the point E at the one hour point in OY. This is B’s 
starting time. 

Take the point F, whose abscissa is 24 m. and ordinate (reckoned 
from the level of E) 2 hrs. less than the time represented by the 
ordinate of D. Join EF. 

EF is the graph of B’s motion, for he walks the 24 miles in 
2 hrs. less than A. 

The co-ordinates ON, HN of the pt H, where OD and EF 
intersect, give the place and time of meeting. 

Thus we see that B overtakes A 8 miles from the start, and one 
hour after B^s start. 

Looking at the horizontal line PQM, we sec thax; 

PM represents the distance walked by B in time OM, 

QM. A. 

/, PQ represents their distance apart at the time OM. 

taking K in OY so that EK = 2^ hrs. and drawing the hori¬ 
zontal line KRS, RS represents their distance apart when B has 
been walking 2^ hours. From the figure we see that RS = 6 miles. 

To determine when they are 2 miles apart, we have to find 
the point, or points, where the horizontal distance between the 
graphs represents 2 miles. 

Taking EL horizontally equal to 2 miles, draw LW || to EF to 
meet OD at W. Draw WTV horizontally. 

WT = EL = 2 miles. .'. EV represents the time after B's start 
when they are 2 m. apart. 

From the figure EV = half an hour. 

Taking the point G, 2 m. horizontally from F, draw GZ || to Ef 
to meet OD at Z, 
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Draw the horizontal line UZ to meet EF at U. 

UZ = GF = 2 miles and wo see from the diagram that the 
corresponding time is IJ hours from B’s start. they are 
again 2 m. apart in 1^ hours after B’s start. 

This problem should be studied carefully. 

The beginner must draw a figure for himself, using an inch to 
represent 4 miles, and one hour. 

83. P motors at m, an hour, starting at noon and stopping for 
hi (If an hour at the end of each hour ; Q, starting at 2.30 p,m, motors^ 
vnthout stop'pages, at 40 m. an hour. Where, and at what time does 
he pass P 1 



Measuring time horizontally, and miles vertically, as shown in 
fche figure, OA is P’s graph for the first hour. 

From 1 to 1.30 p.m. he stops, /. AB is his graph for that tima 
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In the same way BC is his graph from 1.30 to 2.30, CD from 
2.30 to 3, DE from 3 to 4. 

Q starting at 2.30, FK is his graph, where FH = 1 hour and 
HK = 40 miles. 

From the figure we see that Q catches P up at 3.30 p.m. 
40 miles from the start. 

[N.B .—Remember that during a stoppage time advances, whilst the 
distance from the start, i.e. vertical distance on paper, remains the same.] 

Examples. XIV. b. 

1. If £1 is worth 25 francs, construct a graph from which you can read 
off the value of any number of shillings up to £3, in francs. Write down 
from the diagram the value of 35 shillings in h'ancs, and 35 francs in 
shillings. 

2. 60 oranges sell for six and eight pence. Make a graph to show the 
cost of any number up to 60, and from it write down the cost of 27 oranges, 
and the number of whole oranges you would get for 2s. 3d. 

3. A train travels at a uniform rate for an hour and a half, and covers 
40 miles in that time. Draw the graph of its motion and write down the 
time it takes to travel 17 miles, and how far it has travelled in 12 minutes. 
Give the results to the nearest mile and minute. 

4. A body starts moving with a velocity of 4 ft. per second, and its 
velocity after t secs, is given by the formula 4 + 3f. Draw a graph which 
gives its velocity at any time. Read off its velocity after 3 secs., and 4’5 
secs., and the time when its velocity is 11*5 ft. per sec. 

5. Given that 1 kilogramme=2*2 lbs., draw a graph which will enable 
you to read off any nund)er of lbs. in kilogrammes (up to 50 lbs.), and read 
off the values of 25 and 38 kilogrammes in lbs., and of 32*5 and 38 lbs. in 
kilogrammes. 

6. Given that 1 cubic inch = 16'4 cubic centimetres, make a graph to 
convert c. cms. into c. ins., and read off the values of 80 and 40 c. cms. in 
c. ins., and of 2*5 c. ins. in c. cms. 

7. In a Reaumur thermometer the freezing point stands at 0®, and the 
boiling point at 80® ; in a Fahrenheit, freezing point at 32°, and boiling 
at 212°. Construct a graph to convert R. degrees into F. degrees, and 
vice versa. Read off 60° R. in F. degrees, and 43° F. in Reaumur degrees. 

8. A man starts at noon at the rate of 4 miles an hour to walk from 
Cambridge to Clare, a distance of 29 miles; a second man bicycles from 
Clare to Cambridge, starting at 2 p.m., and riding at 10 miles an hour. 
Draw a graph to show where and when they meet, and determine also 
from it the times when they are 10 miles apart. 

9. A starts running at the rate of 100 yds. in 30 secs, and B starts from 
the same spot 6 secs, later at the rate of 100 yds. in 12 secs. Draw a 
graph to find when and where B catches A up. 

10. In the ten years from 1881 to 1890, the population of one town 
increases uniformly from 30,000 to 50,000, whilst that of another town 
decreases from 60,000 to 40,000. From a graph determine the year and 
month when the two populations were equal. 
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11. The top boy in a form gets 88 markB, and the last boy 33. These 
have to be scaled so that the top boy gets 100 and the last boy 0. Draw 
a graph which will effect this, and read off (to the nearest integer) the 
scaled marks of the boys who get 65, 54, 49. 

12. Given that 1 inch = 2 *54 centimetres, construct a graph to convert 
centimetres into inches. Read olF the value of 5*6 cms. in inches, and the 
value of 4*9 inches in centimetres, as accurately as you can. 

13. Given that 1 centimetre = *39 inches, draw a graph to convert 
inches into centimetres. Read off’ the value of 3*6 in. in centimetres, and 
the value of 8*6 cms. in inches, as accurately as you can. 

14. On an examination paper of maximum 69 the marks gained by 10 
candidates were: 60, 54, 46, 35, 32, 29, 27, 26, 25, 12. Draw a graph to 
raise the maximum to 100, and read off’ (to the nearest integer) the raised 
marks of the candidates. 

15. 50 articles cost 4s. lOd. (Construct a graph from which you car 
read off tiie cost (to the nearest halfpenny) of any number of articles up tc 
50. Write down the cost of 23 things, and the number you would get 
for 3.S. 

16. The first 100 copies of a pamphlet cost 27«. to print, but every 100 
in excess of the first costs only 35.; make a graph to show the cost of any 
number up to 800, and read ofif the cost of 370 copies. Write down the 
number of copies you would get for £2. 2.s‘. 6rf. 

17. A clerk is paid at the rate of £120 a year; make a graph to deter¬ 
mine (to the nearest pound) his wages for any given number of weeki* 
Write down his wages for 23 weeks. 

18. I want a ready means of finding approximately 0*866 of any number 

up to 10. 1 select a point O at the corner of the squared paper where two 

thicker lines cross, and find a second point P by going 10 inches to the 
right and then 8*66 inches up (or 5 to the right and 4*33 up), and join O 
to P. The two thick lines passing through O are scaled off in inches, OX 
to the right, OY up. Explain clearly v»iiy the distance from OX of any 
point in uP is 0 866 of its distance from OY. Read off from the scales, 
and mark on the appropriate places on tin; paper, 0*866 of 3, 0*S(I6 of 6*5, 

0-866 of 4-8, and -i- of 0. 

0*866 

19. Eor a certain book it costs a publisher £100 to prepare the type and 
2s. to print each copy. Find an expression for the total cost in pounds of 
a? Copies. Also make a diagram on the scale of 1 inch to 1000 copies and 
1 inch to £100 to show the total cost of any number of copies up to 5000. 
Read off* the cost of 2500 copies, and the miniber of copies costing £525. 

20. A starts walking at the rate of 4 miles an hour, and 15 minutes 
later B starts at the rate of 8 miles an hour. Find, graphically, when and 
where B overtakes A. 

21. Two ships 72 miles apart sail towards one another at the rates of 7 
and 9 miles an hour. Find, graphically, when they meet. 

22. A walks at 4 mile.s an hour, but takes a rest of half an hour at the 
end of every 4 miles. B starting at the same time and walking at a 
uniform rate, without any rests, catches A up just as he is starting after 
Viis third rest. Find, graphically, B’s rate of travelling. 

23. A travelling at 4 miles an hour, walks 4 miles, then rests for half an 
hour, then walks 8 miles further, and then walks straight back at th( 



132 


ELEMENTARY ALGEBRA 


[OEA?. 


same rate. He meets B, who walks uniformly and without resting, a 
mile and a half from home. Find B'a rate of travelling, if he started at 
the same time as A. 

24. A travels at 5 miles an hour, but takes a rest of half an hour at the 
end of each hour. B starting 2 hours after A, and travelling imiformly, 
without resting, overtakes A miles from home. Find, graphically, B’s 
rate of travelling. 

25. A and B, travelling at 8 and 12 miles an hour respectively, bicycle 
towards one another from two places 50 miles apart, starting at the same 
time. Find, graphically, when and where they meet, and when they are 
10 miles from one another. 

26. Solve the above problem graphically, as accurately as you can, when 
B starts an hour after A. 

27. A motorist starts to do a journey of 8 miles in half an hour, but 
after travelling for 22J minutes finds himself behind time. He quickens 
his pace to 24 miles an hour, and just completes his journey in time. Find 
his initial rate of travelling. 

28. A motorist does a journey of 80 miles in 6 hours. During the first 
part of the journey he travels at 10 miles an hour, and during the latter 
part at 18 miles an hour. How far does he travel at each rate ? 


’►CHAPTER XV. 

LONG MULTIPLICATION. 

84. Further examples of the use of the formulae 
(a ± b)^=± 2ab + b^. 

Example l. Find the expanded value of {a? + (a +1)}^. 

Regarding (a + 6) as a single quantity, 

{» + (a -f 6)}®2(a + h)x + (a + 

=+2aa?+2ta?+a®+2a6+ 

(if we wish to expand the expression fully). 

Example 8. {a+h-cP 

={(a + 6)-c}* 

= (« + 6)* - 2(a 4-&)c + c* 

's + 2a6 + 6* - 2cm; - 25c + c* (expanded fully). 

Examples. S. (a + 26 + 2c + d)2={(a+26) + (2c + d)P 
^{a + 2h)^ + 2(a+2b)(2c + d) + {2c + df 
=a* + 4a6 + 46*+2 (2ac + ad+ 4bc + 2hd) + 4c*+ 4cd + 

~ a*+4a6 + 46*+4ae+2acf+86c+46cf + 4c*+4c<2 4* 
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Examples. XV. a. 

Find the fully expanded values of the following: 
1. {x + {a-b)}\ 2. {x-(a + 5)p. 

5. {a-(6 + c)}» 


4. {a + (& + c)}*. 

7. {(a-fe)-2}a. 

10. (a+26 + 3c)2 
13. (2a; + 3a-6)2 
16. (a;2 + a;-8)2 

19. (2a;2-ar-5)2. 

22 . 

25. (5-2a; + 3a;2)2. 

28. (a-6 + c-d)2. 

31. (a: + y + z-3)2 
34. (3a-26 + 2c-d)2 
37. (a,-3-a;2 + a;-l)2. 


8. {2a;+(y+2)p. 

11. (a-26 + 3c)2. 

14. {2x-2 + a:+l)2. 

17. (a;2 + 2a; + l)2. 

20. {x+y-3)\ 

23. {2+x-x^f. 

26. (a + 6 + c + d)2. 

29. (a + 6 + 2c + d)2. 

32. {x-y-z+2f. 

35. (a;2 + a;2 + rr+1)^. 
38. {x^-Sx^+Sx-l)K 


3. {(a+6)+2}*. 

6. {a-(6-c)}*. 

9. {a;-(2y + 2)p. 

12. (Sx + a-bf, 

15. (3a;2-a;+l)*. 

18. {x^-x- 4)®. 

21. {2x-y + ^)\ 

24. (3-a; + 2a;2)2 

27. (a + 6 + c - d)\ 

30. (a + 6 + 2c-2d)». 

33. (2a;-y + 2z-l)*. 
36. {:x^ + 2x^-2x + l)^. 


85. Further examples of the use of the formula. 

(a + b)(a-b) = a2-b2. 

Example 1. (a4-6 + c)(a4-b-c) = (a + 6)^-c® 

[Looking upon a + 6 as a single quantity.] 
=a2 4-2f/6 + 6*-c*. 

Examples. (a; + a-26)(a;-a + 26) 

— {x + a- 26) {x - a- 2b) 

= - (a - 26)2 

= - a^ + 4a6 - 46* 


Examples. {a + b + c-\-d){a-hb-c-d) 

= {a + hA-cfd){a-\b- cTd) 
= {a + bf-{c + d)^ 

=a* + 2a6 2cd - d*. 


Examples. XV. b. 


1. (a-6 + c)(a-6-c). 

3. (a; + y4-l)(a; + y-l). 

5. (a + 6 + x)(a-6-a;). 

7. (2x + a + 6)(2a;+a-6). 

9. (a-4aj + y)(a + 4r-y). 
11. (4-a + 6)(4 + a-6). 

13. (l~a-6)(l-a + 6). 

15. {p-2q + Sr){p+2q-Sr). 
17. (a;+3y-4)(a;+3y + 4). 
19. (l-2»+7y)(l~2!c-7y). 


2. (a + 6 + 2f){a + 6-2c). 

4. (:c + 2y + 6)(a; + 2y-6). 

6 . (a + 26 - c)(a-26 + c). 

8. (3y-a-6)(3y+o + 5). 
10. (l+a + 6)(l-a-6). 

12. (a* + n64*6*)(a*-a6 + 6*). 
14. (a; + 2y + 6)(a; + 2y-6). 
16. (l-2a; + 3y)(l+2.i;-3y). 
18. (a;* + a?+l){:r*-a;+l). 

20. (2a;+3y-6)(2a;4-3y+6). 
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21. (3a?2+a:-2)(3a:2-a:+2). 

23. (5o - 26+ .S) (5a+ 26 4-3). 

25. (l-2a? + 3a:2)(l+2ar + 3a;®). 

27. (2a; + y + a + 6)(2a: + y-a-6). 

29. (2x-a-y + 26)(2a:-a + y-26). 

30. (3a; - 2a + 2y - 36) (3a; - 2a - 2y + 36). 

31. (l-a; + y-«)(l-a;-y + 2 ). 


22. (2a;-4y-5)(2a; + 4y + 5). 

24. (a2-2a6 + 62)(tt2 + 2a6 + 6*). 
26. (a-6 + c~(/)(a-6~c + d). 
28. (a; + a + y-6)(a; + a-y + 6). 


32. (2-a-36 + c)(2-a + 36~c). 


86. When we have more than two terms in the multiplier or 
multiplicand, the process is similar to that in simpler cases. 

Example 1. Multiply a^ + «& + 6^ by a - 6. 

+ ab + 6^ 
a-h 

a^ + a% + a6‘'* 

- a% - ab^ ~ 6 ^ 

Example 2. Multiply - 2xy + 4y^ by + 2xy + 4y®. 

x^-2xi/ + 4y2 

+ 2xy + 4 y^ 

X* - 2x^y + 4a?y 

2a;*‘y - 4x-y^ + 8a:y* 

+ 16 y* 

X* +4a;2y2 +lGy^ 


Example 3. Multiply 4yz - 3a;y - 2a;z + oc^ + y^-z^hy - y + 2a; - z. 

Here we first arrange both multiplier and multiplicand in order of 
powers of x, and during the multiplication place like terms under one 
another. 

- 3xy - 2xz + y^ + 4yz - z* 

2x-y-z _ 

2x^ - 6a;®y - 4a;’*z + 2xy^ + Sxyz - 2x^ 

- a;^ +3a;y^+ 2xyz -y®~4y^+ yz® 

- T^z + 3a;yz + 2a;z® - y-z-4yz2+2* 

2a;^ - lx“y - ^xH + 5a;y^ + 13a;yz - y® - 5y% - 3yz^+z* 

87. By multiplication it will be found that 

(a + b)3 = a* + Sa^b + 3ab^ + b^ 

(a - b)3 = a* - 3a% + Sab^ - b^ 

These results are useful and should be committed to memory. 

88 . Amlogy between Algebraical and Arithmetical methods of 
muHiiplication. 
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Multiply 213 by 23. 213 

23 

i26 

63 9 

4899 

This is an abbreviated form of the following: 

2.102+1.10 +3 
2. 10 +3 

4.103 + 2.102 + 6.10 

6.102 + 3.10 + 9 

4.103 + 8.102 + 9.10 + 9 = 4899 
If we now multiply 2x^ + x + 3 by 2ic + 3 we at once see the 
analogy between the two methods. 

2x^ + ic 4" 3 

2a; + 3_ 

4a;3 + 2a;2 + 6a; 

6a;2 + 3a- + 9 
4a;3 + 8a;2 + 9a; + 9 

89. Detached coefficients. The work in the above example 
is much shortened if we omit the powers of x, just as we omit 
powers of 10 in Arithmetic. 

The multiplication then stands thus; 

2a;2+ a; +3 
2a; +3_ 

4 + 2 “+6 

6 +3 +9 
4.r3 + 8a;2 + 9a; + 9 

inserting the requisite powers of x in the last line. 

Example 1. Multiply 4x^ - - 1 la; + 2 l»y 2x^ - + 9. 

4a:® - 3ar - 11 a: + 2 
2a;® - 5a; -H 9 

8-0-22+4 

-20 +15 + 55 - 10 
_3(5 -27 - 99 +18 

8a;*-26a;^ + 29a;®+32x’®- I09a:'+18 

When powers of x are missing, 0 must be inserted as in 
ALrithmetic. 
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IZMnple 2. Multiply -lx+9 by 2x* -3. 

3a:®+0a;®- 7af + 9 
2x^+0x - 3 

6 +0 -14 +18 

_ -9-0+21 -27 

-23a;3^1ga.‘i^21a;-27 

Examples. XV. c. 

’{Nearly all the following examples are best do^ie by the method of detached 

coefficients. 

Multiply 

1, aj®+2a;2 + a:-4 by a?-2. 2, d^ + 2ab-\-b^hy a-h. 

3. a;2 + ary+y* by a: - y. 4. x- - 4y2 by x + 3y. 

6. a:® + 2a? - 5 by 3a:+ 6. 6. + 2a; + 3 by a;^ - 2a? - 5. 

7. a* - 3a*6 - *^ab^ by a^ - 5a6 + 2b\ 8. a?^ + a*y + y® by - a;* + xy - y®. 

9. a® - 5a6 + 66® by 3a6 + 2a® - 6®. 10. a?® + a? +1 by x - 1. 

11. a;®-2a: + 4 by x+2. 12. 4a;® + 2x+1 by 2x-l. 

13. a? - 2y by X® + 2xy + 4y®. 14. 9a® - 6a6 + 46® by 3a + 26. 

Find the product of the following: 

15. x®-x + l and x+1. 16. a®-a6 + 6® and a + 6. 

17. a: - 2 and x®+2x + 4. 18. +3y® and x - 4y. 

19. a:®-2x®+4x + 5 and x-3. 20. x + x®-5 and x®-x-7. 

21. c® - Serf - 5ci® and c® + 5rd + 5d®. 22. x® + xy + y® and x® - xy + y*. 

23. a6 + cd - oc - 6d and a6 + cd + ac + bd. 

24. 2a® - 3a6 + 46® and - 5a® + 3a6 + 46®. 

26. X® + 3x + 1 and x®-5x + 2. 26. 3x®- 7x + 5 and 4x®- 2x+1. 

27. 4 + 3x--2x® and 5-x-2x® + x®. 28. 2-x + 3x®y and 3 + 2x-x®y. 

29. x®+2xy + y® + x + y + 1 and x+y-1. 

30. x*-6x® + 6 and x® + 3x + 4. 31. .3x-1+4x®-5x® and 2x-4+x®. 

32. l+2a®-3a<-aand3a-5 + 2a® 33. 3a:® - 2x®y - xy® and 7xy - 5y®. 
34. 2 (x® + ’ixy + y®) and 3 (x - y)®. 35, 3 (a® - a6 + 6®) and ^ (a+6)®. 

36. a*+6® + c® - 6c - ca - a6 and a + 6+c. 


^CHAPTER XVI. 

LONG DIVISION. 

90. Bzampls 1. Divide 8x® - 6x® + 3x -18 by 2x - 3. 

2x-3) 8x® - 6x®+3x -18 (4x®+3x+6. 
8x®-12x® 

6x®+3x 

6a^-9x 

12X-18 

12X-18 
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Before starting the work of division both divisor and dividend 
should be arranged in the same order (ascending or descending) 
of powers of one of the symbols used. 


Esounple 2. Divide + by 2a;-3 + 

Arranging the expressions in descending powers of x^ 
a:® + 2a;-3 ) + x^-43^-{-r)x-S(x^-x + l 


. 

-x^- x^+5x .( 2 ) 

- ar* - 2a:® -f- tJa:.(3) 

^+2a:-3 .(4) 


a:®4-2a;-3 

—^ = a;®; a;® is the first term of the quotient. 

a;® (a;® 4- 2a; - 3) = a;"* + 2a:^ - 3a;®, 
and we thus obtain line (1) as in Arithmetic. 

Line (2) is obtained by subtraction, and by bringing down the term+5a;. 

—2 - = - a;; .*. - a; is the second term of the quotient. 

-a;(a;® + 2a;~3)= - a;^ ^ 2a;2 + 3a;, 
and we thus obtain line (3). 

Line (4) is obtained in the same way as line (2). 

^ = 1 ; 1 is the last term of the quotient. 

There is no remainder, as we see by subtracting the last line. 


91. The analogy between the Algebraical and Arithmetical 
methods of division is at once seen if wo compare the following: 

Arithmetical method. AItjebraical ’method. 

{21 ) 14883 ( 123 

10® + 2.10+1 ) l0* + 4. 10* + S.10® + 8. 10 + 3(102 + 2.10+3 

10 ^ + 2 . 10 ^+ 10 ® 

2.103 + 7.10® + 8.10 
2. 10® + 4. 10® + 2 JO 

3. 10®+*6.10 + 3 
3. ]0® + 6.10 + 3 

*«+2a? +1 ) .r^ + 40.-® + 8.r® + 8a; + 3 ( a/® + 2a;'+3 
ar* + 2;c ^+ :r® 

2:^* + 7a;® I 8a; 

2a;3 + 4.T ® + 2a; 

3a^ + 6a? + 3 
3a;® + 6a; + 3 


m 

278 

363 
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Example 2. Divide a?® + 1 by a? + 1. 
a?+l )a:®+l (a:*-ar® + a:*-ap+l 

-x*-x^ 
x^+1 

-a;2 + l 
-x^-x 

x + 1 
x+l 

92. Detached Coefficients. From the preceding we see that 
in Division as in Multiplication we can shorten the work by using 
the method of detached coefficients. 

Example l. Divide 6a;^ - 7a:* + lx‘^ + 18a; - 24 by 2x^ - 3a;+6. 

2-3 + 6)6-7+ 7 + 18-24(3a;2 + a;-4 
6-9+18 

2-11 + 18 
2- 3+ 6 

- 8 + 12-24 

- 8 + 12-24 

Example 2. Divide 6a;* - 23a;* + 18a;*+21a; - 27 by 2a;® - 3. 

2 + 0 - 3 ) 6 + 0 - 23 + 18 + 21 -27 ( 3a;*-7a;+9 
6 + 0- 9 

-14+18 + 21 
-14+ 0 + 21 

18+ 0-27 
18+ 0-27 

Examples. XVI. a. 

[All the follo^ving divisions may he done by the method of Detached Coej^iento.] 
Divide 

1, a;* - 3a;®+4a;+ 28 by a?+ 2. 2. a;* - 9a;® + 13a;+ 15 by a;-3. 

3, 2a;*-3a;2 + 7a;-3by 2a;-l. 4. 6a;* + 2a;® + 11a;-10 by .3a;-2. 

5. 24a;*-35a;®-36a;+ 5 by 8a;-1. 6. 15 - 17a;-30a;®-28a;* by 3-7a;. 

7. a;* + 3a;® + 3a;+l by a;® + 2a; + l. 8. a;*-3a;®y+ 3a;?/® -y* by a;®-2a;y+y®. 

9. a;* - 6a;®-t 12a;-8 by a;®-4a;+4. 10. 8ar* +12a;®+6a; + l by 4a;® + 4a;+1. 

11. 27a* - 54a®6 + SOaft® - 86* by 9a® - 12a6 + 46®. 

12. 125a;* - 27y* - 225a;®y + 135a;y® by 25a;® + 9y® - 30a;y. 

13. 9a;*-18a;®+26a;-24 by 3a;-4. 14. a;* - 4a;® + 5a;-2 by a;*-3a;+2. 

15. a;*-y*by a;-y. 16. a;*-27 by a;® + 3a; + 9. 17. 27a;*- 1 by 3a;-1. 

18. a*+6*bya+6. 19. a;^-lbya?-l. 20. a;*-lbya?+l. 


Example 1. Divide a;* - y* by » - y. 

flc - y) a;* - y* (a;®+a;y+y® 
a;*-a;®y 

a;®y-y« 

x^-Qcy^ 

xy*-y* 

T!r-ir 
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21. ir*+a!®+a?+l by a; + l. 

23. 81a?*^16by 3a;+2. 

25. a;^ + a;2+l by a;2-a7+l. 

27. a® - 6aj® + 12x - 8 by oc - 2. 
29. - 2a - - 4a® + a® by a® 


22. a;®-a;2 + ^_ 1 5y 
24. a:;^ + a;®+1 by a;® + a:+1. 

26. a^+4a:®+6a;® + 4a;+l by a;®+2aj + l. 
28. 12a:3-38a;2 + 38a:-20by 6a^-7a?+5, 
- 4a + 2. 


30. - 141a;2 - 180a; + 5a:« - 32 - 58a:® + 24a:® + 92a:® by 2a:2 - 4 - 3a?. 

31. 6a:® -x*-h 10a:® - 14a:2 - 26 by .Sa:^ + 4a: + 5. 

32. a:®-3a;® + a:® + 368a?-367by a:2 f2a;-3. 


Harder Examples in Division. 

93. Example 1. Divide Oa^ - 4&2 - + 4hc by 3a - 25+0. 

3a - 26 + c ) 9a2 - 46® - c® + 46c ( 3a + 26 - c 
9a 2 - 6a6 + 3ac 

, 6tt6 — 3ac — 4b“ 46c — c® 

6a6 -46®+26c 

- 3ac + 26c - c® 

— 3ac + 26c — c® 


Example 2. Divide a® - 6® + c® + .3rt6c by a - 6 + c. 

Arranging divisor and dividend in descending powers of a, 

(K.-5+e)a® + 3a6c - 6® + c® (a® + a6 - ac + 6® + 6c -f c® 
tt® - a®6 -j- a-c 

a®6 - aV + 3a6c (rem. arranged in descending powers of o) 
a^6~a6®+ a 6 c 

- a-c H-a6--f 2a6c (.) 

-a^c + a6c-at® (placing like terms under one another) 

a6® + rt6c 4- ac® ~ 6® (bringing down - 5®) 

a6® -6® + 6®c 


a6c + at*® - 6®c 
ahc _ - 6®c + 6c® 

(fc® - 6c® + c® (bringing down c®) 
ac® - 6r® + c® 


Example 8. Divide y®. a;* - - ^xhr + +-W by far' - ay - fjA 

§a;»-ay-|y ) y®ja:‘-4’ar'y-|a:V + |ay’ + -VV( I*’*- 

16 2 16 3a;2 8 ^ - ^ 


3 a; 8 y ^ 2 _ xy 


lx\+ + 




- a:V- + |-i^ + VV 

- a;® y® -f | a:y® 4- if* 
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Divide 


Examples. XVI. b. 


1 , a^+4a6+46*-c^ by a+26-c. 2. a^+46^by a*-2a6+26^. 

5. a®+6® + c2+2a6 + 26c + 2ac by a+5 + c. 

4. 9a^ “ 46-* - c® - 46c by 3a - 26 - c. 5. ofi-a^hy 3^+aX’\'§?. 

6 . a2-62-*c^+26c by a+6--c. 

7 . 2 a: 4 +a;®- 31 a; + 9 a ;2 + 15 + 4 a: 8 by 2 a;+a?»- 3 . 

8. aj®-- 2 /® + 6;y^-12y4-8 by a?-y + 2. 

9. 1 4-a® 4-by 4-a 4-1. 

10. 6a^ 4- 5y* - Vixy (oc^ 4- y^) 4- 23iey by 4- - 2ajy. 

11. a®4-6*4-c®-3a6c by a4-64-c. 12. a^4-63-c*4-3a6c by a+6-a 

13. a:*-y*4-84-6a;y by rk;-y4-2. 14. a;®- 1 by a?4-l. 

15. a:*4-a;V + y^ by a:^ _ xy-{-y\ 

16. a®4-6*4-c®- 3a6c by a^^ly^ + c^-ah-hc-ac, 

17. a^(b + c) + h^{c + a)-c^{a + h) + abchy a + b-c, 

18. a:8-y®by a; 2 -y 2 . 64a«- 1 by 2a- 1. 

20. - c) 4- 6®(c - a) 4- c®(a - 6) by a - 6. 

21. a:®4-f aa;2 4-f a^a;-a® by a;-^a. 


22 . 

83. 


^.2 080 . 43 , X a 

2+3“® 3 “^'*' 3 “ 2 " 3 ‘ 

jc® , x^ llxy^ . y® , x^ , y* 

8 +2 2^+ 3 - 


6® , a 6 
"07 o 


A ^_ 

*•8 21 2 ~ 3 ' 

g a’*62 , u a6 6® 

®- i 6 +W+ 8 l^y 4 +- 6 + 9 - 


, y' 


», y 




97 J?L h ^ 

^• 27 21 ■*'49 343 


3-7- 


g® _ Sa^h Sab^ _ ^ v» ^ ^ 
I^’lOO ^ 80 ”64 ^ ^“I 0 ''' 16 * 


Remainder Theorem. 

94. If ax^ + hx + c is divided hy x -p until the rermi/nder is 
independent of x, that remainder will be ap^ •hbp + c. 

x-p) ax'^ + bz + c(ax + (ap-\-b) 
ax^ - apx 

{ap-\’b)x + € 

( ap 4- b)x - jap 4- b)p 

ap^ + 6j 9 + c 

This proves the theorem. 

It should be observed that this remainder may be obtained by 
, substituting p for x in the dividend. 



LONG DIVISION 


XVI.] 

The above is true for all values of the sjmbols used, and bettOd 

when 3x^ - 4a; + 5 is divided by a; - 2 , 
the remainder = 3x2^- 4x2 + 5 
= 12-8 + 5 = 9. 

This of course can be tested by actual division. 

Again when 4x^ - 7a; + 9 is divided by a; + 5, 
the remainder = 4( - 5)^ - 7( - 5) + 9 
= 100 + 35 + 9 
= 144. 

96. If a7?-^hx'^’{-cx + d is divided by x-p until the remainder is 
independent of a;, that remainder will he 

ap^ + hp"^ + cp-{-d. 

First method. Performing the actual division, 

X-p) ax^+ cxd { ax^ + {ap + h)x f {ap^ + + e) 
ax^ - apx ^ 

{ap + b)z^ + cx 

(ap + b)x^ - (ap-h h)px 

(ap'^-\-hp + c)x^d 

(ap^ + + c)a; - (ap"^ + 6;? + c)p 

ap^ ■{■bp’^ + cp-\-d 

This proves the theorem. 

As before, the remainder may be obtained by substituting p for 
X in the dividend. 

When 4x3 _ 3^2 ^ 7 ^ _ 9 jg divided by x - 11 , 
the remainder = 4 x 11^-3 x 11^ + 7 x 11 -9 
= 5324-363 + 77 -9 
= 5029. 

When x3 - 4x2 + 6 x - 4 jg divided by x - 2 , 
the remainder= 23 - 4x2^+ 6x2-4 
= 8-16 + 12-4 
= 0. 

X® - 4x2 + 6 x - 4 is divisible by x - 2 without remainder. 

We thus have a ready means of testing whether any expression 
is exactly divisible by a given binomial expression. 
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Second method. When ax^-vhx^-^-cx + d is divided by x-p until 
the remainder is independent of x, let P denote the quotient, and 
R the remainder. 

Then a3^ + hx^ + cx + d = (x-p)xP+R .(1) 

[Just as in Arithmetic when we divide 57 by 9, 57 = 9 x 6 + 3.] 

Considering the equation (1), R is independent of x, by hypo¬ 
thesis. Also the equation is true whatever value we assign to x. 

Let x=p. Then the equation becomes 

ap^ + b 2 )^ + cp + d=R, for (a;~p)P= (^-^)P = 0. 

This proves the theorem. 

96 . For what value of p is -{p-{-2)x + ^ divisible by x-p 

without remainder 1 

When the division is performed the remainder, by the pre¬ 
ceding articles, =^2 _ 2 ) p + 6 

= - 2 ^ 6 . 

the reqd. value of p is obtained by equating this remainder 
to zero, in which case - 2p -f 6 = 0, 

2^ = 6, 
p^Z, 

97 . For what value of p is x^ - (p-\-Z)x^ + {6p + c)x + d divisible 
by x-p without remainder? 

When the division is performed the remainder 

- (^ -h + ^0^ 4. 4. ^ 

=p^ -^8 _ 0p2 4.0^2 4. qp 4. 

— cp + d, 

the reqd. value of p is obtained from the equation 
cp 4 . = 0, 

i,e. cp=-dj 

d 

P--C 

Examples. XVI. c. 

Without actual division, find the remainder when 

1. a:® ~ Ix^ + 1 la? - 5 is divided by a; - 3. 

2. +7a?®-9a?-h 2 is divided by a?-2. 
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3, a;® - 3a:® - 4a:+6 is divided by a:+2. 

4, 4a;® ~ 5a:® +1 la: - 7 is divided by a:+9. 

5, 5a: - 6a;® -1 + 2a:® is divided by 2a; - 3. 

6, 4x^ - 3a:® + 8 is divided by a:® - 3. 

7, For what value of p is 3a;®-pa:+10 divisible by 3a:-5 without 

remainder ? 

8, For what value of p is a:® - 7a:+p divisible by a:-2 without remainder? 

9, For what value of p is 3a:®-7a:®-9a:-p divisible by a:-3 without 

remainder ? 

Employ the second method of Art. 95 to find the remainder when the 
following divisions are performed ; 

10. (a;® - 7a;2 - 1 la: +16) + (a: - 3). 11. (4a:® - Sa:® + 7a: - 3) + (2a:+3). 

12. (9a:*-4a;®+16) + (a-®-2). 13. + 

Employ the second method of Art. 95 to prove that there is no remainder 
when the following divisions are performed : 

14. (a^“2/^)-r(a:-y). 15. (a:’^-y^^) + (a:-y). 

16. (a:»+ 2 /®)-f(a:+y). 17. (a^®-6^®) + (a®-6®). 


CHAPTER XVII 

REVISION PAPERS. 

xvn. a. 

1. In the following expression, first remove the brackets, then rebracket 
the coefficients of the different powers of a:, making the first term in each 
bracket positive : 

{x-p){x-q)-{x-^q){x + r) + (x-r){x~p). 

2. Plot the points (10, 5), (-5, 15), (10, 22) and find the area of the 
triangle formed oy joining them. 

3. Draw the graphs of = and 5y = 6a:. Hence solve these 

simultaneous equations, and verify your solution by algebra. 

4. A bill of £1. 3iJ. 3rf. is paid in half-crowns and three-penny pieces. 
If there were 12 coins altogether, how many were there of each kind. 

5. Multiply ai^-x + 2 by a:® + .r + 2. Check your answer by using x=2. 

6. Divide x^ - 4.T®?/ + 3a:y® - 12y® by x - 4y. 

7. Find the remainder when 2a:^-a:®+10.r®-2a:+18 is divided by 
2aJ*+a; + 5. 

XVII. b. 

1, A is a: years old, and B is ?/ years younger. 

(i) What is the sum of their ages? 

(ii) What will be the rum of their ages 10 years hencs ? 

(iii) What was the sum of their ages iO years ago? 

(iv) What was the difference of their ages 10 years ago? 
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2. Plot the points (10,4), (- 7,4), (- 7,13), (10, 13) and find the area of 
the quadrilateral formed by joining them. 

3. In the same diagram draw the graphs of 

^ + ^ = 1, 4a:-3y=0, y-x=2. 

What do you deduce as to the three simultaneous equations? 

4. The sum of the two digits of a number is ten. By reversing the digits 
the number is increased by 36. Find the number. 

5. Multiply +2a6 - by a® + 2a6 + Check your result by putting 
< 1 = 6 = 1 . 

6. Find the continued product of 2a - 6, 2a + 6, 4a* + 6*. 

7. Divide 6aa:^ - - 9a*a:* + 4a^ by 2a*+3aa; - ac*. 

XVIL c. 

1. I buy apples at the rate of x apples for threepence, 

(i) How many do I get for half-a-crown ? 

(ii) What will 100 apples cost me ? 

2. Find the length of the line joining the points (1*6, 3*6), (-1*6, 1*2). 

3. Make a table to show six pairs of corresponding values of x and y 
which satisfy the equation 3a; + 4y=13. Choosing a suitable unit, plot the 
poinfs accurately, and draw the graph. 

4. Find the value of (a:*+1)^. Check your result by using a;*= 1. 

6. Express the following in the form of an algebraic equation. The cost 
of X things at half-a-crown each, y things at 9d. each, and z things at ^\d, 
each is £a. 

6. Find the continued product of a:*-3y*, a;* + 3y*, 9y^. 

7. Divide 6a;^-21 -5a;* -x- 19a;* by 2a;*-5a;-7. 

XVIL d. 

1. A man runs at the rate of x yards in y minutes. 

(i) How many yards does he run in an hour ? 

(ii) How long does he take to run a mile ? 

2. Plot the points (0, 0), (8, 5), (12, 18), (0, 23) and find the area of the 
quadrilateral formed by joining them. 

3. Draw the graphs of 3a;-4y=10, and 3a;-l-5y=15, and hence find 
approximate solutions of the simultaneous equations. Verify by sub¬ 
stitution. 

4 . Multiply a;^-3a;*4-1 by a;*-.3a;4-2. Check your result by putting 
a?=10. 

5. Find two consecutive even numbers such that 73 times their differenee 
is equal to their sum. 

6. Simplify (a;* -f aa; 4- ?>)* - (a;* - aa; 4- 6)*. 

7. Divide a*-5a64*66*~a-f-6-2 by a-26+L 

XVII. e. 

L How far does a train travel: 

(i) In X hours at y miles an hour ? 

(ii) In X hours at y miles a minute? 

(iii) In X minutes at y miles an hoar? 
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2. Plot the points (15, 0), (19, 6), (10, 14), (-14, 8) and find the area of 
the quadrilateral formed by joining them. 

3. Find the area of the triangle former! by the graphs of y=8, a; =18, 

a:- y+ 8 = 0. 

4. If C is the circumference of a circle and D its diameter, C = -^-D. 
Draw a graph and from it read off the circumferences of circles whose 
diameters are 4 in., 11 in., 20 in., and the radii of circles whose circum¬ 
ferences are 47 in. and 31 *4 in. 

5. Find the value of - a;+1)*. Check your result by putting x= 1. 

6. The sum of any number which has an even number of digits and the 
number formed by reversing its digits is divisible by 11. Prove this in 
the case of a num>)er of two digits. 

7. Divide + ah - - n + 7^ -12 by 2a + 6 - 3. 

XVII. f. 

1, Write down the cost of : 

(i) X tilings at y pence each. 

(ii) X things at 3 a penny. 

(iii) X things at y a penny. 

(iv) X things when y things cost 3 pence. 

2, Solve the equation (3 jc - 1 )^ + (4a: - 2)-=(5a; - 3)*. ^ 

3, Plot the points given by the table below, and deduce the equation ol 
the graph which passes through them. 


X — 

0 

1 

2 

3 

4 


*75 

3*5 

6*25 


11*75 


4. A walks at 4 m. an hour, and 4 hours after his start B bicycles after 
him at 10 m. an hour. Find, graphically, as accurately as you can, how 
far from the start B catches A up. 

5. Multiply 2a;^-5a: + 3 by x2-3a;+l, checking your result by putting 
a;=2. 

6. Simplify {2x + a) (‘2.r + b) - (2x + a) (2a; + r) + (2x + c) (2a? - 6). 

7. Divide a?-ah- W + ac + 17hc - 12c® by a + 2f> - 3c. 


XVII. g. 

1. From the sum of 56-3a-4c, 4a-26- |, and subtract 

a h c 
2 “ 2 2 * 

2. Simplify [3(x + y)-2(y-c:)-(2.x + z)][ 2 (x- 2 )-(x-y) + z]. 

3. Solve the equation 2(x-3) + (x-2)(x-4) = x(a?+l)-33. Test your 
result. 

4. Two men bicycle a journey of 45 miles in opposite directions, one 
inan doing the journey in 0 hours, the other in 4 hours. Where do they 
r^ieet ? Solve the problem graphically, and test your result in any way yon 
please. 

U.li. S.A 


K 
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6. Solve the equations 5 (ar -1) +11 (y - 4) = 97, 
ll(a?-5)+ 5(y-n)= 0. 

6 . Divide the sum of 6a:(a: -1 )^, (3a; +1 )\ and - 2 (Sac® + 3) by 2a: - 5. 

7. Divide 104 into two parts, such that four times their difference may 
exceed by 2 the sum of one-fourth of the greater and one-third of the less. 

XVII. h. 

1. From the excess of 5 over a? - 3, subtract a;^ - 2a: -I- 8. 

2. Find the product of a (a? - 6) - a (1 - 6) and (a: -f 3) (a: -1) - (a? -f 2) (a: - 1). 

3. Choosing a suitable unit, draw accurately the graph of 3y=2a:-}-7. 

4. A does a journey at a uniform rate in 6 hours. B starting at the 
same time, but at twice A’s rate, is delayed for 2J hours when he has 
gone half way. He, however, reached the end of the journey at the same 
time as A. Prove graphically that if B travelled at the pace at which he 
did the second half, he would do the complete journey in 4 hours. 

5. What values of x and y will make both 

3(a;-4) -2(y-f-3) and 2(a:-15)-f3(y-4) equal to unity? 

6 . Simplify [27(a:-y)(a:-f y) - 8y(6a:(9a:-h5y). 

7. A certain number of shillings, and two-thirds of that number of 
half-crowns, are together less than four guineas by two-thirds of the same 
number of florins. What is the number? 

xvn. k. 

1. From the excess of 2a; (a: - 6) over 5(1- 2a:) 

take the excess of a: (a: - 3) over 3(4 - a:). 

2. Find the values of 4a; - Sa;^ for integral values of x from - 3 to 3. 
Tabulate your work. 

3. Solve the equation 8(a:-hi)®-10(a:-1-2)(6a:-7) = (2a:-3)®-150a:. Test 
your result. 

4. A does a journey of 42 miles in 5J hours, and B starting an hour 
later does the reverse journey in four hours. Find, graphically, as 
accurately as you can, how far their meeting place is from A*s starting 
point. Test your result. 

In how many minutes after B’s start were they first 20 miles apart ? 

5. Solve the equations Test your result. 

X y 2 X y o 

6 . Simplify [2a; (a: - 1) (a: - 2) - (a: -h 9)® -h 76] -r (a: - 5). 

7. A debt, which might have been paid exactly with 5a: half-sovereigns 
and X half-crowns, was paid out of a £10 note, and the change was found 
to be equal to 15a; half-crowns and x half-sovereigns. Find x and the 
amount of the debt. 

XVII. 1. 

1. Find the continued product of 

x^+y\ x^ + y*, 

2. A is a; years old, B y years old, C z years old: what was the sum 
of their ages a years ago ? 

3. Solve the equation (a:+l)(a:-i-3)(x+5)=(a:-p7)(a?+9)(a:-7). Test 
your result. 
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4. Taking 7 cms. =2*76 inches, draw a graph which will enable yon to 
convert centimetres to inches and vice versa. 

From the figure read off the value of 

(i) 4*3 cms. in inches, (ii) 5*7 cms. in inches, 

(iii) 1*5 in. in cms. (iv) 2*2 in. in cms. 

6. Simplify lQx{X’-2)^-5{x-2)(x + 2) + 2x+l]~{3x~l). 

6. A man buys a case of oranges at 8d. a dozen. He finds 54 spoiled^ 
and selling the rest at 7 for 5d., he loses 2.9. 6rf. on the transaction. How 
many did he buy ? 

Solve the equations 7y-2a:=l, 2w;- a; =15, 

2y+ z = 7, I0y + 3x = \d. 


CHAPTER XVIII. 

RESOLUTION INTO FACTORS. 

98. When an algebraic expression is expressed as a product of 
its factors, it is said to be resolved into factors, and the process 
of finding the factors is called resolution into factors. 

We have already dealt with some of the simpler forms of 
factorization ; thus we have seen that - 6 = 2 (a; — 3). 

In other words the factors of 2a: - 6 are 2 and {x - 3). 

Example 1. Resolve 4a‘’ - 3(Jt into factors. 
a is common to both terms, 

4a'* - 3a = a(4a--3), 

or, the factors of 4a^ - 3a are a and (4a - 3). 

Example 2. -- 2x = x (fia;^ - lx - 2). 

Example 3. 3(i“hc - C)ab‘^c f 4a6r- = ahe (3a ~ 5b + 4c). 

Example 4. 15.r-j/^ - oxy* - 20x*y’^ = (oxy - - 4j^). 

N.B. —The above results should be checked by removing the brackets. 

Examples. XVlll. a. 

[Check results by removing 5?'ac^'<A9.] 

Resolve the following expression into factors ; 

1. ax-\roh. 2. ax-cC“. 3. x^-3ax. 

4. x^-5ax^. 5. ax“-a“x + a®. 6. 3a--3ab. 

7. 5a:® - 8, - xy. 9. 21 - 56a:. 

10. 25a;®-20a:y. 11, ax -bx + cx. 12. ~2a:® + 4a;. 

13, -ay \-hy + cy. 14. p^x^-apocy+phxy. 

15. 76a2a:3-57aV. 16. 3/?V-9;;a:+12. 

17. x'^yz + xy'h-xip?. 18. lah-'lbc-2\hx. 

19. 14a;®-7a:^+66a;y*. 20. 36a;®yz-54a:y®z + 48a:yz*“ 18a:®y*z*. 
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TRINOMIAL EXPRESSIONS. 


99. An algebraic expression of three terms is called a trinomial. 
Examine the four multiplications given below. 


ar+2 
x + 3 

x^ + 2z 
• 3x 4- 6 

x^ + bx + Q 
{x + 2){x + 3) 

= x2 + 5x + 6...(i). 

x + 2 
X — 3 

x^-h2x 
— 3ic — 6 

x^- x-6 
/. (a; + 2)(a;~3) 

6...(iii). 


flj- 2 

x-3 

x^- 2x 

— 3x + 6 

- 5a: + 6 

/. (a;-2)(a:-3) 

= a:2-5a; + 6...(ii). 

x-2 
x + 3 

x^ - 2x 
+ 3X-6 

x^+ x-6 
(x-2)(x + 3) 

=xa;2 + a;-. 6...(iy), 


The results are different forms of the expression 
x^ +px + S'. 

In each case we notice in the product that 

(1) the coefficient of x is the algebraic sum of the second terms 
of the factors. 

(2) the third term is the product of the second terms of the 
factors. 

In (i) 2 + 3 = 5, 2x3 = 6. 

In (ii) -2-3=-5, (-2)(-3) = 6. 

In (hi) 2-3=-1, (2)(-3)=-6. 

In(iv) -2 + 3 = 1, (-2)(3)= -6. 

Reversing the process, in order to find the factors of an ex¬ 
pression of the form x2+^x + ^, we must seek two numbers whose 
algebraic sum is p and whose product is q. 

Examples. 

a;2+7a:+12=(a: + 4)(a?+3), for 4+3=7 and 4x3=12. 
a:*-7a?+12=(a?-4)(a:-3), for -4-3= -7 and (-3)(-4)=12. 

(x* - 4a: - 12)=(a? - 6) (a:+2), for - 6 + 2 = - 4 and (- 6) (2) = -12. 
(a5*+4«-12)=(a:+6)(aj-2), for 6-2=4 and (6){-2)= -12. 
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100. In more general form the above results may be expressed 
thus: 

x^-\-{a + h)x + ab^(x-\-a)(x +1), 

- (a + 6) X + a6 = (x - a) (a; - 6), 

x2 + (d - 6) X - = (x 4 - a) (x - 5), 

- {a - h) X - ah = {x - a){x + h). 

All the above can of course be checked by multiplying the 
factors. 

We also see that 

ahx^ + (a 4 J) X +1 = (ax +1) {hx +1), 
abx^ - (a + i) X 41 = (ax - 1) (Z>x - 1), 
a6x24(a - i) X - 1 = (ax- l)(6x4 1), 
ahx^ - (a - 6) X - 1 = (ax4 l)(&x - 1). 

Thus 3x^ 4 4x 41 = (3x 41) (x 41), 

10x2 3x --1 - (5x 4 l)(2x ~ 1), 

10x2 4 3x - 1 = (5x - 1) (2x 41). 

Also x2-llxy 4 10y2 = (a; -l0y)(x-y), 

x2 - 4xy - 21y2 = (a; ~ 7y) (x 4 3y). 

Examples. XVIII. b. 

Resolve into factors: 


1. 

a;2 49a; + 20. 

2. 

x’*- 10x421. 

3. 

x^ 410x424. 

4. 

x^+\Qx + 2\. 

5. 

x^- lOx+24. 

6. 

x2-8x47. 

7. 

x^ + Sx + 2. 

8. 

x®-4x + 4. 

9. 

x2-.t—2. 

10. 

x^ + x-2. 

11. 

x^ + 2x4l. 

12. 

x3 44x-5. 

13. 

- 4a; - 5. 

14. 

x^+12x435. 

15. 

x2--6x49. 

16. 

a;2-lla;+10. 

17. 

x2-12x 4 27. 

18. 

x^ 4 20x4 51. 

19. 

x2-18x + 65. 

20. 

x3-10x425. 

21. 

X* 4 X - 42. 

22. 

1 

i 

23. 

x®44x-45. 

24. 

X® - 2x - 35. 

25. 

a;2+14x449. 

26. 

x®42x-63. 

27. 

X*- 22x4 120. 

28. 

1 

1 

29. 

x24x~72. 

30. 

1-.3x42x2. 

31. 

21 + 10X4X®. 

32. 

x®4(p4g)x4jpg. 

33. 

x2~(?n4n)x4»Mi. 

34. 

x^+{m - n)x - mn. 

36. 

X® - (w - to)x - mn. 

36. 

x2 4 {2a 4 6) X 4 2a5. 

37. 

X® ~ (a 4 36) X 4 3a6. 


38. a;®-(2a 

--36)x~6a6. 

39. 

a^+{4a-5b)x-20ab. 

40. a;«-(6a 

-36) 

IX- 15a6. 

41. 

s^+lx-16. 

42. 

x2~x~110. 

43. 

1-6x46x». 

44. 

5-4x-!e*. 

46. 

xa4l6x-17. 

46. 

40-13x4*®. 

47. 

1-3*-130**. 

48. 

x2-14x-15. 

49. 

40-3X-X*.* 

50. 

**+*-110. 

61. 

1 

1 

52. 

66 4 5x — X®. 
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Resolve into factors; 

6S. l-1x + Qx^, 

56. x^ + Qxy-\0y^. 

59. 5x^-4xy-y\ 

62. a;2-soar+226. 

65. a?2~ 103a?+ 102. 

68. 54x^-3ary-y^ 

71. 43a?2-42a;-l. 

74. 156a;2«a...l. 

77. 42a262-a6-l. 

80. 54a;2 - ISary - y*. 

83. a?V“13a;y~48. 

86. s^ + 3^x + 2S9. 

88. 81a;3 + 82a?+l. 


54. 72+a;-a?®. 

57. a2+16a5 + 1562 

60. a2-2a6-2462 

63. a;2-73ar + 72. 
66. 73a;2-74a?+l. 
69. 26ar2+llar-l. 
72. l-6a6 + 6a262 
75. 1 - lOary+ 

78. 17a;2 + 16a:y-y2 
81. 57-22a?+a:2. 


55. a;2-35a; + 216. 

58. a;2-23a; + 132. 

61. a;2_22a?y + 121y2 

64. a?^-26a?y + 109y®. 
67. a;2-14aa: + 45a2 
70. 240a;®+a:-1. 

73. a;®y® - 4a;y - 32. 
76. 51a;®y2->20a;y+l. 
79. 54a;® + 21a;y+y®. 


82. a;®y® - 16a:y + 56. 
84. a;®-93a;+92. 85. 167- 106a? -a;®. 

87. l-30a?+225a;®. 

89. a;®-10a;y-39y®. 


101. An expression of four terms can often be factorized by 

grouping the terms in pairs. 

Bzamples. ax - hx-\-ay - by 

= (a-6)a? + (a-6)y 

= (a - 6) (a? + y) [just as c.a?+cy=c (a;+y)]. 

3aa; - 2by - 36a? + 2ay 
= (3aa; - 36a;) + {2ay - 26y) 

= 3a?(tt-6) + 2y(a - 6) 

= (a -6)(3a? + 2y/). 

We might deal with a;® - (a + 6)a; + a6 in this way. 

x"^ ~ {a + h)x+ab=x“ - ax - bx + ab 
=x{x-a)-h{x-a) 

~{x-a){x~b). 

a?® - aa?® + a®a; - a®=(a;® - aa?®) + {a®a? - a®) 

=x^{x - a) + a®(a? - a) 

= (a?-a)(a;® + a®). 

15a® - 6a6 - 5aa;®+26a;®=15a® - 5aa;® - ()a6 + 26a!® 

=5a (3a - a?®) - 26 (.‘ia - v?) 

=(3a-a?®) (5a-26). 
a;® - 2a?® - 3a?+6=a?® (a? - 2) - 3 (a; - 2) 

= (a;-2)(a?®-3). 


Examples. XVIII. c. 


Factorize the expressions: 
1 . aa?+6a? + ay+ 6y. 

3* oa;-• 2a?-ay+^. 

5. a!®+a?y+a! 2 +yz. 


2. aa? - 6a? - ay + 6y. 
4 . 6a;-aa;-6y+ay, 
6 . x^-xy + xz-yz. 
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7. 

a*c2 - acd 4- abc - bd. 

8 . a:® - 2a: 4-.ry - 2y. 

9. 

3x - 3y 4- ay - ax. 

10. a? + be-ah- ac. 

11. 

bc-a^- ah 4- ac. 

12. aV4-6d4-a6c4-acc?. 

13. 

a*c 4- b^d 4- ly^c 4 - a^d. 

14. a% - a^d - b'^d 4- 6®c. 

15. 

a? - 3a;2 + 2a: - 6. 

16. x^-xy- 2x^ 4- 2y. 

17. 

a:® - 154-5a:^- 3a:. 

18. x^y^+x^ + y^+l. 

19. 

xy^ - 1 - y2 -f- a:. 

20. a6(a:“4-1)-a:(a2 4-6®). 

21. 

a;2 - y2 ~ 4a; 4 - 4y. 

22. a^ wi (w 4-1) a 4- m^. 

23. 

x^ + x^ + x\-\. 

24. a;® 4 - ar* 4 - a: 4 -1. 

25. 

2a:®-a;2 + 2a:- 1. 

26. ax^ - bx^ + a-h. 

27. 

2a;^ - 3a:2 4 - 4a: - 6. 

28. 3a:3-x‘-^-f 12a:-4. 

29. 

7a:3-3a:2 -21a:-h9. 

30. 2a:3-a:2-10.c + 5. 

31. 

2a:3 4-14a:2-3a:-21. 

32. 1 la:^ 4 - 55a:‘'^ 4- 7a* 4- 35. 

33. 

a2 - 6c - 6 4- arc. 

34. x^-a'^-\-x-a'^x. 

35. 

2a - a:® - 2a;2 4 - ax. 

36. 4 - Ga:^ -cx- 3c. 


102. Difference of two squares. We know by multipli¬ 
cation that a- - = (a 4- b) (a - b). Hence wo see that if an 
expression can be written as the difference of two squares, we 
can at once resolve it into factors. 

Examples. - 4 = - 2^=(a: + 2) (a: - 2). 

a;^ - 1 = (a; +1) (a; -1). 

25ic^ - 9//^ = (ox)^ - (5.1* -f o7/} (5.r - Sy). 

102-'7---=(lO + 7)(lO-7)= 17 X 3 = 51. 

252 - 242 = (25 4 - 24) (25 - 24) = 49. 


Examples. XVllI. d. 

Resolve into factors: 


1. 

1 -ar*. 

2. l-4a:*. 

3 . a:“-4o*. 

4. 

a® - 49. 

5. 

9(4'* — 

6. 9ar>-l. 

7. 25a:*-16. 

8. 

a:2-9. 

9. 

‘JSx^-49. 

10. a*-25. 

11, 121-6*. 

12. 

a- - 9. 

13. 

x^-m. 

14, 4-a*. 

15. 16-121ar‘. 

16. 

a?lf^-c-d^. 

17. 

9a:V-16«W18. 

19. 11*-3*. 

20. 

xhf-\. 

21. 

6.t-c*d“. 

22. 1-91*. 

23. 9-4a*. 

24. 

9a‘-2/r-16. 

25. 

153»-152®. 

26. a:*-10,000. 

27. 10,000a:*-!. 

28. 

a:^y^-81a*<. 

29. 


30. 6'*-25. 

31, a:“-o*. 

32. 

.36a:i2-y8. 

33. 

aV>^c* — x^. 

34. 1-lOOa:*. 

35. aW-cP. 

36. 

1 - 121a*. 

37. 

49a:*-36y® 

38. pV-4. 

39. 144a:<-y45‘. 

40. 

a2-22562. 

41. 

81ar‘-64. 

42, 4»»%* - 1. 

43. {^*-492*. 

44. 

ar2-169y2 

45. 

81a»6*-l. 

46. x" 

-y“. 

47. 

a?-2S3h\ 

48. 

121o*-1446* 

49, 25a:»*-169oi». 

50. 

a:*y- - 1(X). 

61. 

52. 1- 

lOOaV**, 

53. 

121«V--h 
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Find by factorization the values of: 


64. 385*-285“ 66. 95®-85». 

58. 1001*-i. 59. 237^-37= 

62. 82S‘-175«. 63. 97=*-94“ 

66. 1896*-1892*. 67. 97*-9. 

70. 99999*-!. 71. 116*-16. 

74. 249*-49*. 75. 364*-64*. 


56. 999*-1. 57. 37*-27*. 

60. 8275*-8273*. 61. 35*-33*. 
64. 673*-373*. 65. 998*-4. 

68. 2753*-2745*. 69. 109*-81. 
72. 125*-25*. 73. 125*-25. 


103. When the terms have a common factor, this should 
first be taken out. The expression can often then be further 
factorized. 


Examples. a*-o**=:o(a*-a;*)=o(o+x)(a-a:). 

12a^ - 75=3 (4a;* - 25) = 3(2a; + 5) (2a: - 5). 
27a*6'‘a;'- 147o*6*=3a*5*(95*a~‘ - 49) 

=3o*5*(3te + 7)(36a:-7). 


Examples. XVIII. e. 

Resolve the following expressions into their simplest factors; 


1. 3x*-12a*. 2. 7-7a:* 

5. 3o®-3a:*. 


4. 45a:*y* - 80a:*o*. 
7. 54o*6*-24c*<l*. 
10. 75a*>-48. 

13. 13a‘-135*. 

16. 27op»-147ag*. 
19. 17-68p*g». 


8. 141a»6*-564ei’5». 
11. 11-996*. 

14. 7a^>-1575a*. 

17. 605a:*c-7206*c. 

20. 1xY-2SxY. 


3. 2a:*-288. 

6. 112a*a:*y»-175o*y. 
9. 70 *-34.35* 

12. 45a*6*-80. 

15. 3a:<-300. 

18. 13a6c* - 62a6cP. 


104. Expressions in the form of the difference of two squares 

Example. (a + 6)* - (<; + df 

= [a + b + c + d\\a + b-c + d] 
z:(a+b+e+d){a+h~e-d). 
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Examples. XVJUl. t 

Resolve into their simplest factors: 

1. (<»-5)*-c* 2. a«-(5 + c)» 3. {x-pf~4a\ 

4, (a!+2j/)*- 165*. 5. ac* - (2a - 5)*. 6. (a:+y)*-(a + 5J*. 

7, (2a: + 3y)*-(a:+y)* 8. o*-(4ar-y)2 9. 25a;*-(a-6)*. 

10. 16a*-25(a: + y)» U. (a:+l)*-(a:-1)*. 12. (•2a: + a)*- (2»-o)». 

13, (a-26)*-(c + d)*. 14. (a + 6 + c)*-(a: + y + z)*. 

15. (.3a:-y)*-(aT+2y)* 16. (2a: + 5)* - (2a: - 3)*. 

17. (5p + 9)*-(5/>-9)*. 18. 9a:*-(3a:-y)*. 

19. 4(a: + a)*-9(y + 6)* 20. 9(a: + y)*-4(a:-y)*. 

21. 3(a + 6)*-12(c + d)*. 22. 64;>* - (g - 4)*. 

23. (a + 5)*-(a-5)> 24. (2a: + .3y-f a)*-(a:-y + a)*. 

25. {3a: + 2y)*-(2x + 3y)*. 26. (4x-3a)*-(4x + 3a)». 

27. l-(3x-2y)*. 28. l-4(a--y)* 

29. 100-(2a-35)*. 30. 16a*-(4a-5)*. 

31. (o* + 6*)*-4a*6*. 32. (a* + 25*)*-4a*6*. 

33. a*5*-(o5-l)*. 34, (3a-2)*-(2a-3)». 

35. (x*-2x+3)*-(a^! + 2x-2)*. 


105. Harder Examples. 

Find the factors of 

a:* - a* + 4y* - 5*+4.Ty+2il5. 
llie given expression may be written thus: 

a;*+4xy + 4y* - (a* - 2a5 + 6*) 

= (x+2y)*-(a-5)* 

= [x+2y+a-5][x + 2y-a-^] 
=(»+2y + a-6)(x+2y-a+5). 


Examples. XVIII. g. 

Resolve into factors: 

1, a*-2a6 + 6*-c*. 2. c*-a*-2a6-5*. 3. a:*+2ox + o*-6*. 

4, y* —a*+2aaj —a;*. 5. a* —5* —c*+25c. 6. 1—a* + 2a5 —5*. 

7, a?>-y* + o* + 2aa:. 8. x*-4xy + 4y*-9a*5*. 9. x*-2xy+y*-9. 

10. 16-a*-5* + 2a5. 11. 1-4a*-5* + 4a5. 

12. a*+2ax + a:*-y*-25y-5* 13. 4a*-4a5 + 5*-.x*-2(:x-c*. 

14. o*-2a6 + 5*-c* + 2cd-<l*. 15. o*+c*-5*-<i*-2ac -26d. 

16. x*-ar‘-2x-l. 17. o*-6* + c* + 2ac. 

18. 9«*-4c*+5*-ar'-6a5-4ex. 19. 5a*-10a5 + 55*-20<?. 
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106. Factorization of trinomial expressions when the co< 
efficient of the highest term is not unity. 

This can often be done by inspection, but if the factors are not 
readily seen, the method described in the next article should be 

employed. + 29a: - 21 = (5a; - 3)(2a: + 7). 

5x-3 

Arrange the factors thus : x . 

2x + 7 

Firstly. We see that the first term of the product is the 
product of the first terms of the factors, and the last term of 
the product is the product of the second terms of the factors. 

Thus if 6x2 4-1 lo; _ 35 has factors, 

their first terms must be 6x and x, or 3x and 2.r. 

Also, their second terms must be 35 and 1, or 5 and 7, with 
proper signs prefixed. 

Secondly. We see that the coefficient of x is formed by the 
products 5x x 7 and 2x x ( - 3). [Notice the crossed lines (x) 
above,] 

We also notice that if the last term of the product is positive^ 
the second terms of the factors have the same sign: if the last 
term of the product is negative, the second terms of the factors 
have different signs. 

Let us take a few cases. 

Example. Factorize 

The first terms of the factors must be 3x and a?. 

The second .10 and 1, or 2 and 5. 

.are of the same sign, and negative. 

We therefore have to choose from the following. 
x-\0\ 

X V the coeff. of x would be - (1 + 3 x 10). 

3x - 1 J 

I .-(10 + 3). - 

3 x-10j 

3a?-5 ^ 

.=-2/ . 

3x-2 ^ 

X \ .-(3x5+2). 

x-5 ) 

The last case is therefore the only possible one, and we see that the 
factors are Sx - 2 and a? - 6. 
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After a little practice it will easily V seen which cases mav be 
rejected. 

Example. Factorize *1^ + 32a? -15. 

The fir»t terms of the factors must be 7a? and a?. 

The second .have different signs. 

lx +151 

X > coefF. of a? would be -7x1 + 15x1 = 8 . 
a?-l J 

X 1 . 7xl-15xl=-8. 

a?+l ) 

7a?-1 1 

X } . 7x15-1 = 104. 

a:+15j 

7a?+1 1 

X \ . -7xl5 + l=-104. 

a? -15 j 


-7xl5 + l=-104. 


-7x.3 + 5= -16. 


7x3-5 = 16. 


-7x5 + 3= -32. 


7x5-3 = 32. 


7a?- 3 and a? hS are the reqd. factors. 


Example. Factorize 3a;2 - 8a? - 3. 

3 is not a factor of each term. 3a? - 3 cannot be a factor, 

the factors must be 
3a? - 1 and a? -{- 3, or 3x +1 and a? - 3. 

The second pair are the factors, for - 3 x 3 +1 = - 8. 


107. When the factors cannot readily be seen by inspection 
the following method is recommended. 

Example 1. Find the factors of 2a?^-5a?+2. 

2a?2 - 5a? + 2 = J {(2a?)2 - 5 (2a?) + 4 J. 

(This is the same as multiplying by f). 

(Writing y instead of 2a?) = i - 5y + 4] 

=i(y-4)(y-l) 

=-|(2a?-4)(2a?-U 

=(a;-2)(2a?-l). 
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Bxample % Factorize - a; - 20. 

12a;* - a; - 20=12a;)*- (12a;) -240]. 

(Writing y instead of 12a;) =y\(y*- y - 240) 

=TV(J'-l6)(y+l5) 

=TJ^(12ar-16)(12ie+15) 

_^12a;-16^^ 12a! + 15j 

=(3a:-4) (4*+5). 

Example S. Factorize SSx^+a:^ - 45p\ 

28x>+xy- 45y*=3fV[(28a:)»+(28x)y - 28 x 45pT. 

(Writing a instead of 28a:) = ^(o*+ay-28 x 45y*). 

We now have to find two numbers whose product is -28 x 45, and 
whose algebraic sum is 1. This can easily ha done if we put the product 
- 28 X 45 into its prime factors. 

-28 x 45=-2 x 2 x 7 x 5 x 3 x 3. 

-7 X 5 + 2 X 2 x 3 x 3=-35 + 36=1; 
the given expression=- 2 ^ («+36y) (o - 35y) 

=2V(28a:+36y)(28a:-35y) 

=(7*+9y)(4a:-5y). 


Examples. XVm. h. 

[Semite ehovld alviays he checked by multiplication,'} 


Find the factors of: 
1. 6a?-12a:+4. 

4. 2ar>+lla:-21. 

7. 2x®+19a:+9. 

10. 9a:*-18a:+8. 
la 9ar'+6a:-8. 

16. 6a:*-ll*+3. 

19. 20ai»+41a;+20. 

22. 24ar‘-50a:+25. 

25. 2ifi+5xy+3y\ 

28. 14a^+29a;-15. 
a. 10B:»-13ay-9y®. 
84. 26a:»-41a:+3. 


2. 3ar*+14*+15. 
5. 3ar*-13a:-30. 
8. 3a:*-22a: + 7. 
11. 16a:»-8a:-15. 
14. 4a:2 4.4a._63. 
17. 63?-x-2. 

20. 12ar'-7a:-12. 
23. 3-8x+4aj». 

26. 2a:»+3ay-2y». 
29. 9aJ'-9a:-28. 
32. 7ar'+4a;y-3y®. 
35. 13*»+41a:+6. 


a 3a:»-7*+2. 

6. 5a?+42a:-27. 

9. 4a^'-16»+15. 

12. 49x»+21a:+2. 
15. 6a?+llx+3. 

18. 12ar>-25x+12. 
a. 18ar!-9x-2. 

24. 5+9x-2a?. 

27. 12a:®+8a:y-15y*. 
30. 14a:»-29x+12. 
33. 12a:*+17a:y+6y*. 


108. By Multiplication (a+b)(a®-ab+b*)=a®+l»* 
and (a-b)(a®+ab+b®)=a®-b®. 
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Example 1. »’-l=**-l’=(a:-l)(a:®+*+l). 

Example 2. 27o*+86*=(3a)> + (26)’ 

= [3a+26] [(3a)“ - (3a) (25) + (26)*] 

= (3a+26) (9a® — 6a5 + 45®). 

Examine 3. 1 - 27**= 1 - (3a:)* 

= (l-3a:)[l+(3a:) + (3a:)*] 

= (l-3x)(l+3*+9**). 

Example 4. 8**+729p*=(2x)*+(9y®)* 

= (2a:+9y®)[(2x)® - (2x)(9y®) + (9y*)*] 

= (2a: + 9y®) (4a:® - 18xy® + 8 V). 

Examples. XVIII. k. 

Resolve into factors: 

1 , a:*+y*. 2. a:*-y*. 3. 1-**. 4. 1 +a:*. 5. 3 :*+!/*. 

6 . a:*-y*. 7. Sar*-!. 8 . l + 8 y*. 9. 8 a* + 6 *. 10. l+27*», 

11. a:*+ 27. 12. y*-27. 13. a*+125. 14. 125a»-l. 

15. 8a:*-27y*. 16. 8 a» + 275». 17. a*-216. 18. 343a:*-!. 

19. y»-64. 20. 64+y*. 21. 1000 a:»+l. 22. a* 6 *-l. 

23. l+a® 6 *. 24. a*6«-64. 25. 8 a:*y*-l. 26. ** + 1. 

27. 64a*-1256*. 28. 27a:* + /:* 9 *. 29. 216a*-6». 30. 512a:» + l. 

31. 729a’- 8 a:*. 32. l + 729a:*. 33. a<‘-¥. 34. 3^-64. 

Miscellaneoiy) Factors (Easy). Examples. XVIII. L 

1. -8a:*+16x. 2. a®-lla 6 + 306®. 3. -3 + 3x®. 

4. 3a*6*c® - 21a*5V + 18a^6'*c®. 5. 3a®-27. 

6 . 5a*-40. 7. 10a® + 9a5-6®. 8 . 3(a-l)®-3(a-2)». 

9. a^y-Sxy^. 10. 7a®-175. 11. -a:*-a:®-x-l. 

12. lloc®-33a®c. 13. 3 - 21 x + 18a:®. 14. 3a®6®-3a®-36®+3. 

15. 12 - 3x®. 16. - 3p*g^r*+ 2 jD*gV^. 

17. 3xH®-3’. 18. 15x®-36x+12. 19. 3?-px + qx-pq. 

20. 4x® - 36xy - 4()y®. 21. 5 - 45y®. 22. 20 x® + 30xy - 20 y*. 

23. lla:®-253ay+1452y’.24. S-Sla:*. 25. 4-(3-x)®. 

26. (a:-y)®-5a:+5y. 27. 15a:‘-15y«. 28. 3x®-6a: + 3. 

29. 3o6-65-3ac+6c. 30. 117a^-13. 31. 2a:*-250. 

32. pqx^+px + qx+\. 33. 2a:®-16x + 14. 34. 7x®-14x + 7xy-14y. 

35. 2a®-50. 36. a ®+06 - 426®. 37. 18x®-8y®. 

38. 1^3*-12^*3®+ 18 p® 9 ® 39. 363 - 3**. 40. 9x®+36*-45. 

41. 24x®-2x-l. 42. 2 -x’- 2 **+*. 43. e**-5y*. 

44. 3x*+27*+60. 45. 3**y’-3. 46. 20p®3®-5. 

47. 8 a 6 *c*-a. 48. 17x*+51x+34. 49. 9(a-5)®-4(o-«)*. 

50. 7**y*-700. 51. 2 (x-y)»- 2 . 52. 3-3(x-y)». 

53. l- 6 *+ 6 **. 54. z*-0*y+20y*- 55. 3 a®- 3 i®. 
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66. l-4(a?-y)* 57. 39a;3^26ar. 68. 2x^+2^xy-\-l(^\ 

69. 3-3(2a;-l)« 60. a;^-30a; + 226. 61. \%^-^x^~-2iX. 

62. 3a;2-12. 63. ^x + %x^-2o(^. 64. ISa^ft-SOai* 

65. 6a;4-a:3_2a;2 66. 1x^-%x + \. 67. 200 - 15a; ~ 5a:». 

68. 4a26c-6a62c + 8a6c2 69. 7^2-7. 70. a;*-27a;. 

71. x^+xy-42y\ 72. 9a;2~ 18a;-315. 73. a3a;-125a;. 

74. 3a;-8a;2 + 4a;3, 75. 4a2 + 4a6 + 62. 76. 7a2 + 7a-770. 

77. 13a;* + 41a;2_j.6a.2 73 +/)a; - ga; - 

^109. The Remainder Theorem (Art. 95) is often useful for 
purposes of factorization. 

Factmize the expi'ession + ix^ + a; - 6. 

When this expression is divided by a; - 1, the remainder 

= l+4 + l-6 = 0,.(i) 

Le, the expression is divisible by a: - 1 without remainder; in other 
words a: - 1 is a factor. 

Knowing this we write the expression thus: 
a:3-i + 4(x2-.l) + a;--l 

-(a; - l)(a;2 + a;+ l)4*4(a;- l)(x-h l)+a5- 1 
= (a; - 1) (aj2 + a; +1 + 4a; + 4 +1) 

= {x- l)(a;2 + 5a; + 6) 

= (a;- l)(a; + 2)(a;+3). 

From the above [see (i)] we observe that in any algebraical 
expression where x is the only symbol used, if the algebraical sum 
of the numerical coefiicients is zero, z 1 is a factor of the 
expression. 

Example. Factorize the expression Gar* + 1.3a;2 + 2a; - 5. 

When we divide by a;+1, the remainder is 

-6 + 13-2-5 = 0; .(i) 

a; +1 is a factor of the expression. 

Knowing this we write the expression in the form 
6(a;3+i) + i3(a;2-l) + 2(a;+l) 

=6(a;+l)(a;2-a;+l) + 13(a: + l)(a;-l)+2(x + l) 

= (a;+l){6a?2-6a; + 6+13a;-13 + 2) 

= (a; + l)(6a;2+7a;-5) 

= (a; +1) (3a; + 5) (2a; -1). 

Hence, comparing (i) with the given expression, we observe 
that in any algebraical expression where x is the only symbol used, 

if the algebraical sum of the coefficients of the even powers of e 
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is equal to that of the odd powers of x, x +1 is a factor of the 
expression. 

*110. Prove that (a - 6), (6 - c), (c - a) are factors of the expression 
{b-c) + b^(c - a) 4- c^(a - 6). 

When we arrange the given expression in descending powers 
of a and divide by a - the remainder is equal to the value of 
the expression obtained by putting a = b. (Remainder Theorem.) 
This remainder = 6^(6 - c) + - 5) = 0; 

a - 6 is a factor of the given expression. 

In the same way we may prove that b - c and c-a are factors 
of the same expression. 

*111. Miscellaneous factors. 

Example 1. Factorize the expression - a^. 

x*~ a^ — {x- -h a^) (x^ - a®) 

= (x^ + a?) {x + a) {x ~ a). 

Example 2. Factorize the expression x^ - a®. 
x^-a^=: (x^ 4- a®) {x^ - a^) 

= (a: 4 a) (a;^ -ax + a^){x-a) (a;® 4 aa? 4 a^). 

In a case of this kind it is advisable to consider the expression as the 
diflference of two squares Jirstf as above. 

Example 3, Resolve into factors Sx* - Zx^y — 18a:^y®. 

.3a;^ - 3a;^2/ — 18a;'y=3x“(a;2 -xy — 6y^) 

= Sx^(x-3y}{x + 2y), 

Example 4. Resolve (a 4 6)® - 1 into factors. 

(a46)3- l-[(a46) - l][(a46)24(a^ 6)41] 

~ (a 4 6 - 1) (a- 4 2ah 4 6^ 4 a 4- 6 41). 

Example 5. Resolve 32(a: 4 yf -2x-2y into factors. 

32(a: 4 y)® - 2a; - 22/ = 32(a; 4 - 2(a: 4 y) 

= 2(a’42/)[16{ar42/)2-l] 

=2 {.r 4 y) [4 (a; 4 y) 41] [4 (a; 4 j/) -1] 

= 2(a;4y)(4a;44y4 l)(4a;44y- 1). 

Example 6. Resolve 9a;^ - 49y2 - 9a: 4 21 y into factors, 

9x^ - 49y* - 9a; 4 21y = (3» 4 7y) (3a; - 7y) - 3 (3a; - 7y) 

= (3a; - 7y) (3a; 4 7y - 3). 

* Examples. XVIII. m. 

Resolve the following expressions into their simplest factors: 

L a*-b\ 2. 16a4-l. 3. 32a4-2y4. 

1 a;*-a;2 42a;-l. 6. 3aa;®-3a’. 6* 7(a+6)^-7(a-W 
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Resolve the following expressions into their simplest factors: 

7. (a-6)*-4(c--rf)2 8, (a*~62)®-(a~5)^ 9. (x-yf-x-\-y, 

li). 4a:®-12a:*-a:+ 3. 11. 2a;® + a:*-18a:-9. 

12. ah{Qt^-\ry^)-‘Xy(a?+h% 13. a(6 + c-<f)-c(a-6+«f). 

14. 4a:*-2a:»y-3a^-9/. 15. a:* - 13a:* + 36. 

16. a*6* + a*6®. 17. a(a-6)*-oc*. 18. a:®-3a*a:+2a* 

19. 84a:®-8a:-l. 20. 4(2a:+3)*-9(a:-3)*. 21. 1+2a:+a:*-a:*. 


22. a*6-6(6-c)» 23. a^- 

25. a:*-5a:* + 4. 

27. a:*+(l ~a)a:-a. 

29. x*+3aa;-3a6-6*. 

31. + 

38. (a:* ~ y* - 2 *)* - 4y*2*. 

35. a:*+4a:®-7a:*-10a:. 

87. 2a:* - 9a:* + 4a:+ 15. 

39. 15a:* - 4a: - 35. 

41. (l-a6)*(a + 6)*-(l+a6)*(a- 
43. a:* ~ 3a:® - 2a:* + 12a:-8. 

45. 6a:*-13a:*y-9a:y* + 10y®. 

47 . a(o+2)x*+2a:-a*+1. 

49. 16a^-(6-c)^. 

51. 15a:* - 4a:*y -13a:y* + 6y*. 

63. (a^-xy)^ -{xy-y^f. 

65. 5p* - 19pg + 12g*. 

67. 27a:*-48y*. 

69. 2a:* + 7a:-30. 

61. xy^-yofi. 

63. 6(6-2)-(a*--l). 

66 . (2a:+6)*-(3a:-6)*. 


165*. 24. a«-L 

26. {a:*+a:y)*-(a:y+y*)* 

28. a:* + (2a + 5)a;-a5-3a*. 

30. (a* - 5*) (a:* - y*) - 4a5a:y. 

32. 200a:* + 10a:-21. 

34. (a:-2y)® + (2a;-y)® 

36. (a:* + a*) 5 + (a* + 5*) a:. 

38. (aa: + 5y)*+(ay-5a:)*+c*(a:®+y*). 
40. (a:* - a*) 5 + (a* - 5*) x. 

5)*. 42. a(a +l)x* + x-a{a-1). 

44. 5a:* - 4a:* - 6x* + 4a; +1. 

46. a:* “ 4a::* + 4x - 3. 

4a a*(l + 5)-5*(l + a). 

50 . (?+ 26 -c)*-(|- 6 + 2 c)*. 

52. a5*-6»+4. 

64. x®+(a-6)ay-a6y*. 

56. x + Sa’rj/*. 

58. x»-x*-4. 

60. a*a:4-<l(l-X*)-*. 

62. 4x*-12x-432. 

64. (x»+.^)*-16x». 

66. (x>'-x)»-8(x*-x) + ia 


CHAPTER XIX. 

HIGHEST COMMON FACTOR. 

112. When a term is the product of several letters, each of 
the letters is called a dimension of the product. Also the 
number of letters, when expressed without indices, denotes the 
degree of the product. 

a%c = a,a,a.h.Cj and is therefore of five dimensions. 
Numerical coefficients are considered as of no degree. 

and 13a^^;s; are therefore of the same degree, the fourth. 
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XIX. 1 

The highest common factor (h.g.f.) or highest common divisor 

(H.C.d) of two or more integral algebraic expressions is the 
integral expression of the highest degree which will exactly 
divide each of them. 

Consider the expressions 27a%\ 3 is the H.C.F. of 

the numerical coefficients 27 and 15. 

The highest power of a which will divide both expressions is a*. 


h . hK 

c .c. 


the H.C.F. of the two expressions is Sd^bh, 

Example. Find the h.c.f. of 15a®6*c®, 60a®6®, 25a^6V. 

The n.c.F. of 15, 60, 25 is 5. 

The highest power of a which divides all the expressions is a\ 

. b .5* 

No power of c divides all tiiree expressions, 
the reqd. h.c.f. =5a®6^. 

Examples. XIX. a. 

Find the highest common factor of : 

1, 5a^6, 10a6^. 2. 3. 3a^b. 

4 . (^xy^z, 8x^yz% 5 . 9d^b'^c^, I5a%c\ 6 . 2WxK 

7. Qx%', Sxy^j 9x^y^. 8. a:“y, xy^. 9. 27a^c^, 18a®c®. 

10. 2Qj(^y\ 11. S5a^b*c^(P, 20a\'^d\ 45a®6^rf, 10a'^6'*ccP. 

12. SaZ^c^, 5d^bCf lately Oabed. 

113. In compound expressions the H.C.F. can be determined by 
inspection as soon as the expressions are resolved into their 
simplest factors. 

Example 1. Find the h.c.f. of 

a^hx + al)^x and a% - 6®. 
a%x + ah“x ~ ahx{a -f 6), 

a^b - = h(a^- b"^) = h{a + h)[a -6). 

By inspection the reqd. h.c.f. is h{a + b). 

Example 2. Find the ii.c. f. of x^ - I7x + 60 and x^ + 7x- 60. 
a;2 - 17a; + 60 = (a: - 12) (a: - 5), 
a;2 + 7a;-60=(a;+l2)(a;-5). 

.'. the reqd. h.c.f. is x-5, 

L 


B.B. S.A. 
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Example 3. Find the h.c.f. of 4, +3a;+2, ~2. 

a;2-4=:(a;-2)(a;if2), 
a:®+3a;+2={a; + l)(a;+2), 
a;2 + a;-2=(a;- l)(a;+2). 
a;+ 2 is the h.c.f. reqd. 

Example 4. Find the h. c. f. of - ax^+a^x - a® and - ax^ a^x +a* 

a;® - ax^ + a?x - a®=a;^(a; - a) + a^(x - a) — {x - a) (x^ + a®), 
sgS _ ^2 _ a^x+a^=x^(x -a)- a^{x - a) = (a? - a) (a;® - a®) 

= (a; + a)(a;-a)®. 
the reqd. h.c.f. is a?-a. 

Examples. XIX. b. 

Find the h.c.f. of: 

1. a®~aa7, a® + aa?. 2. 5a;-10, 4a;-8. 3. x^ + xy, xy + y^. 

4. a?®-4, 3a;-6. 5. a®+2a5, ab + 2b\ 6. a;® + a;y, a;®-y®. 

7. a;® - 2a;y, a;® - 4y®. 8. a;®+ 2a?y + y\ x- - y\ 9. a;® - 3aa;®, 2a;® - 6aaf. 

10. 15a? - 45, 3a;® - 27. 11. 3a;® + 12a;y, 4a;® - 64y®. 

12. 4a;® - 8a;y, 3a;i/® - 6y®. 13. a;®+3a; + 2, a;® + 6a?+5. 

14. 1-2a? + a;®, 1-a;®. 15, 1 + 2a; + a;®, 4a;-4a:®. 

16. a;® - 7a; +12, a;® - 8a; +15. 17. a;® + y®, 5a;® - 5y®. 

18. a;®-a;-20, a;®+3a;-4. 19. a;®-121, a;® + 12a;+11. 

20. a;® + 17a; + 60, a;® - 7a; - 60. 21. 3a:;® + 3a®, 2a;® + 4aa; + 2a®. 

22. a®+6®, a®6-a6®+6®. 23. a;® + a;-42, a;®-9a; +18. 

24. 4a;® + 12a;-72, 3a;®-3a;-18. 25. 24a'>6®(a + 6)2, 21a®6*(a® + 6®). 

26. 22a;®-a;-l, 6a;®-5a;+l. 27. 2a;® + 5a; - 3, 7a:® - 63. 

28. a;*-2a;®-a;+ 2, a.’®-a;®-4a;+ 4. 29. (6 + c)®-a®, (c + a)®-6®, (a + 6)*-c*. 

30. 10a;®+13a;-3, 5a;®-lla; + 2, 5a;®-16a;+3. 

31. a^-7a;+10, a;® + 2a;-8, 3a;®-3a;-6. 

32. (a-6)®-c®, (a + c)®-6®, (c-6)®-a®. 

33. ai®-10a;+25, a;®-25, aH*-125. 

34. a?*-(a-c)a;-ac, a;®-(a + c)a;+ac. 

35. 2a;*+a;-1, 2ai®-5a;+2, 6a;®+a;-2. 

36. 16a;4 4.3ea,2+8i^ 8a;3 + 27. 

37. a;®-a;®-3a; + 3, a;®-3a;®+2. 

38. a;*-a;®-2a;+2, 2a;®-a;-1. 

39. 15a;® - 19a^+4, 9a;® - 9a;® - 4a; + 4. 

40. a;®-7a;+10, 4a;3-25a;2 + 20a; + 25. 

♦ 114. When compound expressions cannot readily be factorized 
we find their H.C.F. by a method analogous to the Arithmetical 
method. 

Before attempting any such, the student must grasp the 
principle underlying the Arithmetical method. 
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Let us find the h.c.f. of 782 and 5451, 

782 ) 5451 ( 6 
4692 

759 ) 782 (1 
759 

23 ) 759 ( 33 

69 

69 

23 is the rcqd. ii.c.r. 

This method depends upon the fact that if any two numbers 
have a common factor, the remainder, when one is divided by the 
other, has the same factor. 

Thus in the above, 

any factor common to 782 and 5451 is a factor of 759. 

. 759 and 782 . 23. 

This principle, a rigid proof of wliich will be given later, being 
true for Aidtlimetical num])ers must also be true in Algebra, since 
the symbols stand for numbers. 
liCt us now apply it to some examples. 

Example 1. Find the ii.c.f. of arM-Co;^ - 8.c - 7 and a:® + 8a;-+ 10a;+21. 

+ 6a:‘^ - 8a: - 7 ) -I- 8,k“ + lO.r f 21 (1 

(ia ;-- Sr. - 7 

(a) 2) LV +18a: a 28 ) x^ + - 8x- 7 (x-S 

9x + 14 9.-^ + 14a: 

22 a: ~ 7 
J- 3a--27a:- 42 

(b) 5) aa; -I 35 ( .r2 + 9a;+14) a;+2 
x+ 7 x^-i-7x 

” ’ 2.r+14 
2:c+14 

a: + 7 is the reqd. h.c.f. 

(d) Here we see that 2 is a factor of 2a:2+18a; + 2S, bzU not a factor oj 
aj^+ 6 . 1:2 - 8 a; - 7 : we therefore reject it. 

{b) We see that 5 is a factor of 5a:+ 35, hut not a jaefor of a:^ + 9x + 14; 
We therefore reject it. 

The work will be considerably simplified if factors not common to both 
divisor and dividend are rejected in this way. 
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Time will be saved if the work is arranged as below: 


-3 


a;® + 6a;®- 8a;- 7 

a;®+8a;® + 10a;+ 21 

a;® + 9a;®+14 

a;®+6a;®- 8a;- 7 

-Sx‘-22x- 7 

2) 2a:*+ 18®+28 

-3»^-27a!-42 


a;®+ 9a; + 14 

5)5a;+35 


a:®+ 7a; 

x+ 7 


2a;+14 



2a;+14 


.(c) 


At the stage (c) we might have shortened the work thus. The factors of 
a^+9x+14 are x + 2 and x + 7. x+2 is evidently not a divisor of the 
given expressions. 

Dividing x^+6x^-8x-7 hy x+7 we find that x+7 is the H.C.F. 

When the given expressions have factors common to every 
term, these should be removed first, remembering that they 
themselves may have a common factor. 

Example 2. Find the h.c.f. of 

S6x*-W+I8x^+I2x and 90a;^-207a:3 + 63a;2 + 36a?. 

36a:^ - 78a;3 + iSa;^ + 12a:=6a; (6a;3 - 13a;2 + 3a; + 2). 

90a;^ - 207a;® + 63a;« + 36a:=9a;(10a;5 _ 23a;8+7a;+4). 

3a; is the h.c.f. of 6a; and 9a;. 

We now proceed to find the h.c.f. of the remaining factors, 

12 


3a; 

6a;3-13a;® + 3a; + 2 

lOa:* - 23a:* +7x+ 4 


6a;®- 9a;®-3a; 

12a:*-26a:*+6®+4 

-2 

- 4a;® + 6a;+2 

-a;)-2a;®+ .3a;® + x 


- 4a;® + 6a;+ 2 

2a;®- 3a; - 1 


the reqd. h.c.f. is 3a;(2a;^-3a;-1). 

Example 3. Find the h.c.f. of 

6a;^-19a;^ + llx*+6 and 10a;® - 19a;2+2a;+6. 


(c).. 


(W. 


3a; 


-9 


6a;3-19a;Hlla;+ 6 

__ 2 

12ar®-38a;2 + 22a;+12 
12a;® -27a? 

- 38a;® + 49a;+ 12 
-36a;® +81 

-1 )- 2a;®+49a;-69 

2a;®-49a:+69 
2a;®- 3a: 


X 

-23 


-46a; + 69 
-46a:+69 


10a;®-19a;® + 2a;+ 6 

6a;®-19a;®+ lla; + 6 


X )4a;® 


9a; 


4a;® - 9 

4a;®-98a; +138 

49 ) 98a; - 147 
2a; - 3 


.(a) 

.(d) 


The reqd. h.c.f. is 2a;-3. 
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N.B ,—It is not necessary that the first term of the divisor should go an 
exact number of times into the first term of the dividend. See (a) and (6). 
It is, however, sometimes convenient, as at (c), to introduce a factor. 

At {d) we reject the factor a;, which is not a factor of either of the given 
expressions. 

^ 115. K A and B represent any integral algebraical expression, 
then if A and B have a common factor, their sum or difference has 
the same factor. 

Let p be the common factor of A and B, and C and D the 
quotients when we divide them by p. 

Then A=pO, and B=pD. 

A -h B =^(C + D), i.e, 2 ^ is a factor of A + B. 

In the same way A - B =^(C - D), p . A - B. 

Further if A and B have a common factor py p is also a factor of 
wiA + TiB and mk-iiBy where mA and nB are any multiples of 
A and B. 

Let C and D be the quotients when we divide A and B by jp, 
so that A =^C, and B =pD. 

.'. wA + nB = mjE?C + 

=2?(mC + ^iD); 

.*. p is a factor of wzA + 7zB. 

In the same way, mk - 7iB =p(7nO - tiD) ; 

.’. p is a factor of nk - nB. 

This can often be employed to shorten the work of finding 
a H.C.F. 

Find the ir.c.F. of 

5a;3 +16^2 +23a;-5148 and +48a;2 - 103a:-5148. 

The difierence of the two expressions 

=:2a;3-32x2+126a; 

— 2a:(a:2 - 16a;+ 63) 

= 2x{x- 7)(a:- 9). 

Now 2a; is not a common factor, nor is x-7, for 7 will not 
divide exactly into 5148. 

a; - 9 must bo the H.C.F. if there is one. 

Examples. XIX. e. 

Find the highest common factor of 

1. 30a*a;* - 5aV + 5a®a;, 9ax^ - a?x +2a^. 

2 . +2x^y^+ 
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Find the highest common factor of: 

3, - j; - 3, 2oi^-5x^ + x^+5x-Z, 

4. 2x^-7x^ + Sx-4, 6a;3-6a:2-lla;-2. 

6. 2ix^-5x + 6, 4'x^ + x^-l2x + 4. 

6. 3a:8+14a;2+l2a;+16, 2'x^ + 7x^-4x^-x-4. 

7. 2a:^ + 9a;* + 14a; + 3, 3a;^+15a;^ + 5a;^+10aj+2. 

8. 12a:3 4-9a;2-4a;-3, 16a^4-8a;^ + £c+3. 

9. 2a:3 + 9a;2,i7a._45^ 6a:3_ 290 : 24 . 310 : +10. 

10. a:4-65c3+8a:2-lla; + 2, 2x^-lla^ + Sx'^-ex + l. 

11. 6ic3+iia;2^31aj + 14^ 4a^-47x + 7, 

12. 5a;^ + 12a;®4-3a;-2, a:® + 3a:^ + ~ 4. 

13. 4a^- 17a;^ + 3aj + 4, oc^-l7x + 4, 

14. 2a;3_7a.2^4eo;-21, 2a;4+lla;^-13a;^-99.r-45. 

15. 15a;^ + 6a?“-45a;-18, --49a^4-28a;2+147a?~84. 

16. 6a;* - 2lix‘^y^ - 9y*, 3a;^ - 15a% + xy^ - 5y^. 

17. 3a;* + 3a;^y - 27x^y^ + 33a;i/*' - 12y*, Sa.** - 5a;”y - l^x’^y^ + 25a;^® - 

18. 25x^-i-5x^-X -Ij 20a;* + a;2-l. 

19. x^-\-4x‘^ + 5x-\-Gy a;* + 2a;^ + 5a;^+4a;4-4. 

20. 3a;®+ 17x^-6235+14, 7ar* + 52x-- 46x + 8. 


REDUCTION OF FRACTIONS TO LOWEST TERMS. 

116. We shall assume throughout that as the symbols stand 
for numerical quantities, the ordinary Arithmetical rules con¬ 
cerning Vulgar Fractions apply to Algebra, leaving the proofs of 
those rules to a later stage. 

In Arithmetic ~ = = 

8 4x2 4 

c. . A 1 1 . ma a 
So in Algebra ^ = j* 

abc^ _a cxbc _ae 
bh " b X be ~~ b* 

ax-bx_^{a-h) XX 
abx abxx ~ ab ' 

4a^ - 6ab __ 2a (2a - 3b) 2a-3b 
6a2“r4i“i' 2(^p^2i) "" 3a-2b' 

Qr-*^x-h6(x-2)(x-3)(x-2)fx~-3) x-3 
?^ 5 cT 4 “ ~Jx-2f~ ”(a;- 2 )(a;- 2 )“ 5 ^' 
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117. A fraction is reduced to its lowest terms by dividing its 
numerator and denominator by their H.G.F. 

The H.C.F. should always be found by factorization, when 


Reduce 


3a;2 + 2a; - 1 


to its lowest terms. 


x^ + x^-x-I 

The given expression 

_(3a ;-l)(a;-hl ) 

(x^- l)(a;+l) 

3a; - 1 

= * —- in its lowest terms. 
x^-I 


Reduce 


a8-7^2+10^. 12 


to its lowest terms. 


3a3-l4a2+16a 
The denominator — a (- 14ft +16) = a (3a - 8) (a - 2). 

Hence it is evident that if the numerator ^and denominator 
have a common factor, it is ft ~ 2. 

Acting on thk knowledge, we write the numerator to show 
ft - 2 as a factor, thus : 

(ft3 - 2a2) - (5ft2 - 10ft) + 6ft - 12 

= ft2(ft-2)-5ft(ft-2) + 6(ft~2) 

= (ft2-5ft + 6)(ft-2) 

= (ft - 2) (ft - 3) (ft - 2) ; 

_ (ft - 2)(ft - 3)('ft - 2) _ (ft - 2) (ft - 3) 
ft(3ft-8)(ft-2) ~ ft(3ft-8) 

in its lowest terms. 


the given expression = - 


Examples. XIX. d. 


Reduce the following to their lowest terms: 


1 

4a® 

9 

10^ 

o 

10a26«c 

1. 

8a ’ 

A. 

5ax’ 

o. 

24oft2c*‘ 

4 


B 

18aW 

6. 

lOSm’re^p" 

*• 


u. 

12aW 


7. 

a® 

Q 

3 ? 

9. 

Sax 

a^+ab' 

o. 

- xy 

4ax - Say 

10. 

Sax 

11. 

6a^ - 9ab 

12. 

8x^- }2xy 

Sax^ - 3axy‘ 

55Zr^i26®‘ 

~ 4a:y * 

13. 

3x* - 3xV 

14. 

abx - hx^ 

15. 

xy-xyz 



acx-cx^ 


3i>2-3’6z*’ 
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Reduce the following to their lowest terms: 


16. 

x^-2x 

17. 

3ar-ar> 

18. 

a;® + 4a; + 4 

a^-5x+6' 

a;®-5ar+6‘ 

a;® + 5a: + 6* 

19. 

l + 3a:+2*» 

20. 

a;® + (a+6)a? + a6 

21. 

a^-b'^ 

1 - 2a? - 3a;®* 

a?® + (a + c)a; + ac' 

a® - 6®* 

22. 

x^-2xy + y^ 

23. 

b^-a^ 

24. 

\ + {a + b)x + ahx^ 

3?-y‘ 

a®+2a6 + 6®* 

1 + {a + c)x + acx’^‘ 

25. 

2ar'-18 

26. 

x*-^x^ + 2 

27. 

x^-(a-h)x- ab 

3x*+3x-18' 


x*-x‘-2‘ 

a;® - (a + c)a;+ ac' 

28. 

afi - 2a:V* + y* 

29. 

*®-7a:+10 

30. 

a® + 2ab + 6® - c® 


a;®-y® 

23^-x-6' 

a® - 6® - 26c - c®* 

.31. 

34. 

3a;2 + 2a;-l 

32. 

35. 

(a + 6)“-(c + (i)2 

33. 

36. 

I""- 

1 

1 

o 

+ a;® - a; - 1* 
a?^ + a?®+1 

(a+c)“-(6 + ti)*' 
af' + 4a^-5» 

•x^-^x- 12* 
a?® - 1 

3? + X+l' 

oi^-^x + 2‘ 

3^ + 7a;-10* 

■ 37. 

x*-9a^ 

38 

a;® + 4a;® - 5a; 

39. 

(x - y)® - 1 

a;* - 6aa;® + 9a®* 

uo« 

ari-eai + S*' 

(x+if-y'^' 

40. 


41. 

aa^-lab + ib^ 

42 

i-{x + yf 

o»+3a» + 5a + 3t' 

3(»^-a6-26*' 

{x + 2f-y'^' 

43. 

6<i*-13ff.6 + 6f)» 
6a® - bob - 66® 

AA (2a + 6)®-c® Mf, 

4a®-(6 + c)®* 

27 +a® 
9 +3a 

3a:* + 5a; + 2 
• -ix^+x-r 


MULTIPLICATION AND DIVISION OF FRACTIONS. 


11Q «i 1 • a- Tf ah-ar, Zahc c^-ac 

118. Example 1. Simplify -^x— 

mi . . a{h-c) he aia-c) 

The given expression = 5 ^^ x - x 

(factorizing and dividing numerator and denominator by 3 a) 

^a%e(h - e){a - e) 

4ab^{a - c){b - c) 

__ac 

46 

[for a, 6 , (6 - c), (a - c) are all common factors of numerator and denominator]. 


Example 2. 


Simplify 


x^ + x-2 x^-x-2 , x^-} 

x^-2x ^ x^-2x-S ' x^- 5x' 


The given expression = x 

x{x — 2) 


( a?-2)(a;+l) 
{x-^){x + 2) 


X 


_ xix -b) 
(i-T)(a; + l) 


x-5 
a:-4' 


*The sum of the numerical coefficients is zero. a;-l is a factor. 
(Art. 96.) 

tThe sum of the coefficients of even powers=the sum of the coefficients 
of odd powers. (Art. 96.) 
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1 . 


3. 


5. 


7. 


9. 


11 . 


13. 


14. 


16. 

17. 


18. 


19. 


20 . 


21 . 


22 . 

23. 


Examples. ZIX. e. 

Simplify the following; 

+ 2xy 4- - xy 

a;^-4 2 

2a;-4 ^a: + 2‘ 

a;^ - 5a; + 6 a;^ + 5a; + 4 . a;--3 
x^- in ^ a;*"^ - 4 ' a; - 4* 

a:^ + 5a7 + 6 ^ a;+ .3 
x^ - 25 ■ a: - 5‘ 

2 5a^- 1 3a; + 2y . 5a-1 

9a;2 - 4y2 ^ 5a + 1 * .3a: - 2y* 

6a;2 + 5a;+l 2a:^-lla; + 5 

2a7^ f a; - 1 . / a;^ + 4a; + 3 2a?~ 1\ 

2a;^ - a; - 1 * \a;^ + 4x - 5 ^ ‘2a; + l/‘ 

x^-5x + 6 3(a;2-49) . a;^ + 5a;-6 (a + 6)2~c* {a-h)^-c^ 

i^~-i()x + 2i'^x‘ + 5x-U' x‘‘-x • a''»-(6 + c)»’‘(a + 6)»-c>‘ 

a:® - 64 {x - 3)^ , a:^ + 2a; - 15 

x^ - 16 ^ (a; 4)^ - 4a; ’ 4a;^ + 16a; 

Sx^+Ux-hS 12a;^-6a: . 18 a:^-6a; 

Sx^ - 10a; 4- .3 ^ 4a;2 + 5a; 4-1 ' 4a;'** 4- a; - 3* 

{a^ + ax)^ a^-ar* . a 4-a; 

(a'** -aa;)^^ 4-ar^ * a- x 

6a;2 4-6 ar* - 1 a:® 4- a;® 

{x + i )■** - a; ^ ar^ - 3a;® ^ ^-I’ 

(a - 6)® - c® c . gc - 6 c 4- c® 

ab-b^- be ^ a®4-cr6 - ac * d^-{h - c)®* 

3a;-6a;2 ^ l-8a;3 34 - 60 ;4-12a;® 

l-9a;4-18a;®^(l-2a;)® ' i4-3i-i8a;®* 

^216 - .3x® . a;® 4- 2a; - 15 

a;® - a; - 42 ^ a;^ - 6a;*^ + 36a;® ’ 2a;® - 98 

0:^4-a;® 4-1 (a; - 1)® , a;® 4-8a;® - 9a; 

a;®-! ^ar*-l‘ a;4-l 


9 a;® - 4 9 . a? 4-7 
a;®-9‘a;4-3‘ 

. 4a;® - 1 , 2a; 4- 1 

ft ^^ + (« + 6)a;4- a6 ^ a;4-« 
a;®-c® ‘ x-c* 

g _. a;®4-a® 

* a;® - 2aa; 4 - a® ‘ a(a; -a)‘ 

1ft ^ ~ 0 . a;® - 3a; 
a; ® 4 - a; - 2 ' a;® - a; ’ 

X*-27x . a;® 4 -3a; f 9 
a;®-9 • a: 4-3 * 


Q. 8a;®-26a;4-15 3a;®-7a;4-4.4a;®4-a;-3 
• ^2x‘‘-7x + 5 ■ a^-1 "• 

nc x *-a* a;® 4-a® ^_ (a;® - a®) _ 

a;® 4- a® ^ x*-2a^x^ + a* ‘ (x* - a‘®a;® 4- a*) (a;® - 2aa; 4- a*)* 

26 ^^^^~31a;y4-14y® _21a;®-9a; y , 27a;®-63agy 

10a;®-^a;y-21y® ^3x^-2xy + 3x-2y*2x^+3xy-\-2x+3y 
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CHAPTER XX. 

LOWEST COMMON MULTIPLE. 

119 . The lowest common multiple (l.c.m.) of two or more 
integral algebraic expressions is the integral expression of the 
lowest degree which is exactly divisible by each of them. 

The L.G.M. of and aii^ is 
. a?, ah 

. V2a^ and is 36a®, for 36 is the L.G.M. of 12 

and 18, and a® is the L.G.M. of a® and a®. 

Example 1. Find the L.C.M. of 21a®6®c, 7a®6V, and 2a*6®c®. 

The of 21, 7, and 2 is 42. 

The L.C.M. of a%\ a®6V, 

must contain or it would not be divisible by the first expressioii, 

it . 6®.third. 

and ... c®.second. 

/. 42a®5®c^ is the reqd. l.c.m. 

Examples. XX. a. 

Find the lowest common multiple of; 

1. a®6c, a6*c. 2. ^d?x, 3, 4a®, 6a®. 

4. 6a:y®, \hx?y, 5. 42a;®y, 49y®2. 6. a*, 2a6, 6*. 

7 . 10a:*, 12a;2y®, 4a;y®. 8 . a:y, yz, za:. 9 . Sa% 12a®6®, 8a6®, 46*. 

10. a*, 4a®6, 6a®6®, 4a6®, 6*. 11. 9a:*y, 12a:®y2, 54a;V. 

12. ay^i a^y, ah. 13. a, 2a, 3a, 4a, 6a. 

14. a?h\a%\ah. 15. 6a®62c*, 4a6®c2, 9a®6*c. 

16. 8a:®y*2®, ba^yh^, 16a:®y*z2 

120 . The L.G.M. of compound expressions can be determined 
by inspection when the expressions have been resolved into their 
simplest factors. 
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Ezamplo 1. Find the l. c. m. of a^b - a%x and ah^c - h^cx, 
a?b - a%x—d*b (a - x), 
ab^c - h\x ~ (a-x). 

Thus we see that the reqd. l.c.m. is (a-x). 

Ezamplo 2. Find the l. c. m. of a;^ _ 5 ^; + 6 and + 2a; - 8. 

a;* - 5a; 4- 6 — (a; - 2) (a; - 3), 
a;2 + 2ar-8 = (a;-2)(a;4-4); 

/. {x-2){x-2){x + 4) is the reqd. l.c.m. 

Example 3. 4a^6^c 4- 4aVrcx^ - ^a%c^x^ and '‘^db'^c - Zb\d^m 

4a‘‘6-c + 4a‘%'^cx = 4dbh' {a-\-x), 

6dhc^ - 6a~bc^x~6dbc^ {ci-x), 

ZaVfc - 3?/ra;“=3&^c [d - a;®) = 3/A* (a - a;) (a 4- a;); 

12f(a - a;) (a 4- a;) is the reqd. L. C. M. 

Examples. XX. b. 

Find the least common multiple of 

1. 4a;, 4(a-a;). 2. a-, a (a -6). 3. 2(a-a;), 3(a4‘»), 

4. 3(a4-/d, 7 (a4- h). 5. orh{a - ?>), a}!^(a - b). 6. xyz(x -y), xy, 

7. 2a;- {x y), 4xy. 8. 0 (a* - 1), 2 (a: +1), (a;^ - 1). 9. d\ d- ax. 

10. 2a^ + 2a-a*, 4aa;. 11. 3a - 3/>, 5a - 5/>. 12. 4(a;-y), 3(a;2-y*). 

13. a;2, (a;- 4-1 )^, () +1). 14. 3 {ax - hy)y 4 (ax 4- />?/), 6 (a^x^ - h^^), 

15. x{x^-y-}, y{x \- y), x(x-y). 16. 8(1 - a:), 8(1 4-a;), (l4-a;2). 

17. 3(ar^ - 1), 4{x^ 4-a;4-1), (3(x- 1). 18. X“4-3x4-2, X“4-5x4-6. 

19. x‘■^~2x ^ 1, x^ + X“2. 20. X-- 9x4-14, x^-10x4-21. 

21. x2 - 3x - 4, x2 4- 2x - 24. 22. (a -f bf - c^, (a + cf - b\ 

23. 6(x-f-t/)^ 9 (x4-?/)^. 24. 2x2-7x4-3, 2x2 4-5x~3. 

25. 3x‘‘^-7x4-2, 3x-4-8x-3. 26. -y^y (x + yfy (x-yf. 

27. x 2-362/^ x“4-7x//4-(iy'^, X“-i 5.»7/-6y‘*. 

28. 7 {a% 4- a/>2), 21 (a- 4- a/>), 35(//^ - a5)- 

29. 3(x2-y®), 6(x'^4-x!/), 4(x’^-a%). 

30. 12x22/(x 2-3x4-2), 18x.v‘^(x-l), ^y’^{x-2f. 

31. a? - 2a2 - 3tt/; 4- 5^ + orb 4 ah\ 32. 2x2 _ 7a: + 3, Sx® - 7x - 6. 

33. x2-5x-h6, x2-2x-3, X--X-2. 34. x2-4, x2-x-2, x^ 2a;2 - a; - 2. 

35 . ^{a^~an>% db{a^b + b% 

36. ()x{x^-y^), 9(x^-xy^), 12(ar^4-2xy--2x“y-y^). 

37. x‘^~4a^ x^ 4-2ax2 H-4a-x 4 -8f7’^ ar* - 2ax^ 4-4a-x - 8a®. 

38. x^ - {a + b)x 4- cthy x^ + 3ax - 3a6 - 6^, x* 4- (2a 4- 6) x - a6 - 3a*. 

39. 4x®- l2x2-x + 3, 2x®4“X-- ISx-Q. 

40. ah - 6* “ ca 4 -6c, bc-c^-ab + ca. 
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CHAPTER XXL 

ADDITION AND SUBTRACTION OF FRACTIONS. 

121 . We have already seen that, just as in Arithmetic 
3 5 3 + 5 

Y+ 7 - 7 » 


BO in Algebra 
and 


—I——— > 

a a a 


and 

a a a 

When in Arithmetic we wish to add or subtract fractions 
which have different denominators, the plan is to reduce all the 
fractions to equivalent fractions having the same denominator. 

We adopt the same plan in Algebra. 

Example 1 . 3(^) _ 2J^) 

^ 4 6 3x4 2x6 

[12 is the L.C.M. of the denominators 4 and 6. We therefore multiply 
numerator and denominator in the first fraction by 3, and in the sec<mtd 
by 2.] 


3(a;-3)-2(a:-2) 3a;-9-2a; + 4 


I (collecting like terms). 


(removing brackets) 


Example 2. Simplify 


(the L.O.M. of Sx, < 


ic + 3 4.r ~ ^ ^ 

3x 4x^ ^ 2a:^’ 

_ 3) _ 3a: {4x - 3) _6 

“ 4x^x3x 3xx4x^ ^6 

y|J2a:'’) 

- 12a:*+9ar + 30 
12a;» 

4x^+9x+30 
“ 12^^ ' 


^ 6x6 


Examples. XXI. a. 

Simplify the following expressions: 


x^3a:'^2x‘ 

2 . 

a a 
x^3x 

a 

2x 

3. 

a b 

4 


1 A. 


a 

c 

6. 

x-3 

a?-4 

ttX 

^ bx ex 

5. 

he ac 


3 

4 ' 

X 

a:+l 

8. 

2x-l 

00 

1 

^1 

1 

Q 

x-a 

x-h 

6“ 

7 ’ 

3 

6 ’ 

V* 

a 
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3i8-2y -- a?-3 

xy yz * 3a: 

IQ a? + l « + 2 a;-4 
16. 2 ^ 3 4 * 

a-h a + 6, a^ + 4a6 + 26^ 

‘”5 2a6 

17 2c - g g - & 3b 

3c 2g ■^4g* 

IQ 36 + 4 g 6-6c g + 6c 

2a6 36c 4f/c 

a2-62 c2-62.c2-a2 

IW 62 c 2 aV • 


x-5 -g g + 3r 2/)~g 

5a; ‘ * 3gr 2pg * 

a;+y 2x-7y ,x-^y 
5 10 ^ 3 * 

16, ^~y, y-^ I 

xy yz zx 

IQ x-y^xl^-{-y^ a;2 + y» 

* a: xy^ 

2a:+ 1 3a; + 2 1 

3 a: bx 

QQ Sx — Gy 21a;-14y 38a:-57y 

+ jg 


122. Note carefully the truth of the following statements: 

JL=_zJL= 

2-a; X - 2 x~ 2' 

This is obtained by multiplying numerator and denominator 
by -1. 

In the same way 


and again 

Example 1. 


4a; - 3y ^ 4a; - 3y 

y-x “ ■ 

7g _ 3 g - 26 _ 7g ^ 3g-2 6 
0-6 6 -g ~a-h a-b 

^ 7g + 3« ^ IQg- 26 

~ a-6 a-6 


Example 2. Simplify 

a; + y a; + 2y 


The L.c.M. of a; + y and a;4-2y is (a; + y)(a; + 2y). 

Multiplying numerator and denominator in the first fraction by a:+2y, 

.second. x+y, 


the given expression = 


(a? + 2 y) ( a: + 3y ) 
(a: + 2y)(a; + y) 


(x + y) (a:-6y) 
{x^-2ii)\x + y) 


[x + 2y) {x + 3y) - (a; + y) (a: - 6y) 
(x + 2y)(a: + y) 


(g) 


x^ + bxy-\-G ii^ - (a;^ - Gxy - 6y^ ) 
(a; + 2y)(a; + y) 

x^ + bxy 4- 6y - - a;^ + 5a: y + 6y^ 
Xa: + 2y)(a; + y) 

IQy y + ^y® _ 2yj5.c+6y) 
(x+2y) (a: +'y) ” (a; +“2y) {x + yj* 
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The above example is worked out in full. After a little practice such 
steps as (a) and (6) may be omitted. 

The common denominator should generally be left in factors, and the 
result reduced to its lowest terms. 

Example 3. Simplify 

^ ah + h^ a + t) 

. . {a ~h){a + h) a-h 

The given expression 

_ ^ ~ a~b 

h a + b 

_a{a - h) 

~~b{a + by 

Examples. XXI. b. 

Express the following in their simplest forms: 


1. 


1 

2. 

3 

1 


3. 

1 + 1 


x+1 

1’ 


X- 1 ^ 

1- 

X* 


X4-3 x4'4 

4 

1 



_6_ 


3 

6. 

4 2 


x + 3 

x + 4’ 

«i. 

2x - 3y 

' 3y - 2x 

X + 6 X 4- 3* 

7 

3 

2 

8. 

X 

y 


0 

X 4- 2 X 4 - 5 


3x-l 

2x4-3’ 

xTy'^ 

X- 

y 

V. 

X4-4 x+ 16 ' 

10. 

x + 6 

x-5 

11 

X4-.3 

X- 

3 

12. 

3 4 

x-2 

2^’ 

XX« 

X - 3 

x + 

3* 


1 - X ^ ( 1 - X)®' 

13. 

2x-l 

_2x-l 

14. 

_L+ 

2x- 

-y 

15. 

4x 4 

x+1 

X- 1 ’ 

X-y 

X“ - 


(x + y)® x4-y’ 

16 

1 

2x 

17. 

3a 


1 

18. 

2?/ , 1 


l-2a; 

1 - 4x®’ 

-.0 

1 

i 

3a 4 -26' 

1 

i 

19. 

X 

4- ^ 

90 

4 

16 

-3x 

21. 

, 1 



£»\Jm 

.r-4 

X2 

-16 

a;2-y2'^2x + .Sy‘ 


(In the first fraction, x-y is a common factor of numerator and 
denominator.) 

a-h _ h-a 04 2a j- h _ a-2b 

c-d d-c * c-d 

2x 1 


22 . 


JL+ 

y-x {x- yf 

a{a-b)^h{a + hy 

28 ~ 

x-a ax- 

a + 3b 2a + 6b 

a^''2^rr6b‘ 

32 1 a^ + 4y^ 

' x-2y X®-8y* 


23. 

26. 


a^ - 4x“ 2x -} d 

29. 


24. 

27. 


d-c 


5--+ 1.. 

3{a-b)^2{b-a) 


a® - J)/r ^ 3h - a’ 
1 . a + 1 


1 


31. ^ + 

33. 


a® ~ 1 a® + a + 1 ’ 

1 3a 


9a®-3a6 + 62 27a®+6*‘ 
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a - 26 a + 86 
a:^+5a ; + 4 a:^~5a; + 6 
i + 4 aj-2 

x-2 x-4 

5aj+4* 

a:^ - 4y^ a; ~ 2y 
^+2a;y a: 

g _6 

a-6 a+6 


34. 

36. 

38. 

40. 

)K Example 1. 


35 I 

a:® - £cy + aj2 4-ary+y** 

37. 

\x-yl 

oq_^ "*■ \ _ x-S 

ar2- 3a; - 28 a:*" + 2a; -36* 
41 5^ + 5y 9a;2 - 


6x + 2y 


a2-.62 a2 + 62 


_a(a4-6) - 6(g - 6) - 62 ^2 

~ g 2 _ (^‘2 ^2 ^ ^2 

(taking the first three fractions together) 
_a2 + a6 -g6H-62-62 a* 


a2 - 6*2 g^ + 62 

_ a^(a^ + ;»^-g^ + fe°) 


- 6 « 


He Example 2. Simplify 


3 


x~a x~Za x-\-a a; + 3g 

The given expreesion= ^ (rearranging 

the fractions) 


_3a; + 3g-3a; + 3g x-?>a-x-Za 

- 9,^2 

_ 6g 6g 
~ x^ -a? X-- 9a2 

_ 6g (a:® - 9«2 - a;2 4- 

-48g2 


Simplify: 
1 1 . 


1 


2tt 


(a;2 - g2) (a;*- - 9g2) 

^Examples. XXI. c. 

n 1 


a -1- 6 g - 6 g'“ - 6- 


_ _1_ 46 

g -f- 6 ^ 6 - g 


3. V 


I 


1 


l-8a;‘^l + 3a;'^l-yx- 


4. 


1 


1 


a;2 _ 5a; 4- 4 a;'- - 4u; + 3 
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Simplify: 

^ all 

®- 0 ?^ 3(a-6) 3(a+6)’ 


_ _1 _ 2_ _l_ 

'• x-1 x-2'^x-3' 


9. 

11 . 

13. 

15. 


3(a:-3) ar'-g 2(x+3) 

a ,_,1 

”* + d‘-aJ> + V^^ti + b' 


1 8a? x-S 

x^ " ^3^7 ” ^T^T9' 

1 1 


10 . 


ah 


1 


a;3 - 4a? + 3 - 5a? + 6 a?3 - 3a:+2’ 


(a-6)(6-c) {a-c){c-h)' 

1 ^ 2(a?+l) l + 2x 

a? - 2y 2a: - y ‘2a: - y 


1 


1 


6a: - 2 2a: - J ^ 3x -1* 

1 1 


1 


14 3^ I * I K 

r‘-3* + 2^1-a!^a:-2 

1 


2{a! - 2) ^ (a; - 2) (» - 3) ^ - 2){a: - 3)(* - 4) 


3a: ^ 3a; -2y 

a:“+2a:y xy + 2y^ xy 


16. 


17. 


(a:-2)(a?~3) a:3 + a:-6 9-a;3‘ 


a3-3a& + 2/>3 6a^-5a6-6fc® 6a2 + a&~26^ 
lo. -r TJk -i— 


a-2b 


2a-36 


10 1 

a3-a6 + 63^a + 6^a3+63’ 


1 


1 


23. 


" x:* + 23i^ X*-23^^ x* + 4oi^ 
37+1 _a;-l 1 

2a^ - 4x^^ 2^ + ^x^ 

Try - xy^ x y 

a;«-y6 *^a?3_y3 + 


.3a+26 

OA ^ f ^ F ^ 

x^-Sx+l5'^si^-^x + S'^6x-:^-T 

22 _L + -2_ ^-_2_!_ 

’ a:-l^a?+l^l-a:2 (a:+l)2 


24. 


8 


5 


3 


a;*-5a: + 6 x^-^x + 2 a;*-4a: + 3’ 

1 


x“-a:-2‘''l-a:' 


27. 


2y 


a?_1 

x^ - 9y^ a:-2^‘ 

3 9 


a:2+a:y- 

Ofi ^ 4, _ ^ - . 

a:2-3a:-28^a;2+a:-12^x2-10a: + 21 


29 ^ - Vi . 

a; + 3 a:+4^a: + 7 


30. 


^^a?^+a:-2' 


9a:2 


31. 


1 


1 


33. 


2a?a - 4a: + 2 Sa:-^ - 3 4a?*+8a? + 4* 
1 + a?* 4a?* 1 - a;* 

1-a;* 1-a?* 1+a:** 

_6_86_ 96 

a-6 a-26^a-36’ 


4 (.3a - X*)"" 5 (3a + x*) 10 (9a* - x^J 

32. 


34. 


x + .3y x + 2y 
5x 2lx* + 6x^ 2x 


3x-2 9x* + 4 

1 


3x+2 

1 


1+x*. lx" 


1 


x*+2a?y-.3y* y*+2xy-3a:* 
1 2 2 1 
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I2y^ 2x^ + lxy- x y 

Ax^-Wxy-Zy^ Zj^-^xy-vy^' * x-y x-\-y ar^ + y^ y^-x^* 

ill , 2a ^ ^ g ot (2a-5fe)®-4a® , (.3a-2fe)*-4fe* 

a^-6‘‘^a^ f 62'^a + 6 6-a* 4a ^a-^h 

IQ 6a;^ - 5a;y - 6y^ 15a;^ 4- 8a;y - 12y ^ ^ k _y_ a; + y 

14a:;a_23j:y+ 3y‘-i 35aj^ + 47a:y+ 6y* * x-y~z^y + z-x x-^-y-^-z 

.. _1_ _L_ 4A JL4._i. ,48 

a-5 a-3 a + 5 a + 3‘ x+Kx^+l x^ + l a:»-l‘ 


47. 

49. 

51. 


J. _1_ a + 36 463 

a-6 2(a + 6) 2(a- + 6‘‘^) a*-b^' 

1 + g 4a 8a 1 -a ^ 

1 - a"^ 1 +^2+ 1 _ - fip^* 

. + .... +_ 1 _ 3 __. , 

a;(a:-2) a;3-5a; + 6 tx{x~Z) ' 


.j. 5 15 30a; 

3-2a: (3-2a:>(3 - 
3a;^ + 2a; + 4 a; +1 _ 2 

a;3 - 1 + a; 4 1 a; - 1* 

_1_3 2(a;-2) 

a; ~ 1 a; +1 ^ a; -^ +1 * 


o*-362 + 2a6'*'62-3a* + 2a6 3a»+10a6 + 36“' 


R4, 2^+1 3_1_ -- __6_ a6 a6^ 

* a;- + ic +1 a; 1 - a;* * a + 6 (a + bf (a + 6)3* 

^ 8^-^ 2^^ , a; _1_^ 3_1_ 

Sx^- y3 4a;2 + 2xy + y^ y-2a;* * a; + 4 a; + 3"^a; + 2 a;+l* 

KQ ^ + _„J! _4._ ?£i:^ _ 59 _L _ ^ 

a;-4-l^(a;+l)2^a;3-2a; + 3 2(a:-l) a;--7x +lU^2(a;2-9a;+18) 


fin _?L__ 4. _1_ . « J_4-J_ 

’ x‘^ + y’^-xy x + y x^ + y^ * a; - 3 a; + 3 a; - 1 a; + 1 

I0a;-ll 10a;-1 x^~2x + 5 

3(a:''*-l) 3(a;'^ + a:+l)'''(a^-lKx+r)‘ 

RQ 3(a;^ + a;- 2) _ 3(a;“-a;-2 ) _ 8a? 

' a;''*-a;-2 x^ + x-2 

R4 + 2 g a?-2(1^ 2 2a;-1 2a; 3 _ | 

* a a + 2 2a--8’ * x'^-\-x ar^-ar + l a;^ + a;* 


fifi _ J?? + 9 _ a^_ X 

* a;2 f-7a;+12 a;2 + 5a; + 6 a;2 + 3a; + 2’ 


a (a2-62).r . a(a2-62)a;2 3 2 3 

6 62 ■^62(6 + aa;)* 3a;-2 2a;-l 4-3a;* 

go_a - 2b_ 2(2a-6) __ 3(a-b) 

2a2 - i la6 +126* ^ 4a2 - 4a6 - 362 2rt2 -•^ab- 462 


1 



i + a; 
li.B. S.A. 


71. _JL^. 


a; + y- 


"5^ 

jc + y 


72. 


1 

a + 6 


+ 


1 

a-6 


_1_ _ JL 

a+6 a-6 
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Simplify: 

^ a;2 + 3a:-f 2 
(a;-. 1)2 


/l_ ?(%+_2L\. 74 

\ 3»2+8a: + 4/ '*• 


(x-yV 
\x + y/ 

'U+y/ 


^a; + 3 ^ + 5 
la^-4'**flc3+~8 


7 • a;2_ 


a;2+l 
-2a: + 4' 


a^-ax 


a2-aa; + a;* 


8. “)+<!(» &). 79. 

6\c o/ c\o 6/ a\b ej 11 ar-o* 


. (a + 36)’'-(a-36)« 
“• (3a + 6)*-(3ii-6)®‘ 


_ <i».2 


81- 


88- 


5U r ^ + 2a a + 2a; ^ f 3 _I ) 

• \a-2a; a;-2aj ^ (‘2a-a; a-xj* 

_ r 5a 2b ). f 2a 26-a' 
ta-66 3a~26J •t« + 26 26-3a^ 


a?(a; + lKa;+2) a?(a;+ l)(2aT4-l) 


* 33-2 ^^ 3 : 4 - 3 * 


^ (a? + h^ ,a^-b^\ , fa + h ^a-~h\ 

a=* + ^V ■ U~6 « + &/ 


x-2_ ^ 

3x-5 x+3j 


(2a + 3}(a^ + Sa + 2 )- 2 (a+l)(a24-2a) 
(2a + 3)a2 - a(a2 - 2) 

3 


4a2 

^6a6 + 962 ^ 10^4 2a\ 

9l/‘‘ • \816* 36 J' 

^4a^-6ab 


X ^ I f. a**~a^ \’ 

^x-2a\ 3i^+ax-\‘€^} 
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QQ r a: + a ^ . r 1 _ 1 _ 1 'I 

* \{x + af {x-a)^) 


a-x h-x g + a? h-x 
b + x'^ a + x h + x a-X 
a-^x i>-x a-hx ^ + ? 
b + x g-a? b~x a-x 


1 -- 


1 + 


100 . 


l-x 


1 -- 


g-fy x-y xjy 


1 +X 


104. 

106. 

107. 

108. 
109. 

no. 

111 . 

112 . 

113. 

Ill 

115, 

116, 


(gc + hd)^ - (ac? + ?jc)^ 
(g - 6) (<; - d) 


105. 


{ga;^4-(6 - c^jx -/P - (?> + c )a? -/V** 

iga;^ + (6 4- e)a; -/}^ - { ax^ + (6 - e) a; -/P’ 

(y*+Kc+*j/)g+l + y-*j«(i + i+^). 

9n^-27/i2\ /I 1 \ 

\ w?-\-2mn) * I vi )' 

\ m + nj 

g^ - (6 - cp - (c - gp - (g - 6)^ 


g 4- 6 /> 4- c 

g 6 
ft + c c4-a 


(c4-g)‘'*-62*^(g4-/;)' 


^ a:^4-a;y4-y^J i 


c- ■ (6 + c)--g*’ 

4-a;y4-y^J ' ^a; x^-x^y^}' 
x’^-ax - 2g^ a;^ 4- ga; -2g^ 

a;®--(2g4-6)a;4-^& a;®4-(2g4-6)a:4-2g6’ 

9 x^-{y - 2p y'^-{z- ,3a; P - (.Sa? - y)® 
(3a?4-2p--y®^(3aT4-yP -2® (y4-2p-9aP 

J ^ 26® 1 fi , 1 _i\ 

\ g(g-36)j| *^26 - g | " \ 6®^g/\g®-g6 + 6® 

{(g4-6)(g4-64-c)4-c®}Uo^ + ^P~<^^} 

{(g 4-6p - c®}{ g 4-6 4-c} 
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Simplify: 


120 . 


x + 


a; + 2 
Prove that 


^ ^ l+a + a«J 


I 0^-26 a-2h 2(a + h) _ 

'* a-b ^a + Sb a + 2b ^{b -a)(a + Sb){a + 2b)' 


26 (a+ 6) (2a+ 6) 


123. 


a ^ b ^ c 

a •TZ 15 "I" 


1 


ax-x^ bx-x^ cx-x^ a-x b-x c-x x 


+-+ -• 


^CHAPTER XXIL 

HARDER SIMPLE EQUATIONS INVOLVING FRACTIONS. 

123. The usual method of solution is to clear away the fractions 
by multiplying both sides of the equation by the L.C.M. of the 
denominators. 

The work can often be shortened by sundry methods illustrated 
in the following worked-out examples. 

o 2 

Example 1. Solve the equation -- -=- - 

43? O 03? O 

Multiplying both sides by (4a; - 3) (3a; - 5), the l.c.m. of the denominators, 
3(3a;-5)=2(4a;-.3), 

9a;- 15 = 8a;~6, 
a:=9. 

Example 2. Solve the equation 

a; “ 1 a; 1 a. “ L 

Multiplying both sides by (a; - l)(a; + l), 

Sx{x + l)-2x{x-l)=x^+l0, 
a*;®+3a; - 2a;*+2a;=a;2+10, 

5a;=10, 

a;=2. 
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fiKample 3. Solve the equation --- - ;r-~— -- - 

^ 2a:- 1 3a;+l 3a:-1 2a:+l 

Simplifying each side of the equation separately, 

2(3a:+l)-3(2a:-l) 3(2a;+1)-2(3a:-1) 
(2a:~l)(3a:+l) “ (3a:-l)(2a;+1) ' 

6a: + 2-6a: + 3 _ 6a: + 3-6a: + 2 
{2x- l)(3a:+ l)~(3a:- l)(2x+1)’ 

5 5 

(2a:-l)(3a: + l)~(3a:-l)(2a:+l)‘ 

Dividing both sides by 5, and multiplying up, 

(3a; - 1) (2a: +1) = (2a: - 1) (3a: +1), 

Gaj^ + a: - 1 =6a:2 - a: -1, 

2a:=0, 

x=0. 


Example 4. 


Solve the equation 


10a:- U _ 15a:-24 
2a:-3 3a;-5 


The equation may be written 


5(2a:-3) + l 5{3a:-5) + l 
2x-Z ~ Zx-5 ’ 


f.e. 




1 

3a: — 5* 


3a?-5=2a:- i, 
a:=2. 


Example 5. Solve the equation ~~ i^ ^ 

X ‘ ^ X ~~ is a: — y X “g 

The equation may be written 

a: - 5 + 2 _ a:-3- f 2_ a:-9 + 2 ^ x-1 + 2 ^ 
a: -5 a:-3~'a:-9 a: -7’ 

2 2 _ 2 
^^a:-5 ^ a:-3 ^^a:-9 ^ a:-7* 
Dividing both sides by 2 

J[__ l_ 

x-5 x~S x-9 x-7’ 
Simplifying each side separately, 

ix-H)-{x~5)^{x-7) -{x-9i 
{x-^){x-3) (a:-7) (a:-9)’ 

2 2 
(x-5)(a:-3)“(a:-7)(a:-9)’ 

Dividing both sides by 2, and multiplying up, 

{x-7){x-9) = {x-5){x-3), 
a:® - 16a: + 63=a:2 - 8ar +15 
-8a:= -48, 
a:=6. 
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^ Examples. XXII. 

(In the case of a fractional solution, express the result in decimals correct 
to two decimal places.) 

Solve the equations: 

, a;-3 a;+12 x + S _ 2x o o 22_6a;-l 

a;-4"a; + 8‘ 2x-3~4x-9‘ "*'* + 5 2x + r 

j X 2_| K a; + l_18a;-3 ^ 6aj-6_l 3a? ~4 

3aj-4'"5‘^15a?-20‘ 8a;-12~12 6*-9* 


22 ^ 6a?~l 
x+5 2 x+T 

6a?-6 _ 1 3a?~4 

8a;-12“ 12 


a;-3^a;-4“a;2-7a;+12‘ 

+24^11+_18_. 

a? 4- 20^ a; ^a;(a;4-20) 

9(12-a?) 5 17-a? 
4(a;+l) ■^4“ a?-8‘ 

a;-4 a?-2 _ a;-10 a;-8 
x-5 a?-3~ar-ll a?-9* 

6a; + 2 2a;-9 _^ 2a?-13 
af+15^ a?-6 “ a;-6 * 


7a? + l _35/ a;4-4 
a?-1 “ 9 \a;+2 


/a;4-4\ 28 
Va;+2r 9‘ 


5a;-7_l 4x-3 

10a;-5“10 4a;-2’ 


fl a?-^ 3/ 1 1\_ 23 

a?-l 5Va?-l 3/ 10(a;-l) 

6a;-7 9a;-12 12a;-25 8a;-18 
2a?-3 3a;- 5“ 3a?- 7 2a?-5' 


30 + 6a? 60 + 8a; 48 

a?+l a; + 3 “ ■^a; + l 

3fl;-14 3a;-8 3a;-32 3a?-g6 
a;-5 a;-3”a:-ll a;-9 

a? ^_27 
6 5 14 

5a;-4“,« .33 


a; + 2 , a?-2 _^ 
a?-3^a;-6“ 

3a? + 2 2a; - 4 _ g 
X - 1 x+2 “ 

J—-2_+_L-=0 

x+1 x+2 x+4 


x-l x-4 x + 2* 
4(2a;-l) 2(7x-l)_l 
3(x-2) 6x-13”3' 

6x + l 2x-5_4 
3x^“3x^“3’ 
lOx+17 12x + 2 5x-4 
18 llx-8“ 9 ' 

X*-X+l , X^ + X+l rt 

- +-=2x. 

x-1 x + l 

1+x 2 + 3x , l + 3x 

l-x'’2-3x~ ■*T^ 




2x-3 3x-2“ 


x-1 2a;- 


5 _1_l_=_i_ 

15-lOx 15-6x 15x4-120 
j 3x - 2 X 41 7 1 
2x-3 x-fl6“2* 

. _i_L.-s/J_ LA 

x-l x-3“'*\x-2 x-3/‘ 

2 ag- 5_ x-7 

x®-6x-f6 x2-8x-|-15~ 

1 ^ X _x-8 x-7 

x-2 x-l“x-9 x-8’ 

5 __L-Y 

x-4 x-3 i\x-5 x-l/ 
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37. 


ar-1 ag-S a?-9 _ 
x-5 x-9 x-l‘~ 


3a:-4J 7a; + 4 5 
2x-3^ 8a;-7“8‘ 


38. -±-^ ^ -J- +-i-=0. 
x-3 x-5 x-7^x-9 


40. 


JL_ 

a;-3 


1 

a;-4 


J. _ 1 _ 

a; - 6 x-7* 


5a?-34 3a;-26 ^ 5a:-24 3x-32 ^ Xj^ x-2 _ 

x—7 x-9 x-5 a;-ll* * ag+l^a;-2^a;-l 


CHAPTER XXIII. 

MISCELLANEOUS FACTORS FOR REVISION. 

XXIII. a. 

[Grouped in batches of 10.] 

Resolve into their simplest factors: 

1. ax^-bx. 2. 3^+nx + lO. 3. 3x^-S. 4. 2a:“-8a:+6. 

5. ax-bx + a^-b^ 6. l-2a:-3.r®. 7. ia,^-4b\ 

8. 18a:2 + 24a:+6. 9. 15, 10. x* + 2a:“-a;-2. 

11. 20xy-l%2. 12. ax^-ab\ la x*-52x + 51. 14. 

15. x’+fltx’ + d^x+o*. 16. 72-x-3c‘. 17. {a + b)^-a-b. 

18. 16*2-Site-21. 19. a?-b^-c^+2bc. 20. aba^-iax-Zbx+lZ 

21. 3-6a: + 3xi*. 22. 27x2-12x+l. 23. 20a2-45. 

24. 3aa:+26y-26x-3ay. 25. 3o’-81. 26. 6 + 3x-2x“-a!®. 

27. 35x»+12x-32. 28. 29. 6-6x-2x“+a!». 

30. +b’y® - oy - bV. 

31. 63o5 - 215c - 2456®. 32. 54x® + 15a:y-j/®. 33. 6x - ay - ox + 6y. 

34. 3x®- 5. 35. 27x®-6x-8. 36. 343x®-7y®. 

37. x®y®-1-x®+y®. 38. (a-6)®-o + 6. 39. x®-64y'’. 

40. (a+6)»-5a-56 + 6. _ 

41. p®x®-2p®x+p. 42. x®-25x + 156. 43. x(x + 8) + 8(x+6). 

44. 33x® + 20xy-32y*. 45. x®+2ax-76x-14a5. 46. (a + bf- {a-bf 

47. 15x®-2a6-5ox+66x. 48. 2x«-128. 49. 4x®-7x-3. 

50. (6x+oy)® + (6y-ax)®-c®(x®+y®). 

51. x«-16(x-4). 52. (a + ^)*-(6+|)». 53. x®+14x-147. 

54. 3(a-6)®-3o + 35. 55. 12x®-14<»6 + ^-216x. 66. x’+3 + 2x*-2x, 

57. 27x»+210x-125. 58. x®-3ay + 3xy-o®. 69. «*-16(5-c)‘. 

60 . a(«-l)a!®+x-a(a + l). 
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Resolve into their simplest factors; 

61. a^ + 2a + b^ + 2bi-2ah. 62. -74xp-2^y\ 63. 3(a:^-y^)-4a:+4y. 

64. 65. ®*+2r»y*+j,« 66. 

67. 32K»+352aJ>+320a:. 68. {x+yf(x-y)-{x-y)^(x+y). 

69. 46V_(aa_62_c2)j. 7()_ {2a-b)*-{a-2b)*. 

71. 5a»-a-56*+5. 72. 39«» + 14*-8. 73. 16(»«-^). 

74 . ax + hy-atf-cx-bx + cy. 75 . {x^-2)^-x^. 

76. (a; + y)2-13(a; + y)a + 42a2. 77. (3a-?>)4-(a-.36)^. 

78. arx + ac-ahx-h'^y-bc + aby. 79. 8 (2a; + y)® + (a; - 2y)*, 

80. 16a;^ + 4a;^2 + y^. 

REVISION PAPERS. 

XXIII. b. 

1. Resolve the following into their simplest factors : 

(i) ax^-a^. (ii) a;® - 2a;y - 99y2. 

(iii) 75a;2-76a;+1. x’^ + xy -^x-by* 

2. Find the h.c.f. of 2x'^ - 5a? - 3 and Sa,'^ - 81. 

3 4 1 

3. Simplify--- 4 -and find a value of a? which will make 

a?~l X - Z x — o 

the expression equal to zero. 

4. Multiply a;^ - aa? + oa; - a6 by a?® + aa? - 6a? ~ ab, 

5. Using half an inch as x unit, and one-tenth of an inch ns y unit, plot 
the points given by the table below, and join them by an even curve. 


x= ~ 5 

-4 

-3 

-2 

- 1 

0 

1 

2 

3 

4 

5 

y= 25 

16 

9 

4 

: 1 

0 

1 

4 

9 

16 

25 


Read off from the figure, the values of x when y=7 and 13, and the 
values of y when .a? =1*8 and -2'4. 

6. Solve the equation 

x-\ a?+l 

7. A bicycles at the rate of 12 m. an hour, stopping for 6 minutes at 
the end of each hour. B starts 2 hours 24 minutes later on his motor car, 
and, pursuing him. catches him up 42 miles from the start without any 
stops. At what rate did B travel? Solve the problem graphically and 
algebraically. 

xxin. c. 

1, Resolve the following into factors ; 

(i) 2aj®-8. (ii) 2a?®-5a:+ 2. 

(iii) a*+2a6 + &®--c®. (iv) a:*-y®-3a?+3y. 
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2 . Simplify 

(x^+x-2){x^~x-2) 

3. Find the l.c. m. of 3a^6-3a^5®, 4a6^-4a 5®, 2a^>\ 

4. Simplify [(a? - 1 )2 + 2 (a; -1) (2a: - 1) + (2a; -1 )2] (3a; - 2). 

5. Plot the points (10, 10), (15, 18), (30, 22), (39, 10). If the quadri¬ 
lateral joining them represents a field, each square unit representing one- 
tenth of an acre, find the area of the field. 

6. Solve the equations J-^ = —= _!L. Check your result. 

^ 3a; 4y 72’ a; 3y 18 ^ 

7. A train does a journey without stoppages in 8 hours; if it had 
travelled 5 m. an hour faster, it wculd have done the journey in 6 hours 
40 minutes. Find its slower speed. 


XXIII. d. 


1, Resolve into factors : 

(i) 2a;2+7a; + 3. 


(ii) a^-h^- 2hx - x\ 

(iii) c^ + ab-ac- be. (iv) 3 - 36^. 

ax - bx + a5, x^ + cx-ax- aCy and 6a;^ - a®6. 


2. Find the n.c.p. of a;^ 
1 


3. Simplify 


x-y 


2a; + y ^ a;(a;^4-y^) 

xi-y2 od^-y^ 


4. Draw the graph of a; + 2y=8, and from it write down all the positive 
integral solutions of the equation, not counting zero values. 

5, Divide a® - 6® by a^-ab + b\ 

Solve the equation j. 

^ a;-2 ^ a;-l x-i-i 


6 . 


7. In an innings of a cricket eleven the team were accounted for in the 
following manner. Some were stumped, half as many again were caught, 
irid half the wickets that fell were bowled. How many were stumped, 
CHUght, and bowled respectively ? 

XXIII. e. 

1, Resolve into factors : 

(i) a;2-28x-128. (ii) ax-2y -2x-}-ay. 

(iii) a^ - 5a:^ + 7a; - 3. (iv) 4 + lOSa^. 

P y (a -bf-c^ (c-bf-a^- c^-{a-bf 

3. Find the l.c.m. of a;^ - 5a; + 6, x^-x- 2, x^-2x- 3. 

4. A bicycles a journey of 36 miles in 54 hours, and B, starting 1J hours 
after him, arrives at the end of the journey 36 minutes before him. If they 
ride at uniform speeds, find graphically where B passes A. Calculate your 
result to the nearest tenth of a mile. 

5. Divide 6a;^-5a;®+ 6a;^+17a;+ 6 by 6a;^ + 7a; + 2. 

6. Simplify + 


3a;2 + a? - 4 ^ 2 (3a;2 - 13a; - 10) 


1 


3a:+2 


7. 


2a;-3 x 
What value of x will make 

(a:+^)2 - (a; -1)* equal to 2x -f- 3. 
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L Resolve into factors : 

(i) + 9a? - 5. (ii) (2a + 6)* - (a+26)* 

(iii) a(6 + c~d) + d(a-6-c). (iv) oi^-xh-xy^+yh, 

2. Find the h.o.f. of c^-{a- 6)*, (a+c)* - 6*, (c - 6)* - a*. 

3. Simplify Check your result by put- 

ting a?=3. 


4, Draw the graph of 2a: + 3y=21, and from it write down all positive 
integral solutions, counting zero values as positive. 


5 2 

6, Solve the equations - - - = 1J, 

^-—=1 
X y " ‘ 


Check your results. 


6. By doing a journey at the rate of 12^ miles an hour a bicyclist 
completes it in 3 minutes less time than if he had travelled at 12 miles an 
hour. Find the length of the journey. 


7 . 


Solve the equation ? 


a?+5 
a? + 4 


a? + 7_ a?+10 a? + 12 
a? + 6“' a?+9 a;+ir 


Test your answer. 


1, Resolve into factors; 

(i) 12a:* + 7«-12. 
(iii) x^-2-x + 2x^, 

2 . 


XXTTI, g. 

(ii) 4a* + 6*-c*-cP+4a6+2c(l. 
(iv) x^y^-x^-y^+l. 

-1 'ir2+2* 


3. Find the L.C.M. of 3(a;*-a?*y*), 6 (a 72 y*+y*), 9(a:*-a?®y+a?y®-y®). 

4. The majority against a certain motion is equal to 6§ per cent, of the 
total number voting. If 12 of those who voted against the motion had 
voted for it, the motion would have been carried by a single vote. Find 
the numbers voting on each side. 

5. Divide a;* “6 (4a+ 6) a?+(a+26) (a^ +36*) by a:+a+26. 

6. Solve the equation Test yout 

a?+l a?+4 a? + 2 a?+o 

answer. 

7. A man travels at the rate of a? feet per minute. 

How long does he take to do a mile ? 

How many yards does he travel in an hour ? 

How many miles does he travel in y hours ? 


xxm. h. 


1. Simplify (*-j)* 

8. Solve the equation 


Test your solution. 
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3. Plot the points (0, 0), (1, 1), (4, 2), (9, 3), (16, 4), (25, 5), (1, -1), 
(4, ~2), (9, --3), (16, -4), (25, -5), using one-tenth of an inch as x unit, 
and half an inch as y unit. Join the points by an even curve. Estimate 
the corresponding y values on the curve when a; = 11, and when ;r=23. 

4. Simplify 

\ a-b) a^-a^b 


5. A fraction is such that its denominator exceeds its numerator by 2; 
also if the numerator is diminished by unity and the denominator increased 
by unity, the fraction becomes equal to J. Find the fraction. 


6. Solve the equations 


X 

¥ 


2a:=2^, 


--f-2a;+5l=0. 

y ^ 


Test your solution. 

7. What is the interest on 

(i) £3(X) for 1 year at x per cent, per annum ? 

(ii) .4 years., simple interest? 

(iii) £a for 1 year ...? 

(iv) . y years.. .? 


XXIII. k. 

1, Divide aj’-t-l-i-i by a;-1+i 

X* X 

A 1 *7 ^ 

2, Solve the equation --^ Test your solution. 

5aj-l 25aj^-l 5a7+l 

3, From the equation _+ —4—=;-find the value of * 

y-5 2-x {x-2)(y-5) y 

. Staple 

y X 

5. At what time (to the nearest minute) do the hands of a clock point 
in the same direction between 4 and 5 o’clock ? 

6. Solve the equations a;y -I- 4a:=7, 

xy-Sx= 14. Test your solution. 

7. In the equation y=2x-x\ find the corresponding values of y to all 
integral values of x from - 3 to 5. Tabulate your work. Using half an 
inch as x unit, and one-tenth of an inch as y unit, plot the points, and join 
them by an even curve. 


XXIII. 1. 

1. Divide - y®)® - (a;® - 3a:y + 2y®)® by {x - y)®. 

3a;®-fl4a: + 7 9a;®-5 


2. Solve the equation 


a; + 4 


3x-2 


Test your solution. 


« a® + fe® - c® -I- 2a6 , a+ b + c 

3. Simplify 

4. Find two numbers whose difference is 27, such that the larger 
divided by the smaller gives a quotient 7 and a remainder 3. 
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5. Find values of a and b which will satisfy both the equations 

Ob b p. 3ft v 1 j . 1 

-= 7 ,-= 2 , when \ and y= 4 . 

X y X y 2 ^3 

6 , Solve the equations 3a; + 4y +14=0, 

5a;-2y+ 6=0. 

Deduce the solution of the equations 

i+^ + 14=0, 

---+ 6 = 0 . 

X y 

?• If 2aj-3y--l=0, and a;y-3a; + 2=0, prove that 3y2“8y 4-1=0. 


XXIII. m. 


1, Divide (a^ + 2 aft - 3ft^)® - (a^ - 4aft + 36^)® by (a - 6 )®. 

O 1 IQ 

2. Solvetheequation^-—Test your solution. 

7 3 2 X 

8 . From the equation- 7 --—+ z-Sw-value of 

^ y-4 a;-2 (x-2)(y-4) y 


4. Simplify 


4x* + Sx^-h4 x^ + x'^'hl . ( a;*+a: ^)^ 
(a;2 - a; 4.1 ja ^ ar*+l * a;®+l 


6 . At what time (to the nearest minute) do the hands of a clock point 
in opposite directions between 4 and 5 o’clock ? 


6. Try to solve the equation Whatcon- 

^ x + 4 2a;-7 (7-2a;)(4 + a?) 

elusion do you draw ? 

7. A horse is bought for £85, and sold at a gain of x per cent. What 
is the selling price ? 

By selling a horse for £92, a profit of x per cent, is made : what was the 
original price of the horse ? 


CHAPTER XXIV. 

SQUARE ROOT. 

124 . Every quantity has two square roots, equal in value but 
opposite in sign. 

E.g. the square root of 4 is +2 or - 2, 

for ( + 2)2 = 4, and (-2)2 = 4. 
n/ 4 = 2 or -2, 

OP, as it is written more shortly, tji= ±% 
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At present we will only deal with the positive root. 

A square is always positive, for by the rule of signs 
a xa = a% 
a) X (-a) = a^; 

i.e. whether a quantity is positive or negative, its square is positive. 

Hence we see that a negative quantity has no square root. 
The square root of a negative quantity however has an inter¬ 
pretation, but this hardly comes into the province of Elementary 
Algebra. 

The square roots of simple algebraical expressions can be seen 
by inspection. = a%. 

Examples. XXIV. a. 

Write down, or read off, the positive square roots of the following: 


1. 

2. a'®. 

3. 

4. 

xf'y*. 

5. a%\ 

6. 

7. 

8. 

16o<5=. 

9. 49a;^y®2®. 

10 —. 

11 —. 

12. 

81a<6® 

c® 

13. 01. 

14. *25. 

15. *64. 

16. 

1 

•OOOl' 

17. —. 

•16 

“■ * 

19. -OIW. 

20. 

•16a® 

46< ■ 

21. l-21a«c‘». 

22. 

QQ 

*8162’ 

24. 

•0064a^ 

■OOOly’®' 

25. 9 (a-6)2. 

26. ^{2x+y)2. 

27. *01(103:+lOy) 

2^ 



125, The square of a simple expression is also a simple ex¬ 
pression. 

E.g. {iaWf=\Wb\ 

We know also that the square of a binomial expression is a 
trinomial expression. 

E.g. {x + 2)2 = + 4a; + 4. 

(2a; + 3)2-4a;2+l2a; + 9. 

Thus we see that a binomial expression has no square root 
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126. The square root of a trinomial expression which is a 
square can usually be determined by inspection. 

(a ± hy = ± 2ab + 

Hence all trinomials which are perfect squares must be of the 
form + + 

Thus 4a;2 +1 2xy + 9^/* = (2a;)2 + 2 (2a;) (3y) + (3y)2. 

N/4a;2+12a;y + 9y2 = 2a; + 3y. 

\/4a;2 - 12a;^ + 9^^ = 2a; - 3y. 

The form of the square of a binomial (a^ ± 2a6 + IP) is of great 
importance. 

Consider the expression 

-{-pax + a\ 

By comparing this with the above we see that if it has a square 
root, that root must be a; 4- a. 

But (x + ay = a;2 + 2aa;+a*; 

if pax-{• is a perfect square, 

p must be equal to 2. 


Examples. ZXIV. b. 


Determine the square roots of the following expressions: 
2, x^-2xy + y\ 

5, x^-Qx + 9. 


1. jr® + 2a:y + y2 

4. 4a*-4a6 + 62. 

7. 25aa-30a6 + 962 

10 . ^x^+2Axy + \%y\ 

13. 169a2+52a6 + 462 

16. a^-2d}P + hK 


8. 49a;* - 14a;y + y*. 
11. 121a2-44a6 + 46*. 
14. 81a*-18a6 + 6* 

17. 4a.^ + 4a*6* + 6^. 

20. a^ + 4a26* + 46* 


3, a* + 4a& + 46*. 

6. l-4a;+4a;*. 

9. 4a*-28a6 + 496*. 
12. l-2a;»+a;«. 

15. 25a;* - 70a;y + 49y*. 

18. a4y*-2a;*y+l. 

a. 


22. j- 06 + 6 *. 23. ^-2+^- 24. »»-3*y+^. 

1 

25. *‘+^+2. 26. o*-5a+^. 27. (*+y)*+2(a!+y) + l. 


28. (a + 6)»-2(o»-5*) + (o-6)». 
30. 9(a+5)» + 6(o + 6) + l. 

32. (a+6)*+2(»(a+6)+o*. 

34. 16(»-y)>-8(a;-y) + l. 

86. (m+b)*-2a{a+b)+tf. 


29. (a!-y)’-4(!B-y)+4. 
a. (a+6)*+2(o+e.)(c+<i) + (c+<i)». 

35. (a+26)*+(a+25)+i. 
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38. 16(ar+y)*-24(ae‘-y*)+9(a!-y)*. 


40. 

42. 


4a* 


- 4 +% 

n.* 


{a+b)^ {a + h){x+y) . (aj+y)* 
3 4 * 



41. 




4a® 

a;®' 


What must be added to the following expressions to make them complete 
squares 7 

43. a®+6®. 44. 46. O+a;®. 

46, 4a;2^25y®. 47. (a + 6)^+2{a + 6). 

48. Determine the value of pit x^- 4jpx+16 is a perfect square. 

49. For what value of a will a;^ - 2a: + a be a perfect square ? 

50. What value of p will make a;^ + Qpocy + perfect square ? 


127. To find the square root of any compound expression. 

The method depends upon the fact that the square of a + J is 
a? + 2a6 + 6^ which may be written in the form 

a2 + 6(2a + 6).(i) 

Let us take an easy example. 

The first term in the square root of 36a;2-84a;y + 49y2 is 
evidently Qx. _ 84a!y + 49y2 (6a: 

36x2 _ 

~84a;y + 49y2 

Subtracting its square, i.e. 36aj^, from the given expression, the 
remainder is - Mxy + 49y2, which may be written 
-7y(2 X 6a;-7y). 

Comparing this with (i), we see that in this case a is Ga:, and 
therefore 6 is - 7y. 

Hence we have the following rule. 

Having obtained the first term, (6x), double it, (12x), and 
divide the first term (- 84xy) of the remainder by it. The 
quotient (- 7y) is the second term of the square root. 

The full work is best arranged as below ; 

36a;2 - 84a;y + 49y2 ( 6a; - 7y 

36x^ _ 

- 84xy + 49y2 
(12x~ 7y) X ( - 7y)= ~ 84xy4-49y^ 

Explanation. Having obtained the first term of the squar# 
J'oot, we double it, 12x, and divide it into - 84xy, the first 
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term of the remainder when is subtracted. The quotient 
(- 7y) is the second term of the answer. 

Add - ly to 12a; and multiply the result by - 7y, placing the 
result - 84a;y + 49^^ under the remainder. 

If the student carefully compares the following with the expres¬ 
sion +J(2a + 6), he will see the reasons for the different steps. 

+ 2ah -f (a 
a? 

2ab + 

(2a-f- J) X 6 = 2ah -h 6^ 

128 . Find the square root of 

25a:^ - - ^ip^x +16^1 

25a;^ ~ ZOpx^ -1- i^p^x^ - 2ip^x + 16/?^ ( f>x^ - ipx 
25^4_ 

- 30^ + 49j? V 
(lOa;^ - 3^) X (- ^px) = - + ^pH^ 

40p2a;2 - 2ip^x -f 1 

Thus far the work is exactly similar to that in the previous 
examples, the reasons being the same. 

Thinking once more of the expression a2 + 6(2a-f J), we see 
that if the given expression has a square root, the remainder 
40p“a;2- 24/?®a;+ IGp^ must be of the form 6(2a + 6), remembering 
that now a is bx^ - ^px. 

We therefore repeat the process of the first step. 

Double ox^ - 3px, obtaining lOa;^ - 3px. 

iOp'^x^ -r lOx^ = 4^2 gives us the next term of the answer. 

Add this to 10a;2-6pa;, obtaining lOx^ - 3px + ^p^; multiply 
this by 4/?^, and place the result under the remainder. 

The example is worked out in full below: 

26x^ - SOpx^ + - 2ipH + 16^Y 

25^4_ \ + 4/ 

- 30/?a;® + 49/?‘^x2 

(10a;2 - Spx) X (- 3px) = - 30pa;^ + 

4:0p^x^ - 24:p^x -h 1 

(lOix? - 6px + 4:p^) X 4p^ = 40jp^3;^ - 24jp^fl; -f- 1 6p^ 

5x^ - 3px + ip^ is the reqd. sq. root. 
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129. The square root of a compound expression can often be 
seen by re-arrangement and inspection. 

- 2*3 -a;2 + 2aj-f 1 

= - 2a^ - 235^ + { 0 ? -\~2x-\-\) 

= a;4 - 2a;2(a; +1) + (a; -f l)^ [a^ - 2 a 6 + 62 j 

s/x* - 2x* - + 2x +1 = - X - 1. 

-f - 26c - 2ac 4 - 2a6 
= 4 - 2a(6 - c) + 6-^ 4 - c^ - 26c 

(arranging in descending powers of a) 

= a2 4-2a(6-c)4-(6-c)2 
= (a + 6-c)2; 

- 2 Jc - 2ac + 2a6 = a + 6 - c. 

Find the square root of 

^ 2 19 

26‘^9ar‘ 5 3x2‘'’l5' 

Arrange the expression in descending powers of x. 

^5_ 

^ 4a;2 19 

“5“ ■*'15 

4 2 J_ 

16 3x2 ■‘■gx* 

X ±_X L 

\ 6 ^ 3x2^ ^ 3x2 15 3x2 "^ gx* 


Examples. XXIV. c. 


Find the square roots of the 

1. x*-i-23i^ + Sx^ + 2x+\, 

3. x !*~ 2 x ^ + 5 x ^- 4 x + 4 , 

5. 9a:^-12a:»+.34a:2-20a:+25. 


following expressions: 

2. 4a7^4 4ir* + 5a;*4 2a?+1. 

4. ~ 4a^b 4 6a®6^ ~ 4ah^ + h*, 

6. 4a:®+25y® 4 Idz® - 20a:y -- 40^2 +1 


7. 16a:® + 6a:® 4 17a:* 4 a;® 4 24a:®. 

S.A. 


8. 12a3a;-26a®a:2 425a:*4 9a*-20a«8. 

N 
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Find the square roots of the following expressions : 

9 . 4 - 10 . a^+h^+c^-2ah + 2bc-2ca. 

XT XT 


11. **-6a:‘+49 +42a;-14®»+9a:* 12. 9a<-12*’y+34!ey-20xj(*+25y<. 

13. o>+46*+9c*-4a6-126c + 66a. 

14. 9a*+49h* +121 c* - 42a“6’ + 1546V - 66oV. 

16. 4a«6*+95V+c»o*-4o’%<!-12a5*c+6o5c* 

16. 4a!*+9y®+25»®-12a:y + 20a»-30y* 

17. 49a!«+109r*y*+36y«-70ai»y-60*yr 18. i!fi-4x»+2+^+^. 


19. 4**+93^+49a* - 12a;V - 42y%a+28*»a». 


20. %+t+3-2(^ 

y‘ X* Vy 


M 


21 . --a»+ 2 a+l. 

4 

9a* 4o> 74ffl* 4a 

25. **-^+4+ 3 - g+g- 
27. ^+^_‘‘^+'!^+4x*-2ax. 

flQ 4a:2 x 

^ 16 * 


rtt* (i^ , 4a® 1 

9+T + T+“ + 4- 

f.. a® 11a® 

2*' 9-3+12 -“+*• 

26. j-3xS + ?-3'^*-2x+^. 
(U R4 

28. 9a;* + ^ + 24x*-”^-32. 

30. ^-^’ + a*-^ + lI^*. 


SQUARE ROOT OF NUMERICAL QUANTITIES. 

130. First study carefully the following example worked 
according to the algebraic method. 

Example. Find the square root of 99225. 

99225 =9. l(H+9.10®+2.10®+2.10 + 5(3.10“+1.10+5=316 
9.10^ _ 

9.10®+2.10» 

(6.10“+1.10)x(l. 10) = 6.10® + 1. 10“ 

3.10®+1.10®+2.10 + 5 
(6. 10“+2.10+-V>)x (V^) = 3. 10® + 1.10® + 2.10 + 5 

Below we give the same example in arithmetical form, omitting 
superfluous powers of 10, 

9,92,25. (315 
9 

92 

(60+l)xl=61 61_ 

3125 

(020 + 6) X 5 = 626 x 5=,3125 
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131. The following are very useful and should be learnt by 
heart: 

132=169, 172 = 289, 

142=196, 182 = 4 x 81 = 324, 

152 = 9 x 25 = 225, 192 = 361, 

162 = 4x64 = 256, 212 = 9x49 = 441. 

132. The square roots of numerical quantities can often be 
best found by using factors. 

1764 = 4x441=4x9x49; .'. s/l7(54 = 2 x 3 x 7 = 42. 

53361 =9 X 5929 = 9 X 7 x 847 = 9 x 7 x 7 x 121 =32 x 72x 11»; 
>/53M = 3 x7x]1 = 231. 


Examples. 

Find the square root of 


t 1 . 764 . 

5. 34,969. 

9. 15,876. 

13. 5,499,025. 


2. 18,225. 

6. 390,625. 

10. 4,020.025. 
14. 408,120,804. 


XXIV. d. 

3. 16,900. 

7. 213,444. 
11. 9,006 00J 
15. 1,825,201. 


4. 2,704. 

8. 7p56. 

12. 3,892,729. 
16. 12,173,121. 
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CHAPTER XXV. 


QUADRATIC EQUATIONS. 

133. When an equation contains the square of the unknown 
(luantity, and no higher power, it is called a quadratic equation, 
or an equation of the second degree. 

a;2-7a;+12 = 0, 

6j;2 = 7a;+3, 

134. Solution of quadratics by factorization. 

Let us consider the equation - 7a; +12 = 0. 

It may be written (x ~ 3) (a; ~ 4) = 0. 

We notice that when a; = 3, 

the left-hand side = (3 - 3) (3 - 4) 

= 0x(-l) = 0, 

i.e. the equation is satisfied, or 3 is a root of the equation. 

Also when a; = 4, 

the left-hand side = (4 - 3) (4 - 4) 

=1x0=0; 

4 also is a root of the equation. 

It will be proved later on that every quadratic equation haa 
two roots and only two. 

N,B ,—Every multvple of 0 is 0. 

6x0 = 0, 1000x0 = 0, 

0 X a = 0, 0 X a;^ = 0. 


I are examples of such. 


Examples. XXV. a. 


Write down the roots of the following equations : 

1. (x-l)(x-2)=0, 2. (a?-l)(a?+l)=0. 3. 

4. a:(a;-l)=0. 5. (a;+2)(a?+3)=0. 6. 

7. (a: + 2)a; = 0. 8. (a;-2a)(a;-6)=0. 9. 


(aj-a)(a:-6)=0. 
(a; + a)(a;- 6)=0. 
(x + a)(x^2b)=0. 


10. 11. (»+i)(ar + f)=0. 12. «(a;+^)=0. 

13. 14. (a?--aT6)(ir-a“6)=0. 



XXV.] 


QUADRATIC EQUATIONS 


197 


Write down the roots of the following equations : 

/ a + h\ / c + (i\ ^ __ 

15. 16. {x-‘p-’2q)(X‘-2p-q)=0. 

17 . {a:-2(a + 6)}{a; + 3(a-/>)}=0. 18. (a;-a^)(aj+62)=:0. 

19. {aJ+(a-W{a:-{a + 6n=0. 20. {x-3)^=0, 21. x{x-a)=0. 

22. a;(x+4)=0. 23. (a; + a)2=0. 24. {x+2af=0, 

135. Solve the equation x^ = x-{- 20. 

Transposing all the terms to the left-hand side (or subtracting 
a; + 20 from both sides) 

- a; - 20 = 0, 

factorizing, (a; - 5) (ic 4- 4) = 0 ; 

a; = 5 or -4. 

Verification. When x ^-= 5, —a: - 20 = 25 - 5 - 20 

= 0 ; 

.'. 5 is a root of the equation. 

When a;=-4, a!2~a;-20 = (~4)"~(-4)~20 

= 164-4-20 = 0; 

- 4 is also a root. 

Solve the equation 4a;2 ~ 16a; = 84. 

Transposing 84 to the left hand side, 

4a;--16a;-84 = 0. 

Dividing both sides by 4, a;^ - 4a; - 21 = 0, 
factorizing, (a; - 7)(a; 4- 3) = 0; 

a; = 7 or -3. 

Verification. When a; = 7 

4a;'^ - 16a; - 84 = 4 x 49 - 16 x 7 - 84 
= 196-112-84 
= 0 ; 

7 is a root of the equation. 

When a;=-3, 4x‘-^-16a;-84 = 4x9-16(-3)-84 

= 364-48-84 

= 0 ; 

- 3 is also a root. 

136. When an equation contains the square of the unknown 
quantity, and no first power of the unknown quantity, it is called 
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a pure quadratic. If it contains both the square and the first 
power of the unknown, it is called an adfected quadratic. 

- 4 = 0 and = 54 are examples of pure quadratics. 

- 7a; +12 = 0 is an adfected quadratic. 

Pure quadratics are easily solved by factorization. 

Solve the quadratic = 54. 

Dividing both sides by 6, x^ = 9. 

Adding 9 to both sides, a;^ - 9 = 0, 

Le. (a;—3)(a; + 3) = 0, 

.’. a; = 3 or ~ 3. 

Or we might proceed thus, 

x^ == 9 as before. 

Taking the square root of each side 
a; = ± 3. 


137. Solve the equation x^ — \2-x. 

Transposing all terms to the left-hand side (or subtracting 12 
from both sides), 

the equation becomes a;^ + a; - 12 = 0. 

Factorizing, {x + 4) (a; - 3) = 0, 

from which we see that - 4 and 3 are the roots reqd. 


Verification. 


When a; = 3, 


When a;=-4, 

the left-hand side = ( - 4)^ = 16, 
the right-hand side = 12-(~4) = 16; 
.'. - 4 is a root, 
the left-hand side = (3)^ == 9, 
the right-hand side =12-3 = 9; 

3 is also a root. 


Examples. XXV. b. 


Solve the following equations, verifying the solutions in each case 

3. a;2-4 = 0. 


1, a:® - 7a?-f 10=0. 

4. a;®-3a?=0. 

7. = 

10. x^ + \0=Ux, 
13. a:2=20-a?. 

16. a?‘^-4a:+4=:0. 


2. a?® - 5a?-f-6=0. 

5. x^+4x+S=0. 

8 . x^-2=:x. 

11. 4a?=46-a:*. 
14. a?2=7x. 

17. a?2 + 3a;=0. 


6. a?2-f 4ar-5=0. 

9. a;2-3=l. 

12. 12ar-27=a;* 

15. 2a;*-l = l. 

18. 21 + 10a?-fa:«=0. 
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Solve the following equations, verifying the solutions in each case: 

19. + 20. 21. it:2 + 225= 30a;. 

22. 2x^-S = l5. 23. 4^72= 8 a?. 24. 3a?2+21a?=0. 

25. 10,Sa?=a?2 + 102. 26. 0 : 24 . 160 ;+15=0. 

138. Let us take the equation 2a;2 - 1 lx +12 = 0. 

It may be written (2a; - 3) (a; - 4) = 0. 

We see that if 2a;-3 = 0, i.e. if a;= |, the equation is satisfied, 
for 0 X (f - 4) = 0. 

Also if a; - 4 = 0, i.e, if a; = 4, the equation is again satisfied j 
f and 4 are the roots of the equation. 

Solve the equation a;'^ = 2 (a; +12). 

Removing the brackets a;^ = 2a; 4- 24. 

Transposing all terms to the left-hand side, 

- 2a; - 24 = 0. 

Factorizing, (a; - 6) (x + 4) = 0 ; 

6 and - 4 are the recjd. roots. 

Solve the equation - 4x + 4 = 0. 

Factorizing, {x - 2) (x—2) = 0; 

.’. in this case the roots are equal and each of them is 2. 

139. If fractions or brackets occur in the given equation, they 
should first be cleared away. 

Example 1. Solve the equation 3 .t ~ 8= ^• 

Multiplying both sides by 4, 12a; - 32 = 

Transposing all terms to the left-hand side (or subtracting a?® from both 
sides), 12a;-32-ir2=0. 

Re-arranging and changing signs throughout [this is permissible, for if 
a-b, \ if a=0, -a=0], 

12a; 4 32=0. 

Factorizing, (a; - 4) (x - 8) = 0; 

4 and 8 are the retpl. roots, or x=4 or 8. 

Verifloation. When a;=4, the left-hand side=»x4~8=4. 

(4)2 

.the right-hand side=-^=4; 

.’. 4 is a root. 

When x=8, the left-hand side=3 x 8 - 8=16. 

.the right-hand side=~-=^=16; 

8 is also a root. 
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*1 A 1 

Example 2. Solve the equation * - --- =-. 

3a;-1 a; + l 4 

Multiplying both sides by 4(3a; - l)(a; +1), the l.c.m. of the denominators 
28(a;+l)-16(3a;-l)=(a;+l)(3a;-l), 

28a; + 28 - 48a; +16=3a;® + 2a; - 1. 

Transposing and arranging, - 3a;® - 22a; + 45=0, 

3a;®+22a;-45=0, 

(3a;-5)(a;+9)=0; 

and - 9 are the reqd. roots. 

It is important to observe tliat if x - a is a factor of both sides 
of an equation, a is a root of the equation. 

This is at once seen by substitution. 

Example 3. Solve the equation 2 (2a; - 5) + 7a; (2a; - 5)=0. 

2a; - 5 is a factor throughout; 2a; - 5=0 gives a root 

whence a;=|-. 

Having divided by 2a; - 5, we have left 

2 + 7a;=0 
whence x= -j ; 
the reqd. roots are f and - y. 


Examples. XXV. c. 


Write down the roots of the following quadratic equations ; 

1. (2a;-3)(a;-4)=0. 2. (3a; + l)(2a;-1) = 0. 3. (3a;+ 4)(5a; + 6)=0. 

4. a;(7a; + 9)=0. 5. (5a;-7)(6a;+1) = 0. 6. (7a;-8)®=0. 

7. (2x-a){2x-h)=0. 8. (5a; + a)(6a; + ?;)=0. 

9 . (2x - aT6) (3a; - c + d)=0. 10. 3 (4a; + 5) (2a; - 9)=0. 


Solve the following equations ; 

11. x^=2-x, 12. 8a; - a;®=15. 

14. 2(5a;-12)=a;®. 

17, a;®-4a;=4(.r-4) 

20. 5a;2+17a;=0. 


15. a;(a;-4) = 5. 

18. l+2a;® = 3a;. 

21 . a;-10=a;(a;-10). 


23. x® +4•8a;+2-87 = 0. 


24. a;+-=2. 

X 

26. (2a;-l)(3a; + l) = ll. 27. 2a;2 + -^=6. 

29. »-!=?. 30. (ar+l)(x+8)=27. 

X 


13. a;2=4(a; + 8). 

16. 4a;® = l. 

19. a; (a;+ 4) = 6 (a;+ 4). 
22. 4a:(a; + l) + l=0. 

n o 

25. x-|+|=0. 


28. 5x(2a:-3)+7{2a:-3)=0. 

jg+lO 1011 
x-5 6' 


31. 


32. 150*2=299*+2. 


35. 

S8. 


13*2-6*-7=0. 

1 _ 

*-l *+3 35' 


33. (5*-3)(3*+l) = l. 34. 6(4*+6)+^(4»+6)=0 

X 

36. *+35=70*2. 37. 9*2=18*+16. 
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SOLUTION OF QUADRATICS BY COMPLETING SQUARES. 

140. Take the equation + 2ah = 0. 

Adding to both sides, + 2ah + 

ie. (a + bY = V^. 

The addition of to both sides completed the square on the 
left-hand side. 

Take the equation x^- 6x = 0. 

Adding 9 to both sides, x^-Qx + ^ = % 

(«-3)2 = 32 

Again the left-hand side becomes a complete square. 

More generally, to complete the square on the left of the 
equation x^ - 2ax — 0 we must add to both sides. 

The equation becomes x' - ?^ax + = a\ 

or {x - a)^ = a^. 

x‘^-{-%x becomes {x-\-^Y by adding 16, iJl 4*.(1) 

x^-2cx . {x-cY . c^. (2) 

a;2+10.r . (a;-1-5)2. 52 . (3) 

Thus we observe that any expression of the form x'^±2px 
becomes a complete square when we add the square of half the 
coefficient of x. 


In (1) we add . 



141. L et us now employ this to solve quadratic equations 
Example 1. Solve the quadratic + 4x=32. 

Adding the sq. of half the coeff, of x to both sides, 

^. + 4r+(g^32+(g^ 

i.e. a;2 + 4a7 + (2)2=36, 

(a;+2)3=36. 

Taking the square root of both sides, 

x + 2= ±6.fi) 

With the positive sign a: 1-2=6, 

x=4. 
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With the negative sign x+2= - 6, 

x= -8; 

4 and - 8 are the reqd. roots. 

In connection with (i) we at first sight think we ought to say 

±(x+2)=±6, 

for ±(a?+2) is the sq. root of just as ±6 is the sq. root of 36. 

This however is unnecessary, as we see if we take the four different 
cases separately. 

With positive signs on both sides, a;+2=6, aj=4'| 

. negative. -*-2= -6, x==i] same result. 

With the positive sign on the left and the negative sign on the right, 
a;+2= -6, as= -8. 

With the negative sign on the left and the positive sign on the right, 

-a;-2=+6, 

a;+2=-6, a:=-8, again the same result. 

Thus it is sufficient if we attach the double sign (d:) to one side. 

We always attach it to the numerical square root. 


142. Before completing squares tlie coefficient of must be 
reduced to unity. 

Solve the eqmtion 22 - a; - 6.r*. 

Re-arranging by transposition, + a; = 22. 

Dividing both sides by 6 to make the coefficient of x equal 
to unity, 

2 . ^ 22 
* ■‘'6 6 ‘ 

Adding the sq. of half the coeff. of x, i.e. ^ sides, 



628 + 1 

144 


529 

144' 
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Taking the sq. root of both sides, 

1 23 

With the positive sign x + z^ = —, 

U l2 


x = - 


23-1 11 


12 


1^’ 


1 23 

With the negative sign x + - - , 

i2 12 


*- - a, 


11 




and - 2 are the reqd. roota. 


143. To solve the general quadratic ax^ + bx+c^(k 
ax^ + hx= - c, 


a;2 + ^=-f. 

a a 


Adding the square of half the coeff. of x to both sides 
tt ^ \2aJ 4a^ a 


- 4ac 


Taking the sq. root of both sides, 

h ± Jlr - 4:06 . 

^^2a~ 2a * 

- b ± >/b“ - 4a c 
2a 

The above formula may be used for the solution of any 
quadratic equation. 

There are therefore three methods of solving quadratics: 

(1) by factorization, (2) by completing squares, 

(8) by using the formula • 

2a 
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The student should have considerable practice in all three 
methods. 

When the factors cannot be seen readily^ the second or third 
method should be employed. 


Examples. XXV. d. 

Solve the equations: 


1 . 

6**=2-*. 

2. l-26x“=ll*. 

a 

a!+l = 156!B“. 

4. 6a:2=4x+l. 

a 

3ar‘+10=17ar. 

6. 7*’“ +32a-=16. 

7. 

2a!^+19a:+9=0. 

a (a:-1)2= 16. 

9. 

2(a2+l)-6a:=0. 

10. lla:=3(2a:2+l). 

It 

3(a;-l)(a;+l)=8a!. 

12 . (x-l)(a: + l) = ^. 

13. 

13=4(.3x2 + 2a!). 

14. (2a:-1)2=25. 

15. 

(3a:- i)*=49. 

16. 3a:(5a:-l) = 4(a:+9). 

17. 

25ar!-7a:=86. 

18. 5a:-ll=a:(6a:-ll). 

19. 

13a:+9=10a:®. 

20. ^|-5j-36=0. 

21 . 

3(3a;+4) + S»(3a:+4)=0. 

__ 2a:-3 4a:-6 

22- 2 ■= a: • 

23. 

X{X-l)+^{X-l)=:0. 

2a:-3 2{2a:-3) 

^ 5 ^ 3a: 

25. 

7 (3a: - 6) + lla:(2a: - 4) - 3a:(3* - 

10)=0. 26. — ? _ — 

' 3(a:-l) 2x+l 

27. 

6 __6_6 

X~St X-i X-s' 

Qo .r-1 a?-3 2a:+l 
a:+l'^a7+3“2a: + 2‘ 

29. 

X 7 _x-7 

& + Q-4x x-(i 

Qfi 3ar+4 30 - 2a: 7a;-14 

5 a:-6 “ 10 * 

31. 

_4 5 

a?-2 x-S x-4 x-^5’ 

aa 2 a: + 3 10 

3- 

sa 

2x 3x-l 5x-ll ^ 

OP -a?+2 a:-2 * 

M x-3 a: + 3 - 
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When the quantity under the radical sign is not a perfect 
square, the approximate values of the roots should be found by 
finding the square root to a few decimal places. 

rru ■( 9 ± s/21 

Ihus if X ———> 

= —(for \/21 = 4*583...) 

= 1*36, or 0*44, correct to two decimal places. 

If the result is to be coi’rect to two decimal places, it is generally 
advisable to calculate the square root to three decimal places. 


Examples. XXV. e. 

VVluin tlio exact values of the roots of the following equations cannot be 
101111 ( 1 , give results correct to two decimal places, A.e, to the nearesi; 
(lundredth. 

Solve 

1 , x^-2x=l. 


3 , x{x-3)=x-1. 

5 . 5jiP-^x-i=0, 

7 . x^=s^{2x-sfS). 

Sx + 2^x-^l 


2. x^~2{l-x), 

A 4 

x-^l x-l^ 

2 ‘ 

o L+_L.0 


10 . 


a:-l 


x^ + Sx + 2^ x^ 4- 5x 4-6 a; 4- 2 

1 ^ 


1 


11. 

12. 

X - 2 X - 3 

-rt 3a74-l .Sa?-1 

3a;-1 3a;+i ' 

14, x^ - ^/Sx - 6 

15. 

„ 1-0? 
16. o?-3=-• 

X 

2a;-3 3(2a;-l)_^ 

* 4 X -1 

18. 

07 4-1 x~5 

10 ^ ir 4 3 _ 2 

1 2 
20. — 

a; - 1 o: - 2 

„ 2 2a; + 3_10 

2a:+3^~2 “3 

3 x+5' 


=0. 
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x-6 x-{-6 6 

rt- 2x-5 4.T - 6 


2 

X 

3 

5 

a;- 1“ 

a--2 

1 

4 

2 -a; 

1 -a; 


29- 2f^-rf^+7=o. 

31. (a!+l)3-(a:-l)»=&«:. 

35 JL + _L=1. 

x + S x + 5 8a: 

37 _i_L-_L_. 

;e-3 a:-4 .3a;-8 

39. a:2-10a:+13=0. 

1 3 

r-x~''*~iTx' 

43. 3a:“-lla:-5=0. 

45- l-i^ + 43=«- 


24- 

26. -^ + 2+ ^=0. 
x~I X X-2 

28- 


3-x x-l~x+2 

32- 

^ _!>_4 _ 6 

“■ a; -2 a;-4 a:-3 

38. (a:+l){3(a;-5)-4}=& 

40 _i—J-—I =0. 

3-x 4-a: 6-a: " 

AO ^ 1 3(a? — 3) _ 37 

a:-r^ a? “10* 

44 .£li_ - J_+-l=o 

**• 3(a:-2) a: + 6^132 

dR a?-“5 a?-3 _7 
a;-4 a;+i“36* 

48 3a;-5 2a7 ~ 5 3 

a;-2 a; + l“^^- 


49 . If three times is equal to four times what value can x have 

x+1 x-1 

if it is positive ? 


50. Given that one root of the equation a;®-2a;^-5a;+ 6=0 is unity, find 

the other roots. 

51. For what positive value of x is the square root of a;^ - 3a? + 6 equal to 4! 

52. If the square root of 4a:‘'* - 3a;+ 8 is equal to 3, what values can x havel 

53. Given that express x in terms of y. 


54. Given that y=2-k ^what values x can have when y = 3. 
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CHAPTER XXVI. 

GRAPHS OF QUADRATIC FUNCTIONS OF X AND GRAPHIC 
SOLUTIONS OF QUADRATIC EQUATIONS. 

144. The student must first familiarize himself with the graph 
of the equation y = x^. 

Trace the 
When 


graph of y = x?. 


07 — 0 

^:l 

±2 

i3 

+ 4 

±5 



1 1 1 

1 ^ 

M 

16 1 

25 

... 



Joining these points, we have the graph reqd., whieh we see is 
a curve. 

For every value of y there are two equal and opposite values 
of X, 

.*. the curve is symmetrical about the axis of y. 
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Moreover, as x increases indefinitely, y alsfi^incrcases indefinitely, 
the parts of the curve on either side of OY meet only at 
the origin. 

Such a curve is called a parabola. 

N.B ,—In the above we have taken twice the length of the 
side of a square to denote unity. 

We observe that when x is greater than unity, the y value 
increases much more rapidly than the x value. This is well seen 
from the table of corresponding values of x and y below. 

When 


X — 

5 

6 

7' 

8 

9 

10 

11 1 ... 

y= 

.5 1 

36 

49 

1 64 

81 

100 

1 121 j ... 


145. A better curve for working purposes will be obtained if 
we take 5 times the side of a square to denote unity for tJie 
abscissae, and one side of a square to denote unity for the ordinates, 
Employing these units, we obtain the curve shown below. 



Thus at P, the abscissa ON = 15 times the side of a sq. = 3 units, 
and the ordinate PN = 9 times the side of a sq. = 9 units. 

The effect of using different units for the x and y values in this 
way, is the same as uniformlv stretching the paper in a direction 
parallel to the axis of x. If wo took the larger unit for the ;// 
values, it would be the equivalent of stretching the paper parallel 
to the axis of y. 
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It will sometimes be found convenient to take the x unit still 
larger. 



First Method. Let us trace the graph of y == - o'. - 10 , using 

a unit for the x values 10 times as large as that for the // values. 

When 


.r = 0 

1 

2 

3 1 .. !! -1 ! -2 

-3 

II 

2 

8 

18 1 ,| 2 1 8 

18 

-a;-10=r - 10 

--11 

|-12 1 

- 18 1 -9 ! - 8 

1 ! '! 1 

-7 

y---l3?--x-W= -W 

1 -9 

Ll'j 

1 5 j ... -"jo 

1 11 


(0, -10), (1, -9), (2, -4), (3,5), (-1, -7), (-2,0), 
( - 3, 11) are points on the graph. 

Marking these points as shown in the diagram, and drawing 
llie curve carefully, we have the graph of y = 2x' - ic - 10. 

At the points A and B where this curve meets XOX' the axis 
(if X, y = 0 ; at those points 2x- - x - 10 = 0. 

But OA and OB are the values of x at these points ; 

/. they are the roots of the given equation. 

From the diagram we see that the roots are 2*5 and - 2. 

Second Method. First trace the graph of y^x^, using a unit 
for the X values 5 times as large as that for the y values, as 
in Art. 145. 
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We thus obtain the curve POR as in the diagram. 
Then trace in the same diagram, and with the same 

graph of „ • a:+10 

2y-a:-10 = 0, ^.e. y = —^— 

When 


itSj the 


x = 

0 

4 

a; 4-10= 

10 

14 


5 

i 



Plot the points (0, 5) A and (4, 7)B. Join AB. 

The straight line AB is the graph of - a; - 10 = 0. 

Mark the points P and R where this line meets the curve POR. 
Now at the point P, the ordinate PM is the same for both 
graphs, i,e, y is the same in both the equations and 

- a; -10 = 0 ; at the point P, 2x^-x-l0 = 0. OM is there¬ 
fore a root of this equation. From the diagram OM = ~ 2. 

In precisely the same way, the ordinate at R is the same in 
both equations, y = x^ and 2y-a;- 10 = 0 ; .*. ON is another root 
of the equation 2a;2-a;~ 10 = 0. From the diagram ON = 2*5; 
•*. the reqd. roots are - 2 and 2*5. 
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147. graphically^ correct to one decimal phce^ the roots of 
tiie equation 5^2 +10a; - 29 = 0. 

Trace the graph of y = -H 10a; - 29. 



When 


When 


a?=0 

1 

2 

3 

II 

o 

6 

20 

45 

101-29= -29 

- 19 ! 

-9 

1 1 

y=-29 

-14 I 

11 

1 46 


x= -1 

-2 

-3 

-4 

5a;*=5 


45 


10a;-29= -39 

-49 

1 -59 

-69 

y=-34 

-29 

-14 

11 
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Plotting the points (0, -29) (1, -14) (2, 11) (-1, 

(- 2, - 29) ( - 3, - 14) (- 4, 11) and taking the x unit ten times 
as large as the y unit, we have the curve as shown in the 
diagram. 

The equation is satisfied when 5ic‘^+10.r-29 = 0, i.e. when 
y = 0, Le, where the curve cuts the axis of x. 

From the diagram, the roots required are 
1-6, -3-6. 

Verification. When a; = 1 *6, bx^ + 10a; - 29 = 5 (2 *56) + 16-29 

= 12*8 + 16-29 
= - * 2 . 

Thus when a;= 1*6, ISa;^ + 10a; - 29 is nearly zero. 

1*6 is an approximate root. In the same way we can verify 
the fact that - 3 6 is an approximate root. 

If we trace the graphs of y = a;^ and y = a;^ + ?)a; + c, where h and 
c have any assigned values, using the same units in each case, we 
shall obtain the same curve in different positions. This is easily 
seen by cutting out one curve and superimposing it on the other. 

In general, it will be found that the graph of any equation 
in two variables, whose terms of the second degree form a 
perfect square, is a parabola. 

For instance, if we plotted a number of points on the curve 
{2x + 3y)2 + 3x - 2y + 5 = 0 and joined them by an even curve 
we should obtain a parabola. 


MAXIMUM AND MINIMUM VALUES OF QUADRATIC 
EXPRESSIONS OF ONE VARIABLE. 

148. These all hinge upon the fact that a perfect square is 
always positive, i,e, it cannot be less than zero. 

To find the mimmmm value of x^-ix+1 for real values of x. 
a;2-4a;+7 = (a;-2)2 + 3. 
the given expression is least when {x - 2)2 = 0. 

The reqd. minimum value is therefore 3. 



Kxvr-l QUADRATIC EXPRESSIONS OF ONE VARIABLE 
To find the minimwn value of 4:X + 1 graphically. 
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1 111 i -i i 1 11 i-t-i-t-t-rm-mi-t-m-t-i-tj 

-2-10 I 2 3 4 5 X 


Let us trace the graph of y = x^-4:X + 7, 


When 


I 

II 

-1 

0 

1 

2 

3 

4 

5 

^ 05 + 7= 11 

8 

7 

8 

11 

16 

23 

32 

1 

II 

00 

1 

0 

-4 

1 

-12 

-16 

1 -20 

y=19 

12 

7 

4 

3 

4 

7 

LK 


Plotting the pts. (-2, 19) (-1, 12) (0, 7) (1, 4) (2, 3) (3, 4) 
(4, 7) (5, 12) and joining them hy an even curve, we have the 
curve shown in the diagram. 

From it we see that the minimum value of y, i.e, of x^ - 4a; + 7, 
is 3. 

[In the diagram the z unit is taken five times as large as the 
y unit.] 

To find the maximum value of 3*5 + 4a; - for real values of x, 

3*5 + 4a; - 4a;- = 4*5 - (1 ~ 4a; + 4x*) 

= 4-5-(l~2a5)*. 


























214 ELEMENTARY ALGEBRA [chap 

/. the given expression is greatest when (1 - 2xf is least, 
when 1 - 2a; = 0. 

Hence 4*5 is the maximum value reqd. 

By plotting the graph of y~3*5 + 4a; - 4a;2, we can find the 
maximum value graphically, as in the preceding example. 

149. Between what values of x is the expression 19a;-2fl;2-36 
positive ? 

Let y denote the given expression. 

y = - (2a;2 - 19a; + 35) = - (2a; - 5)(a; - 7) 

= (2a;-5)(7 -a;) = 2(a;-|-)(7 - a;). 

When a;<[ 2^, a; — ^ is negative and 7 — a; is positive j 
y is negative. 

When a;> 2| but < 7, a: - is positive and 7 - a; is positive; 
y is positive. 

When a; >7, a; -1 is positive and 7 - a; is negative; 

y is negative. 

/. the given expression is only positive as long as a; is between 
2 ^ and 7. 

This may be seen graphically by plotting the curve 
y = 19a; - 2a;2 - 35. 


Examples. ZXVI. 

1. Plot the graph of 5y=1 - from a;= - 4 to a;=4, using an inch unit 
for both X and y. 

2. Plot the graph of y=x^-^x from »= -1 to x=5, using a half>inch 
unit for both x and y. 

3. Plot the graph of y=4a?~a?2 from x= -1 to a?=5, using a half-inch 
unit for both x and y. 

4. Plot the graph of y=(aj-f l)(a?+2) from x= - 4 to x= 1, using a half- 
inch unit for both x and y. 

5. Plot the graph of 5y=( 1 - a;) (a? -f 2) from aj=-4toa?=4, using an inch 
unit for both x and y. 

6 . Plot the graph of 6y~x^ from a?= -4 to a;=4, using a half-inch unit 
for both X and y. 
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7. If 3 and y — t^~ 3ty find the values of x and y corresponding to 

values of t from - 1 to 4, and plot the graph. 

8. Draw the graph given hy and 1 for values of t from 

-.S to2. 

9. Draw the graph of 3x^ -5x~ 3 for the following values of a:, - 2, -1, 
0, 1, 2, 3, 

(i) Using an x unit ten times as large as the y unit. 

(ii) . five . 

10. Draw the graph of 5x^ + 4x-2L 

(i) Using an x unit ten times as large as the y unit. 

(ii) . five . 

11 . Draw the graph of ~ 4a?. 

(i) Using an x unit ten times as largo as the y unit. 

(ii) . five . 

12 . Draw the graph of 4 {x^ - 1). 

(i) Using an x unit ten times as large as the y unit. 

(ii) . five . 

[TalnUate values of x and y before choosing your imits.] 

13. Prove graphically that the expression a?2-6a?+13 is positive for all 
real values of x. 

14. Show graphically that the expression 4a; - 6 - is never positive for 
veal values of x. 

Solve the following equations graphically; 

15. 3i^-:ix=10. 16, 2*’“ + .3a:-2=0. 17. a^ + a:=6. 

18. 5a:2-a:-22=0. 19. 10a?*-17a:+ 0 = 0. 20. 43:“-4a;-15=0. 

21. 4a?*-4a:-.35 =0. 22. a:2+l la:- 8=0. 23. a:®-3-3a:+2=0. 

24. 6a:*-23a:+ 21 = 0, to the nearest tenth. 

25. 10a?* + 21a:-13=0. 

26. 5a:* - 3a: -16=0, to the nearest tenth. 

27. Draw the graph of 4 j;“ - 4a? + 1. What do you deduce as to the roots 
of the equation 4a;2 - 4a? + 1 = 0 ? 

28. Plot the graph of 4a?2-3a?+7, using integral vaiues or a? irom -2 to 
3. What do you deduce as to the roots of the equation 4.c- - 3a? + 7=0 ? 

29. Prove graphically that tho expression 13 - 6a?-a?^ is never greater 
than 22 for real values of x, 

30. Draw the graph of x^-3xy and deduce approximate values of tho 
roots of the equation a?- - 3a? = 3. 

31. Plot the graph of 5x^ - 3x - 24, and from it deduce the roots of the 
equation 5a?‘^=3a; + 26. 

32. Draw the griiphs of y—x?, 2y=3a?+14 in tho same diagram, and 
leduce the roots of the equation 20?^* - 3a; -14 = 0. 
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33. Draw the graphs of y=v? and hy-%x- 69-0, and deduce tlie roots 

of the equation =8a? + 69. 

34. In the equation ^=:5a?^-4a?-10, find the corresponding values of y 
to the values -2, - 1, 0, 1, 2, 3 of ar. Draw the portion of the curve 
tl]us given, and deduce ajiproximate values of the roots of the equation 
5a:- - 4a? - 10 -- 0. Read off the minimum value of the expression 5a;- - ix - 10. 

35. Find graphically the values of a? for which the expression a?^ - a; - fi 
vanishes. Prove that for all values of x between these limits the expression 
is negative and for all other real values of x positive. 

36. Draw the graphs of y = x^ and 2y-3a?-20=0, and deduce the roots 
of the equation 2a?2=3a; + 20. 

37. Draw the graph of y = (a? - 2) (a; - 3), and deduce approximate roots 
of the quadratic (a: - 2) (a? - 3) = 5. 

38. In the equation y = 3 + 3a: “ o.r', find tlio values of y corresponding to 
the values - 0’4, - 0‘2, 0, 0*2, 0*4, 0*6 of x. Plot the points thus obtained, 
using an inch to repre.sent 0*2 along the axis of x, and an inch to represent 
unity along the axis of y. Write down the maximum value of y. 

39. Prove graphically that the lino y—6a?- 13 meets the curve y = .r-- 4 
at one point only. Find its co-ordinates, and verify your result 
algebraically. 

40. Find graphically, as accurately as you can, the minimum value of 
4a:;^-3a? + 2 for real values of .r. Verify your result algebraically. 

41. Find graphically the maximum value of 6a;-3-:r2 Verify your 
result algebraically. 

42. Find graphically the minimum value of a;-- ffa; +'*\-. Verify your 
result algebraically and write down the corresponding value of a?. 

43. Find graphically the minimum value of 3.r^--6a?-f-5*6. Veiify by 
algebra, and write down the corresponding value of x. 

44. Find graphically the value of x which will give 2*4-f 40.t-f5a?^ a 
minimum value. 

45. Find graphically between what limits the value of x must lie if 
2ox^ - 30a? - 91 is negative. 

46. Between what limits must the value of x lie if the expression 
20 - 2a?^ - 3a? is positive ? Find the limits graphically and by algebra. 



XXVIC.I SIMULTANEOUS QUADRATIC EQUATIONS 


217 


CHAPTER XXVIL 

SIMULTANEOUS QUADRATIC EQUATIONS. 

150 . In this chapter we shall consider simultaneous equations, 
where one at least is of a higher degree than the first. 

The methods of solution are various, but in some cases the 
student should endeavour to reduce the equations to the forms 

tur + hy ~ r, 
ax -hy = c\ 

Addition and subtraction will then effect the solutioih 


Example 1. Solve the equations - 2 /'*^= 84, 5x~y=(i. 
By di vision, Ij.v + y = 14. 

Also 5a;=6. 

Adding, 10a;=20, x=2, 

Snhtraoting, = y = 4. 

07=2, y=4 is the reqd. solution. 


Example 2. Solve the equations 3a;J-y --9, . 

. 

S(]naring equation (1), 9a;^ + Q.ry + y- — 81, 

From (2), \2xy--7‘2. 

Sulitraeting, - 6a;?/ -f- y- = 9. 

Taking tlic sq. root, ^.v-y — io. 

We now have the two cases, 

3a; + y=9, 

~y— 3. j 3.C ~y= - 3. 

Adding, 6a; =12, 6a:=6, 

a; = 2. .'r=l. 


Subtraoti ng, 2y = 6, 

?/=3. 


2y=12, 

2^=6. 


'^1 and ^ arc the reqd. solutions. 
y=3j ?/=6) ^ 


( 1 ) 

( 2 ] 
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Example 3. Solve the equations 4x*+y®=17, 

2x + p=5, . 

From (2), by squaring, 4x^+4xy + y^=25, 

. (1), by subtraction, 4xy=8, 

Subtracting this from (1), 4xi^ - 4xy -f =9. 


Taking the sq. root, 

2x-y— ±3. 

Hence 

2x+y=5\ 

2a:+y=5, 


2x-y=8} 

( 

1 

11 

I 

Adding, 

4a;=8, 

435 = 2, 


35 = 2. 


Subtracting, 

2y=2, 

2y=8, 


y=l. 

y-4. 


x=2A 



y=i,j 

y=4,J 


( 1 ) 

( 2 ) 

(3) 


are the reqd. solutions. 


The Examples in XXVIL a. can all be solved by substitution. 
The student must be careful to do the work methodically. 


Example 1. 

25»®-y«-84. 

.(1) 


535-y=6. 

.(2) 

From (2), 

y=5a5 - 6. 


by substitution in (1), 



25x^ - (5x - 6)2= 84, 
whence 60a;-36=84, 35=2. 


By substitution in 

(2), the simpler of the two given equations, 



0 

I 

II 

11 



5- is the reqd. solution. 
j>=4j 


Example 2. 

3a; + y=9, . 

.(1) 


35y—6... 

.(2) 

From (1), 

y — ^-Zx. 


.*. by substitution in (2), 35 (9 - 3a5)=6, 



z.e. 3aj®-9a; + 6=0, 
i.t. x^-Sx+2—0, 
i.e. (a;-l)(a;-2)=0; 

/. x=l or 2. 

When 35=1, from (1), y=9-3a;=9-3=6. 

. a?=2, .=9-6=3. 


x=2'\ 

^ I and ^ I are the reqd. solutions. 
y=6/ .y=3j ^ 
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Examples. XXVII. 

a. 

Solve the equations: 



11 

1 

2. x^-y^=2l. 

3. y2.9ar2=28, 

2A+y=7. 

x + y=S, 

y-3ar = 2. 

4. x^-xy=Z6, 

6. 4a:^+ajy=51, 

6. 9a;-3y=3, 

x-y=5. 

4a;+y=17. 

9ar2-y2=5. 

1 

II 

1—< 

8. 4a;2-25y2=-81, 

9. 9ar2-49y2=29, 

25a;*-4/=96. 

4x- 10y=:54. 

6a;- 14y=2. 

10. x + y=\5, 

11. a;-y=2, 

12. ar-y=l, 

II 

ary =15. 

ary=132. 

13. a?+s^=4, 

14. ar + y=6, 

15. ary=21, 

a;y= -117. 

ary= -91. 

x-y—4. 

16. 8a:y=l, 

17. 4ar+y=ll, 

18. 5a;-y=9, 

4(a:+y)=3. 

ary=6. 

ary=2. 

19. 3a;-2y=14, 

20. 5ar+4y=28, 

21. ar2+y2=53, 

a;y=l*2. 

ary=8. 

2a;-y=12. 

22. 3it?-y=18, 

23. 6ar+y=7, 

24. 5ar-2y=13, 

xy=^ - 15. 

ary=2. 

ary=3. 

25. xy+x=\Oi 

26. ary-y + 12=0, 

nrr 1 1 3 

27- S+y=4’ 

2x-y—d, 

3a;-2y+14=0. 

xy=8. 

1 1 

1 1 14 

OA 1 1 2 

28. ---=1, 

X y 

29. -+-=TE' 

ar y 45 

X y 35 

11 

ar+y=14. 

ar-y=2. 

31. ~ + i=l, 

32. -+^=12, 

33. 4ar-3y=26, 

X y 

X y 

4 3__^ 

xy= - 1 . 

xy=\. 

y X 10 

34. Sa:+7y=17, 

36. a:*+y*=53, 

36. a?+y*=A, 

®4=8i. 

ar+y=5. 

ar-y=J. 

y X 



37. 4a:*+ 2^2= 104, 

38. 9ar2 + y2=81, 

39. a;2+ajy + y2_201, 

II 

+ 

3ar-y=9. 

ar+y=16. 

40. a:*-a:y + y‘=157, 

41. ar2-j-2.«ry + 4y2=28, 

42. 9a,'2+aryH-4y2 = 91, 

a!-y=l. 

.T 1 2y = 6. 

.S.r-2y=13. 
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151. To draw the gra;ph of xy = 40. 


When 


X— ±2 

±4 

±5 

±8 

±10 

±20 ... 

y— i20 

±10 

±8 1 

±5 

±4 

±2 


the upper signs being taken together, and the lower signs 
together. 



Plotting these points and joining them by an even curve, we 
have the figure shown in the diagram. 

It is observed that the curve lies entirely in the first and third 
quadrants, and that the two branches are symmetrical in regard to 
both the bisectors of the angles between the axes of co-ordinates. 
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152. Find approximate roots of the equations 

Draw the graph of xy = 40, as in the preceding article. 

In the same diagram and with the same units, draw the graph 
of X " 2//= 6, a straight line through the points (0, - 3), (6, 0). 

The points of intersection of the two graphs give the required 
roots. 

They will be found to be x— 12*43, ~ 6*43'! 

,y = 3-22, -6-22}"PP*’"^- 

Examples. XXVII. b. 

Find, approximately, the values of the roots of the following equations, 
by the use of graiihical methods. Verify your results. 

1. it' + i/ = 7, xy=^. 2. + a:^=16. 

'ii, x~y^2y xy=l6. 4. x-y=^4, xy=9. 

5. + a?y = 5. 6. x-y=Sy xy = S. 

7. ‘2.r-2/=10, £r2/ = 8(). 

4 

8. Draw the graph of y~ —^ between the limits x=^ -4, x = 3. Use 

tC *r O 

an inch unit for both x and y. 

4 

9. Draw the graph oi y=x-5 + - between the limits ii;=0*5 and x= 10, 
using a half-inch unit for botli x and y, 

12 

10. Draw the graph of y—— between the limits a:=l and ;r=10, 
using a half-inch unit for both x and ?/. Use the graph to solve the 
equation a;-8-f^ = 0. 

4 

11. Draw the graph of y = x - -j using a half-inch unit for both x and ?/. 

With the same diagram also draw the graph of x + 5y=5, and hence write 
ilown approximate roots of the simultaneous equations xy=x-~4 and 
^ + 51/ = 5. 

0 

12. Draw the graph of y — ^-x-~ between the limits .r=0 and a;=6, 
using an inch unit for both x and y. 

g 

13. Draw* the graph of y=.3 between the limits x= -5 and 

using an inch unit (or half-inch) for botli x and y. From your 
diagram estimate the greatest value of y between these limits. 
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CHAPTER XXVIII. 

FURTHER EXAMPLES ON SYMBOLICAL REPRESENTATION. 


Examples. XXVllI. 

1. A man rows x miles an hour in still water, and the current runs at 
the rate of y miles an hour : 

(i) How many miles an hour does the man row with the current ? 

(ii) . against .? 

(iii) How long does he take to row a miles with the current? 

(iv) . against .? 

2. Money is invested at simple interest at the rate of x per cent, per 
annum : 

(i) What is the interest on 1£ for a year ? 

(ii) . 1£ ... y years? 

(iii) . z£ ... . ? 

(iv) What does z£ amount to in . ? 


3, Simple interest being reckoned at the rate of x per cent, per annum 

(i) What is the present value of 100£ due in one year ? 

(ii) . a£ .? 

(iii) . 100£ .:. y years? 

(iv) . a£ .? 


4. A train runs at the rate of y miles an hour: 

(i) How long does it take to do one mile ? 


(ii) . z miles ? 

(iii) . z miles at the above rate, and 


another z miles at double the rate? 

(iv) How many miles does it run in a hours at the slower rate ? 


6. A can do a piece of work in x hours, B can do it in y hours: 

(i) What fraction of the work do A and B do, working together, in one hourl 

(ii) . a hours ? 

(iii) How long do they take to do the work when working together ? 

(iv) .three-quarters .? 
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6. One pipe, running alone, fills a cistern in x hours; a second, running 
alone, fills it in y hours; and a third, also running alone, empties it in 
z hours: 

(i) What fraction of the cistern do they fill, all running together, in an 
hour? 

(ii) How long do they take to fill the cistern, all running together ? 


7. x£ is the simple interest on y£ for z years: 

{i) What is the simple interest on y£ for one year ? 

(ii) . 1£ .? 

(iii) .100£ .? 

<iv) . a£ ... 6 years? 

8. In X years y£ amounts to z£ at simple interest: 

(i) What is the interest on y£ for x years ? 


one year ? 


(ii) . y£ 

(iii) . 1£ 

(iv) . o£ ... 6 years? 

(v) What is the rate of interest ? 

9. Apples cost X pence per dozen: 

(i) What does a man give for one apple ? 

(ii) . he . y apples ? 

(iii) What does he give for one apple when the price is raised a penny 
per dozen ? 

(iv) What does he give for y apples at the higher price ? 

(v) How much do a apples cost at the cheaper price ? 

(vi) .higher.? 

10. A man invests money at compound interest at the rate of x per cent, 
per annum: 

(i) What is the interest on 1£ for one year? 

(ii) . amount of 1£ . ? 

(iii) . a£ . ? 

(iv) . interest on. ^ 


(v) . amount of 1£ 

(vi) . 

(vii) . 

(viii) . P£ 

(ix) . 

(X) . 


. 2 yeant 

3 .? 

n .? 

2 years? 

3 . ? 

n . ? 

(xi) . interest on ? 


11. If simple interest is calculated at the rate of x per cent, per annum, 
(i) What is the discount on 100£ due in one year ? 


(ii). 

. a£ . 

. ? 

(iii) . 

.100£ . 

.... ^years? 

m . 


....a.? 
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12. A man can do a piece of work in x hours; a woman does half as 
much as a maU) and a boy half as much as a woman. What fraction of the 
work will 

(i) A man, a woman, and a boy together do in 1 hour ? 

(ii) 2 men, 3 women, and 4 boys.? 

13. One man walks x miles an hour, and another y miles an houi 
starting at the same time, in the same direction. 

(i) How much apart are they in an hour if the first man is the quicker 
walker ? 

(ii) How much apart are they in a hours ? 

(iii) How long does the first take to gain one mile on the other ? 

(iv) .6 miles .? 

Express the following in the form of equations : 

14. The product of two consecutive numbers of which x is the smaller 
is less than the product of the next higher two consecutive numbers by y. 

15. A man bought a cows at x£ each, and h sheep at y£ each, and 
altogether spent z shillings. 

16. Apples are sold at x pence a dozen, and pears at y pence for 10. 
a apples and h pears cost z shillings. 

17. x men form a hollow square, four ranks deep, with y men on each 
outside face of the square. 

18. A hollow square is formed by a men, y ranks deep, with z men on 
each outside face of the square. 

19. A fraction whose numerator is x, and denominator y, is increased by 
a when the numerator is increased by 6, and the denominator decreased 
by c. 

20. a? dozen of wine at a shillings a dozen, and y dozen at h shillings a 
dozen, cost c shillings a dozen on the average. 

21. The area of a room x ft. long and y ft. wide is doubled when its 
length and breadth are each increased by a feet. 

22. In travelling a yards, the fore wheel of a carriage makes n revolutions 
more than the hind wheel. Take x feet for the circumference of the fore 
wheel and y feet for that of the hind wheel. 

23. One pipe will fill a cistern in x hours, a second will fill it in y hours; 
running together they fill it in z hours. 

24. A starts off on a journey at x miles an hour; and n hours afterwards, 
B starts off at y miles an hour, and catches A up in a hours from A’s start. 

25. Two men start simultaneously to walk from A and B to B and A 
respectively, a distance of n miles. They walk at x miles an hour and y 
miles an hour, and meet in a hours. 

26. Form the equation for the above problem when the second man 
starts 6 hours after the first, and they meet a hours after the first man 
started 

27. Between two places one mile apart there are x telegraph posts in a 
straight line, y yards apart. 

28. Between two places a miles apart, there are x telegraph posts ia ^ 
straight line, y yards apart. 
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29. A man spends one-third of his income of a:£ in board and lodging, 
one-fifth in dress and one-tenth in sundries, and has y£ left at the end of 
the year. 

30. A tradesman makes in a year a profit of x per cent, on his capital of 
y.C and has z£ at the end of the year. 

31. A man gains x per cent, on a£ and loses y per cent, on 6£, and 
altogether makes a profit of c£. 

32. A man runs a miles at x miles an hour, h miles at y miles an hour, 
and c miles at z miles an hour, and takes d hours over the whole journey. 

33. A man is hired for x days. He is paid y shillings a day for a days, 
and is fined z shillings a day for the rest of tl^e time oecause he absents 
himself. He receives c£. 


CHAPTER XXIX. 

PROBLEMS INVOLVING QUADRATIC EQUATIONS. 


153. Example 1. A number of two digits is less than four times the 
product of its digits by 11, and the digit in the tens* place exceeds 4hf 
digit in the units’ place by four. Find the number. 

Let X be the digit in the units’ place. 

Then a?+4 is the digit in the tens’ place. 

The number = 10 (a; + 4) + a? = 1 la?+40. 

Four times the product of its digits=4a; (a?+ 4); 

4a;(a; + 4)-(lla; + 40) = ll, 
4a:2+i6a;-lla;-40=ll, 

4a;® 5a: “51=0, 

(a:“3)(4a: + 17)=0, 

n 

4* 

3 is the digit in the units’ place, and 3 + 4 (=7) the digit in the tens’ 
place. 

73 is therefore the reqd. number. 

17 

The solution is inadmissible, because the digits of a number are 
positive integers. 

Example 2. A reduction of 2 pence a dozen in the price of eggs will give 
6 more for three shillings and sixpence : find the price per dozen. 

Let X pence be the price of 12 eggs. 

12 


*=3 or- 


For 42 pence we obtain — x 42 eggs. 


12 


When a; “ 2 pence is the price of 12 eggs, we obtain -—^ x 42 for 3«. 

12 


lO 

^x42“~x42=6, 

-2 X 


B B. S.A. 
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84 84 

x-2 X * 

84a; - 84(a; - 2)=aj® - 
a;*-2a;-168=0, 

(a;-14)(a;+12)=0, 
a;=14 or -12. 

14 pence a dozen is the reqd. price. 

Bzample 3. A train does a journey of 240 miles at a uniform rate ; if it 
had travelled 4 miles an hour slower, it would have taken 2 hours more 
over the journey : find its rate of travelling. 

Let X miles an hour be the reqd. rate of travelling. 

At the higher speed, the train took hours over the journey. 

At the slower speed, a; - 4 miles an hour, it took hrs. over the journey. 

by hypothesis, — = - 2. 

X a? - 4 

Multiplying up, 240{a; - 4)=240a; - 2a;(ar - 4), 

2a;2-8a;-960=0, 
af2 - 4a; - 480=0, 

(a;-24)(x+20)=0; 

.*. 05=24 or -20. 

the train travels at the rate of 24 miles an hour, the negative solution 
being inadmissible. 

It will be proved later on that every quadratic equation has two roots. 
As a consequence of this, inadmissible solutions of problems involving 
quadratic equations will often occur In this case, the negative solution 
would imply that the train travelled backwards at 20 miles an hour. 


Example 4. A man invests his money at compound interest for two years 
at a certain rate per cent, and finds that he receives 5 shillings per cent, 
more than if he bad invested it at simple interest. Find the rate per cent. 
Let X be the rate per cent. 

At compound interest, 100£ amounts to (100 + a;)£ in the first year. 

The interest on (100+a;)£ for the second year=(100+a?) x 


the interest on £100 for the two years =x+ 

At simple interest, the interest on 100£ for the two years=2«. 


whence 




and 


x= ±6. 


5 per cent, is the reqd. rate of interest. 
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Bzample 5. Two pipes running together will fill a cistern in 68 minutes. 
If one pipe, running alone, took a minute xess to fill the cistern, and the 
other pipe, running alone, took 2 minutes more to do the same, then the 
two, running together, would fill the cistern in 7 minutes. Find in what 
time the cistern will be filled by each pipe running alone. 

Let the first pipe, when running alone, fill the cistern in x minute^ 
and let the second pipe...y. 

When running alone, the first pipe fills - of the cistern in one minute 


second 


1 

y 


But since by hypothesis they running together fill the cistern in ^ 

in one minute.cistern ; 


.w 

In the second case, the first pipe fills the cistern in a? - 1 min. 
.second. y + 2 . 

*^'*■^+ 2"^7 . .**** 


From (1), 


From (2), 


1^3 1 3y-20 

a:~20 y~ 20y 

• X- ^ 

" 3y-‘20' 

1 ^1 _ L _- J ' n ® 

x-1 7 y+2 7(y+2)’ 


a;-1 = 


7(y+2) 

y-5 


( 4 ) 


From this quadratic for y, y=:12 will be found to be the only adTr»ipM*ble 
solution. 


Substituting in (3), a: = 15. 

/. the pipes would fill the cistern in 15 and 12 minutes respectively. 


Examples. XXIX. a. 

1. The difference of two numbers is 2, and the sum of their squares 
is 244 : find them. 

2. A room is 4 feet more in length than in breadth, and its area is 
192 sq. ft.: find its dimensions. 

3. The product of two consecutive even numbers is 288. What aro 
they ? 

4. Find two consecutive numbers such that the sum of their squares 
is 481. 
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5. X yards of cloth at a: - 3 shillings per yard were bought for 13s. 9d. 
What was x ? 

6. What number when increased by 30 will be less by 12 than its square? 

7. Find the number which, added to its square root, will make 182. 

8 . The length of a rectangular field is twice its breadth. If 20 yds. 
were added to its length and 30 to its breadth, its area would be 10,458 
sq. yds. Find the dimensions of the field. 

9. In a right-angled triangle one of the sides containing the right 
angle is 3 feet in length, and the square on the hypotenuse is 4 times the 
area of the triangle. Find the length of the remaining side. 

10. A man bought x oxen for £120. Another bought 3 more for the 
same money. What was the cost of an ox to the first man, what to the 
second ? If the difference was £2 per ox, what were the numbers bought ? 

11. A rectangular table 9 ft. by 6 ft. has a rectangular table-cloth which 
hangs down to the same depth at the ends and sides. What is that depth 
if the area of the cloth is twice that of the table ? 

12. The product of two numbers which differ by 3 is 40: find them. 

13. When 13 times a certain number is subtracted from the square of 
the number, the result is 30. Find the number. 

14. A motor-car does a journey of 192 miles at the average rate of 
X miles per hour, and a second car does the same journey at the average 
rate of a: -f 4 miles per hour. How long does each car take over its journey ? 

If the difference of these times is 4 hours, find the value of x, 

15. The difference of two numbers is 3, and the sum of their squares is 
117. Find the numbers. 

16. A man rents x acres of land for £54 per annum. How much does 
he pay per acre ? If he sublets all except 8 acres at 58. per acre more than 
this and receives £64 per annum, find the value of x, 

17. A rectangular enclosure has an area of 2000 sq. yds., and its 
perimeter is 180 yds. in length. Find the lengths of its sides. 

18. A man rows 6 miles down stream at x miles per hour, and the same 
distance up stream at 1 miles per hour. How long does he take over 
each journey? If he takes 3J hours over the two journeys, find the 
value of X, 

19. If the hind wheel of a carriage is x ft. in circumference, how many 
revolutions does it make in a mile ? If the front wheel is 2 ft. smaller in 
circumference, and makes 24 more revolutions in a mile than the hind 
wheel, find the value of x. 

20. A train travelling at x miles an hour for x-\-l2 minutes goes 21 miles. 
Find X. 

21. A bill of 80 shillings was shared equally between x persons. What 
did each pay ? If two were excused, what would each pay ? If this made 
a difference of 2 shillings to each, what was x ? 
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22. 110 bushels of coals are equally divided among x poor persons. 
What number of bushels does each reoo'^e ? If this number is one less 
than the number of persons, how many are there ? 

23. Two trains each run a distance of .330 miles, one at x miles per hour, 
the other at a;+ 5. The faster takes half an hour less than the other for 
the whole distance. What are their speeds ? 

24. A can do a piece of work in x days, B in a: +12 days. What fraction 
of the work can they respectively do in a day? If together they take 
8 days, what times will they take separately ? 

25. A cistern can be filled by two pipes in 1J hours. The larger pipe 
by itsoll will fill the cistern sooner than the smaller by 2 hours. Find 
what time each will take separately. 

26. A oar travels 15 miles an hour faster downhill than uphill, and 
takes 2^^^ minutes to run up and down a hill one-quarter of a mile long, 
when the time taken in turning is deducted. Find its speed downhill. 

27. A fraction, whoso numerator is less than its denominator by 3, is 
doubled if 6 is added to the numerator and 5 to its denominator. Find 
its value. 

28. The product of the two highest of five consecutive integers exceeds 
twice the product of the two smallest by 6. Find them. 

29. The tens digit of a certain number is the square of a number which 
is 2 less than the units digit, and the sum of the two digits is 14. Find 
the number. 

30. A rectangle whose area is 54 sq, ft. has its sides respectively 
diminished by 5 feet and 2 feet and so becomes a square. Find the length 
of a side of the square, 

31. A train does a journey of 288 miles at a certain average speed and 
is one hour late. If it had travelled 4 miles per hour faster it would have 
been punctual. Find its speed. 

32. A point travels for 8 secs, at the rate of x feet per sec., and then 
for 4a; secs, at the same rate. If the total space described is 96 feet, find 
the value of x. 


^ Examples. ZZIX. b. 

1. Find two numbers whose difference is 2, such that twice the square 
of the less shall exceed the square of the greater by unity. 

2. The plate of a looking-glass is 18 inches by 12 inches. It is to be 
framed with a frame of uniform width, the area of which is to be equal to 
that of the glass. Find the width of the frame. 

3. Mr. Gladstone was born in the year A. D. 1809. In the year A. d. 
he was a; - 3 years old : find x. 

4. When 17 times a certain number is subtracted from twice its square, 
the remainder is 84: find the number. 

5. The tens digit of a certain number is the square of the units digits 
3-nd the sum of its two digits is 12; find the number. 
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6. A man runs 600 yards at a certain pace, and then doubling his pace, 
does another 600 yards. If he took 2^ minutes over the 1200 yards, find 
the pace he started at, in yards per second. 

7. Find two numbers whose difference is 3, and the sum of whose 
squares is 317. 

8. A’s rate of travelling is one mile an hour less than B’s, and B can go 
21 miles in 20 minutes less than it takes A to go 20 miles. How many 
miles an hour can A travel ? 

9. Find a number which together with its square amounts to 50. 

10. Two trains each run a distance of 330 miles. One of them, whose 
average speed exceeds that of the other by 5 miles an hour, takes Hialf-an* 
hour less to travel the whole distance. Find their average speeds. 

11, A lady bought 28 yards of linen and a certain length of silk. The 
whole cost was 65s., the silk cost as many shillings per yard as there were 
yards of it, and 8 times as much as the same number of yards of linen. 
Find the price of the silk per yard. 

12. P rides from A to B in one hour at a uniform speed. Q rides for 
one<third of the way 2 miles an hour faster than P, and for the rest of the 
journey 1 mile an hour slower than P, thus taking 40 seconds longer. 
Find the distance from A to B. 

13, A person rents some land for £48. He cultivates 8 acres himself, 
and sub-letting the rest for 15s. per acre more than he pays, receives in 
rent £54 per annum. Find the number of acres. 

. 14. One side of a room is 6 ft. longer than the other, and 924 square 
feet of paper are required to cover its walls. Now if the room were 3 
feet higher, the same amount of paper would be required to cover tlircc of 
its walls, one of the shorter walls being left uncovered. Find the dimen¬ 
sions of the room. 

15. Of two square courtyards one contains as many square yards as it 
costs shillings to pave the other, and a side of the second contains as many 
linear yards as it costs pounds to pave the first, also the length of a side of 
the first exceeds that of the second by 3 yards, and the cost of paving the 
first exceeds that of paving the second by £2. Find the sizes of the court 
yards, and the costs of paving. 

16. Ten minutes after the departure of an express train a slow train is 
started, travelling on the average 20 miles less per hour, which reaches a 
station 250 miles distant SJ hours after the arrival of the express. Find 
the rate at which each train travels. 

17. The length of a room is 2 feet more than its breadth, and its height 
is three-quarters of its breadth. If the area of the ceiling be 42 square feet 
more than that of the longer side, find the dimensions of the room. 

18. A bicyclist, having ridden 72 miles and stopped an hour on the way, 
finds that, if he had ridden faster by one mile an hour and stopped two 
hours on the way, he would have accomplished the journey in the same 
time. At what pace did he ride ? 

19. In 100 minutes a boat’s crew row 34 miles down a river and back 
again. If the river runs at 2 miles an hour, what is the pace of the boat in 
still water ? 

20. In going a quarter of a mile along a straight road the hind wheel of 
a bicycle turns 11 times more than the front wheel. Had the front wheel 
been 3 inches longer in circumference than it actually is, the hind wheel 
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would have turned 16 times more than the front wheel. Find the circum* 
ference of each wheel. 

21. A battalion of soldiers when formed into a solid square present 
sixteen men fewer in the front than they do when formed into a hollow 
square four deep. Find the number of men. 

22. A man buys pigs, geese, and ducks. If each of the geese had cost a 
flhilljng less, one pig would have been worth as many geese as eaeh goose is 
dotually worth shillings. A goose is worth as much as two ducks, and 14 
ducks are worth seven shillings more than a pig. Find the price of a pig, 
a goose, and a duck respectively. 

23. A sum of money is divided among A, B, and C, so that a third of the 
whole sum exceeds A’s share as much as B’s exceeds a quarter of the whole. 
What part does C get ? 

24. A cyclist rides 3 miles an hour faster downhill than uphill; and 
takes the same time to ride 22 miles downhill and 48 miles uphill that he 
takes to ride 50 miles downhill and 27 miles uphill. What is his speed 
uphill ? 

25. A carrier charges 3d. each for all parcels not exceeding a certain 
weight; and on heavier parcels he makes an additional charge for every 7 
lbs. above that weight. The charge for half a cwt. is 1.?. 3d., and the 
charge for 9 stones is five times that for 1 qr. What is the scale of charges ? 

26. A boat’s crew row a certain distance against the stream in 8^ minutes. 
If there were no current they would row the distance in 7 minutes less 
than it takes them to drift the distance down the stream. In what time 
would they row the course down the stream ? 

27. A man being asked his age, answered, ‘If you multiply my two 
digits together, the number formed will be my age 22 years ago, and if you 
add all the digits of the two ages you will have one-third of my present 
age.’ How old is he ? 

28. Three travellers A, B, C make the same journey. A’s rate of 
travelling is 3 miles an hour greater than B’s, and B’s rate is 2 miles an 
hour greater than C’s. A accomplishes the journey in 3 hours less time 
than B, and B in 4 hours less time than C. Find the rate of each, and the 
length of the journey. 

29. A giant weighs 3 lbs. for every inch of his height, and the square of 
his height in feet exceeds his weight in stones by 31. Find his height and 
weight. 

30. A labourer underbakes to carry a load a certain distance, agreeing to 
lake one shilling for each cwt. moved one mile. He earns 4*05£, and the 
distance in miles exceeds the number of cwts. carried by 4*05. Find the 
load and the distance. 

31. A rectangular enclosure is half an acre in area, and its perimeter is 
201 yards. Find the lengths of its sides. 

32. The sum of two numbers is six times their difference, and their 
product exceeds twice their sum by 11. Find the numbers. 

33. If the longer side of a rectangle be increased by 3 yards, and the 
shorter by 2 yards, one side becomes double the other, and the area is 
doubled. Find the lengths of the sides. 

34. A lawn, rectangular in shape, contains 864 square yards ; if it were 
4 yards longer and 3 yards narrower its area would be tlie same. Find ice 
dimensions. 
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S6« The circumference of one wheel is 8 inches long[er than that of 
another, and the first makes 72 fewer revolutions in a mile : find the cir¬ 
cumference of each. 

36. A slow train takes 5 hours longer in journeying between two given 
termini than an express, and the two trains when started at the same time, 
one from each terminus, meet 6 hours afterwards. Find how long each takes 
in travelling the whole journey. 

37. The area of a rectangular room is 328 square feet, and its perimeter 
is 73 feet: find the lengths of its sides. 

38. A boat’s crew finds that the number of minutes which they just 
require to row 4 miles in a river against the stream exceeds by 31 the 
number of miles per hour they can row in still water ; while it takes them 
20 minutes to row the 4 miles with the stream. Find the rate at which 
the river flows. 

39. In a mixed number the integer is 98 times the fraction, llie 
numerator of the fraction being unity, and its denominator less by 7 than 
the integer, find the mixed number. 

40. Two men start simultaneously from opposite ends of a road and meet 
at the end of 6 minutes. They pass one another, and each continuing to 
the end from which the other started, one ends his walk 5 minutes before 
the other. How long does each take ? 

41. A, B. and C walk from P to Q, a distance of 30 miles; A starts 
24 hours before B, and B 1^ hours before C, and they arrive at Q together. 
If B had started half-an-hour earlier, he would have passed A 2 hours 
before A reached Q. Find the rates at which A, B, and C walk. 

42. A grocer has two weights, one as much over a lb. as the other is 
under a lb., and he finds that on selling 511 lbs. 14 ozs. of tea at 2s. 6d. a 
pound he gets £2 more by using the lighter weight than he would have 
done by using the heavier : what were the respective weights ? 

43. A gentleman arrives at the railway station nearest to his house an 
hour and a half before the time at which he had ordered his carriage to 
meet him. He sets out at once to walk at the rate of 4 miles an hour, and 
meeting his carriage when it had travelled 2 miles, reaches home exactly 
an hour earlier than he had originally expected. How far is his house 
from the station, and at what rate was his carriage driven ? 

44. The figures which express the pounds and the pence in a certain 
sum of money will change places if £2 19s. 9d. be added to it, and those 
which express the shillings and the pence would be interchanged by 
subtracting 2s. 9d. What alteration would be produced in the sum of 
money by interchanging the figures which express the pounds and shillings ? 

45. Two cyclists travel, one from A to B, the other from B to A, by the 
same road, and at uniform speeds. They start at the same moment. One 
reaches B 2^ hours, the other reaches A 3 hours 36 minutes after they meet. 
How long was each on the journey ? 

46. A and B walk from one town to another. After walking 6 miles at 
a uniform speed A arrives at the top of a slope where he mends his pace 
by 1 mile an hour. B starts forty minutes later, and, after walking at a 
uniform speed, reaches the slope 10 minutes later than A: here increasing 
his speed oy i a mile an hour, he overtakes A just as the town is reached. 
A would have covered the distance in half an hour less, had he walked the 
whole distance with B’s initial speed. Find the distance and the speeds 
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47. Two towns A, B are connected by two roads, one of which is twice 
as long as the other. A man walked by the shorter road from A to B, and 
returning immediately by the longer road met one mile from B another 
man who started at the same time from A on a tricycle and travelled 
3 miles an hour faster ; and when he had walked 2 hours longer he again 
met the tricyclist who had passed through B and A without stopping. 
Find the lengths of the two roads, and the rate at which each man 
travelled. 

48. What fraction will be increased by when unity is added to both 
numerator and denominator, and diminished by when 4 is subtracted 
from each of them ? 

49. A railway passenger observes the time of transit over three 
successive miles, and finds that the time for the first mile exceeds the time 
for the second by twice as much as the time for the second exceeds the 
time for the third. He also calculates that the average speed for the train 
in the first mile is 5 miles per hour less than in the second, and 8 miles 
per hour less than in the third. Find the time of traversing each of the 
three miles. 

50. A cask A, of 20 gallons capacity, is filled with brandy, a certain 
quantity of. which is afterwards drawn off into an equal cask B, which is 
then filled up with water. After this, A is filled up with some of the 
mixture in B; and when 6§ gallons of the mixture now in A is poured 
back into B, the two casks contain equal quantities of brandy. How much 
was at first taken out of A ? 


CHAPTER XXX. 

EXAMPLES FOR REVISION. 

XXX. a. (Oral.) 

R«ad off the square root of 

1. •25a«6«. 2. -0001^. 3. 4. 

5. 4a»-8a6+46*. 6- ia 1 q 7. 4a^±12xy+9y». 

8. (±4a»5+4a*5». 9, x»±2+|, 10. 

11. l±2(a-6)+(a-6)«. 12. +4. 

13. (a;+6y)®-10y(a; + 53/) + 25yl 14. (a + h)^ + 2(a^-h^) + {a-b)\ 

16. 4*‘±2+^. 16. 4*‘±4 + i. 

Read off the roots of the following quadratic equations: 

17. »“-9x+20=0. 18. *(x+.3)=x+3. 19. (x-4)(x-6)+2(x-6)=a 

20. (!«!*-16) + (x-4)=0. 21. ®*+6x=0. 22. 25**-16 =0. 

23. *(2»+l)-i(2*+l)=0. 24. 3*(4*-5)=7(4*-5) 
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Read off the roots of the following quadratic equations: 

26. 3a:(a»-3) + J(2a;-3)=0. 26. 3(a?-a) + a;(a;-a)=0. 

27. »-2+i=0. 28. 7(5»-7)=^(5a:-7). 

29. (*-l)*=9. 80. *+2+^=0. 31. 2*-2+*(ae-l)=0. 

Find, by inspection, one root in each of the following equations: 

32. 2*-2+(7a:-3)(»-l)=0. 33. ?^+^(6a!-9)=0. 

34. ^(2a!-l)-5(a:-i)=0. 35. 7(3a:-6) + llx(2a5-4)-21a;(6a!-10)=0. 

86. ^(3x-|)+(11x + 14)(7x-|)=0. 37. 


XXX. b. 


1 . 


o- i-f a a 4ax 


Deduce the solution of the equation formed by equating the expression 
to zero. Test your result. 

2, Write down (a) the square root of (a + 5)^ ~ 2 (a + 6) +1, 

(6) the square of a+5 - c, 

(c) the cube of a+6. 

3 

8. Solve the equation 4a?+ - —j+4=0. Test your answer. 

4. Find the square root of 64a?^ 32ar'*y - 4xy^ + 

5. Find the h.c.f. and the l.c.m. of 

2ar^ -x^-x and 4ar* - lOar^ - 6a?^. 


6. Use the remainder theorem to prove that a?-a+ 6 is a factor of 

(a?-a)2+(26-c)(a?-a) + 6* - he. 

7. Find a fraction which becomes equal to ^ if the numerator is increased 
by 2, and equal to ^ if its denominator is increased by 3. 


1, Simplify 


1 


XXX. c. 

1 


Check your result. 


i® - oa? + 6a; - a6 a;^ - oa: - bar+ab’ 

2. Determine values of a which will make a;® - aar+25 a complete square. 

14 


3. Solve the quadratic a? - 4=1- 


a; + 4 


Check your result. 


4. Find the square root of 25ar* - 70a;®+89a;® - 56ar +16. 

6. Draw the graph of y=5a; - a;®. From your figure determine the value 
of X which gives 5a; - ar® a maximum value. What is the value of y in this 
case ? Test your results algebraically. 

6. Solve the equations a;® + y®=25, «+y=7 graphically and by algebra. 

7. Between one census and the next the native population of a town 
increased by 8 percent., while the number of foreigners decreased from 200 
to 150. The increase in the total population was 7 per cent. What was 
the total population at the second census? 
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ZXX. d. 

^ ^ oT^ a-36 ■*■ (66- 2a) (a+26)* 

2. Write down (i) the square root of (x^ - xf - 8(a;® - x) +16. 

(ii) the square of a - 26 + c. 

(iii) the cube of a+ 26. 

3. Using half an inch as x unit, and one-tenth of an inch as y unit, 
draw the graph of y=x^-3x + 2, for integral values of x, from -2 to 5. 
What do you deduce as to the equation - 3x + 2=0 ? Give reasons. 

4. If where m is constant, and ^-100 when r = 4 , find (1) tlie 

value of m, (2) the value of e wh<‘n v-2. 

5. Solve the equation ^ 

6 . Find the values of a which will make the expression Sx-*^ + lOax-48 
exactly divisible by x -- 2. 

7. A clock is two minutes slow but is gaining. If it were three minutes 
slow, but were gaining half a minute a day more than it does, it would 
show correct time exactly 24 hours sooner. How much does the clock 
gain in a day ? 

XXX. e. 


1, Simplify 


2-x x-3 

3-2x-x2 x®+x- 2 * 


2. What values of a will make 9x2+axy + 4y2 a complete square? 

3. Solve the quadratic 6(x‘‘^-2)=x, by completing squares, and verify 
your results by means of the formula for solving quadratic equations. 

4. Determine graphically between what values of x the exjuession 
35 - 4x - 4 x 2 jg positive. Verify your result by algebra. 

5. Find the ii.c.F. and the L.O.M. of x^-Yx+lO and 3x2-7x + 2. 

6 . Find the scpiare root of 16x* - 16x® + 4x2 ^ _ 4 ^ 


7. A sum of money is distributed among some children, each child 
receiving the same amount. If a shilling less had been given to each, 36 
more children could have participated; and if a shilling more had been 
given to each, the number of children w’ould have had to be reduced by 20 . 
Find the sum distributed. 


XXX. f. 


1. Simplify 

2 . 


6 x 2 + x- I 


_6x^ 4^1 lx+ 3 

5x-l2^ 9x2-1 


2x2+^x+4 
^2-10 • 


2x2-5x-l2 9x^-1 

Prove that x - a is a factor of x® - (a + 6 - c) x 2 + (a 6 - 6 c - ca) x + a 6 c. 
3, Solve, graphically, the equation 2x2 + x-13=0. Get your results 
correct to one decimal place, and check your answer. 

4 Find the maximum value of 7x-x2, and the minimum value of 
*2-5 x. 


1 1 1 

5. Solve the equation ^ ^ _ 1 “i+l 
(Correct to two decimal places.) 
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6 . Ifa*=6*+c*, prove that(a+6+c)(6+c--a)(a+c-6)(a+6-c)=46V. 

7. A fruiterer sold a certain quantity of oranges for £6. 10s. If he had 
given two more oranges for a shilling, the same quantity would only have 
realized £5. lls. How many oranges did he sell ? 


XXX. g. 


1, Simplify 


a?*+a:2y2^y4 ar*+a:ay2 • ^ 


2. Prove that (a - 6), (6 - c), (c - a) are factors of 

a^(b-c) + bHc-a) + c^(a-h). 

3. Solve the equation -Sx-12—0 graphically and by algebra. 

4. Find the factors of + a-})^ -a + b-l. 


5. Solve the equations (x +2y -3(x+2y) - 28=0, 

a;-2y=5. 

6 . Extract the square root of +1 - 12a5 (aj* + 1) + 38a!*. 

7. A man starts at 2 p.m. to walk to a place 13 miles off. He walks at 
a uniform speed till 4 p.m., when he increases his speed by one mile an 
hour, and reaches his destination at 5.30 p.m. At what speed did he walk 
during the first two hours ? 


XXX. li. 


1, Resolve into factors: (i) a;* - 3a^ + 9, 

(ii) 512(a;-|^)»~(8aa:-«)». 


2. Simplify 


(a-f6)ap (b-hcjx 

(x+a)(x-6y (x+c)(b-x)' 


3. Divide by 

4. A certain port wine is worth 47a. a dozen now, and increases in value 
at the rate of 3s. a dozen per annum. Draw a graph to determine its worth 
in coming years, and read off its value per dozen in 7, 13, and 17 years. 

5. Solve the equation 5se^-5x-2l=0 graphically and by algebra, 
getting your results correct to one decimal place. 


6. Write the equation x^+y^-4x-¥8j/-6=0 in the form 

{x - of+{y- bf =c^. 

7. One-fourth of the subscribers to a certain school gave a sovereign 
apiece, one-fourth of the remainder gave half-a-sovereign apiece, and the 
rest each gave a florin. If the three sets of subscribers raised their 
subscriptions to a guinea, half-a-^inea, and half-a-crown respectively, 
the total increase in the subscriptions would be £2. 10^. Od. How many 
subscribers were there and what was the total amount subscribed ? 


XXX. k. 


L Multiply 8a*-12a^-54a*6*4-2436® by 2a-f-36, using the method of 
detached coemcients. 

2. Express (I - ~ fts a fraction with a numerator of four 
faoton. V 2a6 ) 


3. SimpUfy the expression 


x + y 3x-y 
y{y-x) x^-y^’ 
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4. With th6 8ftni6 axes draw the graphs of y=af4-4 and y=:**. Henee 
solve the equation —it —4=0 as accurate ’y as you can. 

5. Two cyclists, riding 9 and 10 miles an hour respectively, start from 
two places 65 miles apart at noon towards one another. Find graphically, 
as accurately as you can, their time of meeting, and the times when they 
are 20 miles apart. Verify your results by algebra. 

6 . Find the roots, correct to two decimal places, of -1- 

^ x-2 x+4 

7. From two towns 445 miles apart, two cyclists start on Monday 
morning to meet each other. One travels at the rate of 48, the other at 
the rate of 57 miles a day. Find on what day they will meet. 


XXX. 1. 


1 , Multiply by 3x^ +4a; + 5. 


2 . 

3. 


Prove the identity 


« , & , c ^1 1 13 

ax-Qc^ hx-x'^ cx-x^ a-x^h-x^c-x^X 


Solve the equations ——i—=2. —^ + -J— = 3 
^ a;-3^y~2 » x-Z^y^2 


4. Solve the equations a:+y=7, scy=4 by a graphical method, as 
accurately as you can. 

5. A cycles along a road starting at 15 miles an hour, but diminishing 
his pace by 3 m. an hour at the end of each hour. B starts at the same 
time, in the same direction, at 9 m. an hour, increasing his pace by one 
mile an hour at the end of each hour. Draw in one diagram a graph to 
give their positions at the end of each hour. Determine when and where 
they meet again, and how far apart they are in 5 hours. 


6 , Solve the equations a? - y = 1. 

7. A and B, who live p miles apart, start at the same time to visit each 
other. If A travel at the rate of q miles in an hour, and B at the rate of 
r miles in an hour, express in terms of p, q, and r the time which will 
elapse before they meet. 


XXX. m. 


1. Multiply 


a*-a6 + 6* 

o*-3a6(a-6)-63 ^ 


2. Solve the equation 


5x^ + X - 3__7a;2 - 3a; - 9 
5a;-4 ”■ 7x-10 


• ^ . 4a(a;2-3a;+a) 

3. Find the square root of ar+ x*-6a; + 9 — 

4. A man spends £76 in 64 days. Draw a graph to give his expenditure 
in any number of days. Write down his expenditure in 17> 35, and 49 
days, to the nearest shilling. 

5. Draw the graphs of a;y=24 and 2y-a;=8 in the same diagram (unit 
two-tenths of an inch), and hence solve the equations. 

^ ^ ^ ^ 39a;2 6a; , 25 

6 . Find the square root of ar - + jg* 

7. A rectangular grass plot, 8 ft. longer than it is broad, is surrounded 
by a* path 2 ft. 6 in. wide. The cost of making the path, at 1«. 6d, a square 
yard, is £3. 2s. 6d, Find the length and breadth of the plot of grass. 
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1 . Simplify 


a* - 3a*6 + 3a6® - 6* 
a?^a%-ab^ + h^ * 


2. Solve the equation 

3. Resolve into factors (i) {a^ - b^) - (a 4* hf{a - 5)^ 4- 26 (a® 4- 6*), 

(ii) a;3^10a;^4-31a:-30. 

A Draw the graphs of y=2x-~a^f 2x + y=0, and hence solve the 
equations. 

5. Determine graphically the maximum value of 3 - - I2x. Write 

down the value of x in that case, and verify your results by algebra. 

6 . Solve the equations 4- 13, x - 2y - 8. 

7. A walks over a certain course and back again; B starting at the 
same time walks at half the pace of A over five-eighths of the course and 
back again. A passes B half a mile from the winning post: find the length 
of the course. 

Solve the problem graphically or by algebra. 


XXX. p. 

1 , Divide ah{ai^-\>y^) + {a^+b^)xy-{-{a-b){x-y)-l by aa;4-6y-L 

2. Solve the equation 6 (x 4- 4)^4* (x - 4)^=5 (x^ - 16). 

3, Factorize (i) a(a4-6-'C)(a-64'C)--6(64*c-a)(a4-6-c). 

(ii) x*-3a%^4-y*. 

4 . Draw the graph of y=x^-.3x, using a large x unit. Hence solve, 
as accurately as you can, the equation x^-Zx~l. 

5* A, starting at noon, cycles 15 miles in the first hour, and diminishes 
his speed by 2 miles an hour at the end of each hour. B, starting at 
2.30 p.m. in his motor car, catches him up at 4.30 p.m. How fast does B 
travel ? Solve the problem graphically. 

6. Solve the equations 3x-7y=2, xy=3. 

7. A woman has a fifth more apples than pears, but obtains a pound less 
for her apples when they sell at sixteen a shilling than for her pears, each 
of wliich is worth two apples. How many of each kind of fruit has she ? 
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CHAPITER XXXI 

LITERAL EQUATIONS. 

154. Instead of numerical coefficients, we sometimes have to 
deal with coefficients denoted by symbols whose values are 
supposed to be known. Such coefficients are called literal. 

The methods of solution are the same as in dealing with 
numerical coefficients. 


Simple Equations. (One unknown.) 

Example 1. Solve the equation 

x-a a?+a_ 2 aag 
a-6 

Multiplying both sides by ~ 6®, 

(a? - tt) (tt + 6) - (a?+a) (a - &)=2aa?. 
Removing brackets, and transposing, 

a;(a + 6- a+6 -2a) -a& + a*+ak, 

2x{b-a)=2a\ 

Dividing both sides by 2(6 - a), 

a* 


Examples. 


Solve the equations: 


1 . 

3. 

5. 

7. 

9. 

11 . 

13. 


x+a _^ X 
x-h~ x-b’ 
a-b _ a + h 
x~c~x-i-c 


6-a 

XXXI a. 


2 , 

bx ax 




aca: abx 




4, 

6 . 


—=2+-^ 

-26 


a 

x+a ^ x+c 
x-c^ar-a”’ 


* a + 6'^®~a-6 a«-6*‘ 

8. 

a + c a + 64-c 


10. 

^ + 26(a-c)+^=c(a+6) + y 


12. 


X-a x-b X 


x-p X x-r 

x-2a x-a 

14. 

x-b x-a_ 2{a-b} 

a; + 2a'~a;+a* 

x-a x-h"^x-ia'rb) 

Z{ab-x(a+b)} . (2a f-6)6*a;_6af 

a*6» 



0 + 6 


a(a + 6j* a 


(a+ 6)*’ 
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Solve the equations: 

; ^ a[ax-l) 

a*(a;+a) aar+l ~ a:-f*ci ^ ax-{-\ 

. X X _a + h iq x+2a_fx+ay 

• o*+6’^a + 6a?“ a6 ‘ x-2h'^\x-b)' 

I o _ a + & 21 ag-26 ag"6 2(a ?--a) 

»+a'^a:+6“‘» + a + 6‘ * a + 6 ’^a4-26'” 36 

^ («+a)(ap+6) + («+6)(*+c)=(a;+c)(a;+d) + (a;+d)(a:+a), 

j 1 1 ^ 1 _1_ 

x-a x-a + e x-h-c ac-6* 

il 1 a-6 0 ^ ax hx - 

t* r—z-z—li— h '^'^— 

* —a » —0 xr — ao x — o x — a 


Simple Simultaneous Equations. 

155* Bzample 1. Solve the equations ax'hby=p . 

bx-ay=q ....(2) 

Multiplying (1) by a and (2) by 6, 

a^x+aby=apf 

h^x-ahy—hq. 

Adding, .r (a® + 6^)=ap -f 6g, 

^_ap + hq 
a^+h*' 

Instead of substituting for x to find the value of y, it will be simpler to 
eliminate x from the given equations. 

Multiplying (1) by 6 and (2) by a, 

a6a;+6*y=6p, 

abx-a^=aq, 

Sabtract»K, y (a*+6*) =hp- aq, 

bp-aq . 

o»+6» ’ 




Biaittple 2. Solve the equations 


•^6 

!+-=»• 

6 a 


llhibiraotiiig. 


“ -a-w-'a-i)- 
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Substituting in (1) or (2), 


'( 1 * 0 -- 

ah 


Nc Examples. XXZI. b. 

Solve the equations: 

1. 3(a:-a)--2{y + a)=5-'4€i, 2. (rt + 6)a: + cy=6c, (6 + c)y4 -(mp= -ob, 

2(«+a) + 3(y-a)=4a-1. 3. aa:+6y=3(a*+6*), a; + 4h=y+2a. 

4. flw:+6y=«, ax-hy—t. 5. ax-hy—a^, hx~ay—h\ 

6. aa?+-6y=a^+2a6 - 6^, 6a; + ay=a^+6*. 

7. (a+fe)a; + (c + rf)y=6c-ad, {a-h)x+{c-d)y=iad-he, 

8. _*_+_iL.= * _£_+_y_=J_. 

6 — c c — a a — b* c^-a' a~b 6 —c* 

9. a(a?+y)-6(a:~y)=2a, (a*~fe2)(a;-y)=4ah. 

10 . cbx-by=:2abf ^bx-h^ay^Zb^-a^ 

11. a:(6--c) + 6y ~c=0, y(c-a)-aa; + c=0. 

12. aa;y=c(6a; + ay), bxy=c{ax-by). 

13. c2a: + 2aV=(c+a)(ca? + 2ay) = (c-a)*. 

14. aa?y + 6=(a + c)y, 6a:y4-a=(6 + c)y. 

^ t y + a? y a ^+6^ 
a+6 a-6”~a^--6^* 6^a~ a6 

17. (a-6)a:H-(a + 6)y=2(a*-6^), ax-by=a^+h^. 

18. aa; + y=c, x + by=d, 

19. ah {hx - ay)=c{a-b){a^ + ab + h^):=c {a*x - b^y). 

21. (a*-l)a?-2ay=a, 2aa[;+(a*-l)y si* 


la -+-=p, 

X y 


b , a 


2a;-y _a;-3y_y + 6 
10a + 35“ 46 “ 2a * 


22. 6y + cz=a, cz + aa; = 6, ax + by^c, 

23. -=^=-, Za;®+my*+wz®=l. 
a b c 

24. a(y+«)=y«, 6(z+aj)=a», c(a;+y)=ay. 


QUADRATIC EQUATIONS. 

156. When the equation has been simplified, the factors OM 
jenerally be seen by inspection. 

Bxample 1. Solve the equation - 3aa: ~ 18a®=0. 

Factorizing, (ap-6a) (a: + 3a) =0; 

x-Cia or -3a. 

Q 


S.A. 
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Example 2. Solve the equation ax{x -1) + 6(a; +1)=26. 
Removing brackets and re-arranging, 

ax^ + x{b-a)- 6=0. 
Factorizing, {ax -h 6)(a; ~ 1)=0; 

ouc-f 6=0 or aj-1=0, 



Examples. XXXI. c. 


Solve the equations: 

1, a!®-2aa:=15a^. 

8. 6ic(a-i)-c(a-^)=a 
6. a?® - 2aa; + a^= 

7 p-x _p-ha 
p-a p-ha?* 

0. a6a?*-f l = (a + 6)a:. 

11. aa;(a?-36)-h2(a? +26)a6=16a6*. 

13. i(*+«)»-i(2x-a)»=ig-. 

15. x®-26ar=4a2 + 4a6. 

\T (a®-63)(a;2+l)=2(a2-H62)a;. 

19, ^ ^ , 

ap-ha-l a:-a-l-l jc-l* 

21. 4a:®-4aa?-t-a2=p. 

23. Ll?+^=“+6 
a-x o-x 0 a 
26. 6a:2+ay*=a3-|-65, a; + y=a + 6. 


2, a;{5a-cc)=6a*. 

4. a;2-(a-h6)aj + a6=0. 


6 . 


8. 


10 . 


12 . 

14. 


1 _ 2aa? 

ahx^ - 1 _ 
a - 6 

a2a;2 2axn_^ 
/» Sr Sf® 

1_ d ^2 

2x~5a^2x-a a 



16. 4a2?-f6^=4a;*+a®. 

18 h“{x-a ) _ ^ 

a - 6 6 -a 


20 . 

22 . 

24. 


_L + .i +_L..o. 

:-a a; -6 x-c 


6 a 
x-a x-l 


- 2 = 0 . 


ax2 - b a + hx^^2{a^J;h^ 
ax-^b^ a-bx a^-b^ 


EQUATIONS IN AN IRRATIONAL FORM. 

157. The square root of any quantity may always be regarde 
as having two values equal in magnitude but of opposite sign 
For example, the square root of 49 is ±7. When, howeve 
such an expression as s[2x + 3 occurs in an equation it is usu 
•to regard it as meaning the positive value of the square ro 
of 2fl; + 3. It might be contended that Jix + 1 -->/4a; + 3 = 
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was the same equation as sT^x + 7 + \/4a; + 3 == 2 ; but they are 
commonly regarded as being different, and instructions are given 
that after solving an equation of this sort, the answers obtained 
should be substituted in the original equation to see whether they 


satisfy it. 

Example 1. Solve the equation ^/4a;+7 + \/4a; + 3 = 6. 

By transposition, sfix + Z =6 - \Iax -\-1 .(1) 

Square; 4a;4-3=3(5-12\^4a; + 7 + 4a;+7; .(2) 

12v/4iT7=36+7-3=40; 

.*• \/4^+7=Y* 

Square; 4a? + 7=*^-|^; 


4^—37 . . T 

This root will be found on substitution to satisfy the equation 
\/4a? + 7+\/4ST3 = 6. 

Example 2. Solve the equation sj2x + 3 + six - 10=6.(1) 

By transposing, \/2ST3=6- slx^. 

Squaring, 2a: + 3=36 - 12 N/i^’lO 4- a; -10; 

a: - 23 = -12 V»“-T6...(2) 

Squaring, - 46a; -f- 529 = 144 (a? - 10) 

= 14407-1440; 
a:»-190«7=-1969; 
a:=llorl79. 

The result 11 satisfies the equation ; 179 does not. The fact is that in 
solving equation (1) we have introduced an additional root through squaring. 
As we squared equati on (2 ) it would have made no difference if we had 
written it a? -23 = 1 2 ijx- lO. Thus, in solving (1) we are also solving the 
equation >/2a:+3 -v^a; - 10 = 6 ; and this is the equation which is satisfied by 
the result 179.* 


* This may be expressed in general terms. 

If we solve an equation P = Q by squaring, we introduce generally an 
additional root. 

The equation becomes P®= 

i.e. P-Q2=0, 

*.e. (P + Q)(P-Q)=0. 

Thus we have not only the original equation P - Q=0, but another one 
also, via. P^-Q^Q, i.e. P= -Q. 
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Examples. Solve a^--a;+6\/2«“-6a;+6=i(3a;+3^. 

2je*-2a:+10\/2a:»-5a?+6=3x+38 5 
/. 2ar»-6a?+10N/2a5«-6a; + 6=33. 

N/2a:2“6a; + 6=y, ».c. 2a?-5a:+63:y^. 

Then the equation becomes 

ya-6 + 10y=33; 
y^+10y--39=0; 

(y-3)(y + 13)=0, 

N/2fle“-5a; + 6=3 or -18; 

2aj*-5a: + 6=9; 

2a;^ - 5a? - 3=0. 

By substitution it will be seen that the negative value (-13) of y will 
not satisfy the equation. 

Thus the question has been reduced to the solution of a quadratic 
equation. 

The following plan is sometimes useful 


Example 4. Solve *s/2ixi^+9x -1 +\/2x^ - 7£c+7=6.(1) 

Now evidently 2a^+9a:-1-(2a3®-7a:+7) = 16a?-8; .(2) 

from (1) and (2) by division we obtain 

\/2a;2 + 9a?-l -N/2a:®-7aJ + 7 = -^-“ ; ....(8) 


by adding (1) and (3) 

-- 8a?-4.^ 8a: + 14. 

2 v2a;* + 9a;-1=—^—+6=—g— I 

/. 6N/2aj®+9a;-l=8a:+14; 

3N/^*+9a?-l=4a?+7 ; 

,. by squaring, 18ai* + 81a; -9= 16a;*+56a?+49; 

2**+25a;-68=0; 

/. (2a;+29) (a;-2)=0; 

a;=2 or 

Test, as before, to see whether the roots satisfy the equatioiw 

Examples. XXXL d. 

Solve the following equations and verify the solutions by substitulioB: 

2. n/s;^=i. 

4, Sn/o?- 1=N^+1. 

6. >/i^=4. 

8, >/2a;+3+\/2a; -2=6. 

10. ^/5iT9 - N/3i+T=s/i2(« 

12. N/2a?+8+2\^a;+6=s2. 


1, \/2a;+3=6. 

3. 4^4^=8. 

5. N/a?-l=\/sr-l. 

7. N/3a^-4a;+9=s8. 

9. >/7a?+l -n/S=n/6J. 
IL +10+2N/i+6=2. 
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CO 

x+5=Vxh-5+C 

14. 

15. 

\/x - n/x - (a - 6)2=a+6. 

16. 

17. 

Vax+62+N/ax-2a6=2a + 6. 

18. 

19. 

_p£==\/a: + 2 + \/x- i. 

\/x + 2 

20. 

21. 

\/x + n/x - 7=”7=5* 

\'x-7 

22. 

23. 


24. 

25. 

Vx-a2-^/x-62=6-a. 

26. 

27. 

x2+n/x 2 - 5x + 1 =5x-f 1, 

28. 

29. 

x2+2»+4\/x2+2x4-8 = 24. 

30. 

31. 

9x-3x2+4n/x2-3x+5=11. 

32. 

33. 

s/x2 + 3x + 6-\^x2 4-3x- i = 1. 



+N/aTTS=7. 
a^=21 +\/x*- 9. 
\^l+9^+V4ic + l=\/a?+l. 

N/5aa: + 46+N/5aa;- 46=4\/S. 
n/xh- 1 + \/a; + 4=\/a; + 9. 

iJx-\-afj4x-\-2a^=a+fJx. 

X® + \/i?+3xT5=7 - 3ar. 
x®+2x+6\/x®+2x + 5=ll. 
3x2 ^ 2 n/3x2-2x+1 = 2(x +1). 
2x2 _ s/(ar-3)(2x-7) = 13x + 9. 


CHAPTER XXXII. 

SURDS. 

158. When the root of a quantity cannot be obtained exactly, 
that root is called a surd or irrational quantity. 

x/2 = 1-41421..., x/7 = 2-645..., v^= 1-442... 
are examples of surds. 

\/9 = 3, and ^/49 = 7. >/9 and ^/49 are rational quantities. 

By continuing the operation of finding the square root of 2, 
we can obtain its value to as many decimal places as we please, 
but its exact value cannot be found. We might express this in 
another way: no exact quantity multiplied by itself has a 
product which is 2. 

Surds may often be simplified by the use of factors. 

Thus v/T47=n/40 = 7x/ 3, and ^/T2=^/4.3 = 2^/3. 
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It must be remembered that sfab = ^/a,s/b, but \/a + b is not 
OQual to v/a + s/b. 

Care must be taken when the quantity is a decimal. 

\/l*69 = 1*3, and is not a surd, l)ut \/l6*9 is a surd. 

N/r4?-l*2 . n/TH . 

Similar or Like Surds are those which are rational multiples 
of the same surd. 

^/^ = ^/4T=2^/7, VT75 = V^ = 5n/7, n/700 = n/T00?7 = 10n/ 7 ; 
these are like surds. 

Conversion into an entire surd would be the reverse of this 
process. 

Examples. 2\/S=s/4, V3=\/l2. 8n/§ =^/64.6=\/.S84. 

Expressions can often be simplified by the use of factors. 

Example. ^/T2 + n/75 - 2n^27=\/4 - 2n/0 

=2N/3 + 5\/3~6\/3=\/a 


Important. 


To find the value of — correct to 3 decimal places, 

v2 


6 0 

We might say that approx., and then find the 

value of the expression by division. 

A much shorter method is to rationalise the denominator first 


6 _ 6n/2 

^/ 2 '’^/ 2.^/2 


6n/2 


= 3n/2-3x 1*41421 


= 4*243 correct to 3 decimal places. 


Examples. XXXII. a. 

{These rmy he taken orally^ if preferred,) 
Write down, or recod off, as entire surds : 


1. 3n/2. 

2. 5\/2. 

3, 3n/5. 

4. 5n/S. 

5. 7>/8. 

6. 2n/8. 

'■i 

8 

v/6 

9 

'Jl 



■jo 6 n^ 
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Simplify: 

13. 'v'la. 14. 16. xJ^ 16. n/?§. 

17 . 18. xjm. 19. ^in. 20. 4^^. 

21. v'fii. 22. 4'^. 23. n/sM 24. n/507. 

25. 26. 2^/3+^• 27. \/rs+N/2. 

28. v'75+2V3. 29. 2 s/5 + ;;J|- 30. n/8-v/2. 

159. The product of two surdic expressions is found by 
multiplying each term of one by each term of the other, as in 
ordinary algebraic multiplication. 

Example. (5 n/ 3 2\/2) x (.3\/3 - sl2) 

= (5n/3 + 2\/2) X 3n/3 - {5n/ 3 + 2\/2) X N/g 
=45 + 6\/6 - 5 n/6 -4=41 +n/6. 

Or 5\/3 + 2V2 

3n/ 3- \/2 
45-j-0\^ 

-rW 6-4 
41+ n/6 

Results in surds are only practically useful when expressed as 
decimals. 

The process is much shortened by simplifying the expression 
first, and by rationalising the denominator if the expression is 
in a fractional form. 

Wc can obtain any required degree of accuracy by taking the 
root to as many decimal places as we please. 

5 

Such cases as wc have noticed in Art. 209. 

v/2 

Example 1. To find tho value of —correct to three decimal placea 

3-n/2 

(3-\/2)x( 3 + \/2) = 32-K'2)'= r (a + 6)(a-6)=a2-62.-j 

= 9-2. L['Jx + 'J^){'>/x-xJp)=x-y. J 

.'. we multiply numerator and denominator by 3 +n^. 

1_ ^ 3+\/2 ^^3t\^2^4;41421 

3-n/2 (3-n/2)(3'W2) 9--2 7 

= ’631 correct to 3 decimal places. 


Hence 
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Bzample 3. Find the value of- - -— correct to 2 decimal places. 

2 + s/5-n/3 

(We shall first rationalise the ijs in Uie denominator by multiplying 
numerator and denominator by 2+^/5+^/3.) 

1 _ 2+^5"('n/ 3 _ 2“l“\/5~(”^3 _2“l~^5 + >/3 

2+n/5-n/3~(2W6)^-(n/3)®“4+4\/5 + 5-3~ 4n/6 + 6 
_ 2+>/5 + n/3 _ (2+\/5+>/3)(2\/5-3) 

2(2\'5 + 3) 2(2>/5+3)(2n/§-3) 

_4/s/5 +10 + 2 n^ - 6 - 3-75 - 3 n/ 3 _4+\/6 - 3^/3 + 2N/i6 
2(20-9) " 22 

4-0000 
-75= 2-2361 
2-715=2x3-8730= 7-7480 
13-9821 

873=3x 1-73205= 5-1^2 
21^7859 
ll[4;3930 
-399... 

the given fractions -40 correct to two decimal places. 


Examples. 

Simplify: 

1. -712+2-748+571^-4-75. 

3. 3v^-5754 + 7150. 

5. -2'^-2.5'24. 

7. 773-;^+776. 

9. (75-73) (75+73). 



13. (73+72)2 


15 (273-\^)(275+-\^). 
17. (2-75+1)(373-1). 

19. (573-472)(373+2n/§). 
a. (9 n/2+673)(972-5-73). 


XXXII. b. 

2 . 371 ^- 2780 + 75 ^. 

4. 780 + 2-7245-731^. 

6 . - 2 ^+ 107 ^+ 7500 . 

8, -7§(573-72)->^(272--73). 

10. (^-72)4s^. 

12. (-7?-2)(77+2). 



16. (75+1) (2-75-2). 

18. (3n^-273)(5n^-n^). 
20. (677+7i5)(77 - 73). 

22. (.3-75+273)(3-75-2-75). 
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Rationalise the denominators of, and express in their simplest forms: 


•as. 

^s• 

24. 


25. 

VA- 

26. 


27. 

1 

n/2+1 

28. 

1 

2-n/2 

29. 

n/2-1_ 

\^2 4- i 

30. 

sJa-is/E 
xja + 's/h 

31. 

1 

3+2n/2 

32. 

4 

\/5+1 

33. 

3 

n/5+\/2 

34. 

2n/7 + i’ 


35 36 

6-2 n /6 \/7i + b + s/a-b 

1-41421, n/3=1-7.S205, nA5=2-2361, \'6=2-4495, n/7 =2-6468 
The above values may be used in tlio following examples.] 

Calculate to two decimal places the value of 


37. 

1 

./5-1 

38. 

4 

3-2s/2 

39. 

7v'2-3 

4\/7 'f•3\^2 
5^+2\/7* 

41. 

3—y- 

i\/6 

42. 

(\/3-\/2)2. 

1 ' 1 

44 ^ 

45. 

.Ws-l 

3 ^ 2 - 1 ' 

46. 

S7 

5>j3-3-j2 

47. 

4 

48. ^ 

n/3+V2-\/5 

49. 

12 

2+V3-\^' 


50. }- 51. 

\/5+n/3+2\/2 

\/3+n/ 2 
s'3 +s/2-1 


160, If a where a, c are rational and sjh, s/d are 

mrds, then a = c and b — d. 

For if not, let a — c + x; 

.. X'{’//b = s/dy 

by squaring, x^ + 2x\/b + b=d; 

2x\fb — d-h-x^, 

ie, a surd = a rational quantity ; which is impossible. 

a = c and slh^^sjd. 

161. The square of the sum of two surds = a rational quantity + a 

e.q. (x/5 + n/3)2 = 8 + 2x/T5. 

Consequently the sq. rt. of a-^»Jb may sometimes be found in 
the form s/x + s/y. 
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162. If we have, by squaring, 

a + \/h — x + y + 2>Jxy, 

Equate rational to rational and surd to surd. 

Then a = a; + y, Jb = 2 \fxy; 

a-sJh^X’k'y-^sf^, 

Thus if Va + N /5 = vS + \/^, then •Ja-sfb—sfx-sfy, 


Example. Find n/i0 + 2n/^. 
Let >J\0+2sPIV—>Jx + isfy. 
Then N/lO-2N/iS=\/«-N^. 
by multiplication, 
\/l00~84-a:-y; 
4=a:-y. 


By squaring we get 

10 + 2n/^= oj + y + 2 s/j^. 
By equating rational parts, 
a; + y = 10. 

But a;-y=4; 

.*. a?~7, y=3. 


^/l0+2^^=^/5+^/3. 


Square roots of surdic expressions can sometimes be deter* 
mined by inspection, by remembering that 

(a±by‘=a^ + b^± 2 ah, and {sfx±sfyY=x-\-y± 2 'J^. 

Thus 4-2./3 = 3+l-2v'3. 

/. ^/'4-2^/3 = ^/3-l, 

Also 10 + 2^/^=7 + 3-^-2^/^.■3. 

>/10+2>/2T=v'7+>/3. 


Examples. XXXII. c. 


Find the sq. 
1. 4+2>^. 

5. 30+4-«/l4. 
9. 

12. -sf+g-N^ 


root (evaluating results to 2 decimal places) of 

2. 7+2n/6. 3. 12 6^3. 4. 11+6n/2. 

6. 17-12n/ 2. 7. 12+2^/^. 8. 32-8N/i6. 

10. 27+4^35. 11. 101-28VI5. 

13. 4s/2-2\/6. 14. 33-18 n/2. 


Find the 4th roots (leaving your results in snrdio form) of 
15. 49+20\/6. 16. 17+12m'2._ 

17. 56-24-S/.5. 18. 284 - 48>/36. 


19. Find to four decimal places the value of 

1 

V{12-V(66-24v(5)^' 
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20. Simplify . 

21 Calculate to 3 decimal places + \/l0)^ 

_ ^ S-s/S 

22, Simplify —- x and find its value to 3 places of decimals. 

v5-2 3-v3 

( X €l\^ X 

x~^) a:=a(l+2\/3), 

24, Reduce v/fi - \/l7 - 12>/2 to its simplest form. 

25. Simplifyand 

^ j 5 + \/2 \/506-\/200 v'15-H\/6 \/60-\/24 

Find the value of ihcir product to 3 decimal places. 

26, Simplify 

n/5-n/.3 s/5 + n/3 

27. If a(f> - c)2=c(6+c)’‘, find the value of ~ . 

>> sTa-iJc 

28, Simplify 29. Simplify n/i nVr^Hv/l -s/l^c?. 

Find the product of 

30. n/2T73, '/2 + \/2W3, \/2+V2+n/2+v^, Ji-'Ji+'J-l+'JZ, the 
positive value of the root being taken in eaoh case. 


CHAPTER XXXIII. 

INDICES. 

163. “ What is the meaning of 1 ” A very common answei 
is “a multiplied by itself 5 times.” Of course this is wrong. 
There are 5 factors, but only 4 multiplications, is the product 
of 5 factors, each factor being a, 

.a ,a .,,n factors, aF — a, a . a .,.p factors. 
oF ,aF = a ,a , a ...n factors xa,a.a .,.p factors 

— a .a .a ... n -^p factors = .(1) 

oF ^a. a. a ...n factors 
€^'^a.a.a...p factors 
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If there are more factors in the numerator than in the denomi¬ 
nator, eancelling will leave n-p factors in the numerator; but if 
there are more in the denominator, cancelling will leave p-n 
factors in the denominator. 

Thus ^ = if n>p .(2) 

if n<p. 

164. These results depend upon the definition “a" is the 
product of n factors a ”; and this definition evidently requires 
ihat n should be a positive integer. If we wish to employ 
fractional or negative indices, it is necessary to give a definition 
which is applicable to them. 

Def. Fractional and negative indices are defined as being 
such that they obey this law:—To multiply powers of a 
quantity add the indices. 

166. To find the meaning of a\ 

Following the above law, 

i \ 4+1 1 

But X Va = a. 

We therefore denote s/a by a^. 

In the same way, xa^ = =a. 

But ^x ^ax = 

We therefore denote ^ by a^. 

Similarly, a** when raised to the n*'* power becomes a. 

\ 

We therefore denote ^ by a”. 

Example. 8^=4'8=2. 

166. To find the meaning of a'‘. 

flO=(following the above law) 

a Gt 



ie. for all finite values of a. 
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Examples. 20=1, (-2)o=l, (n/3)0=L 

3^x3“^=3^“^=3«=l. 

167. To find the meaning of a'~^\ n being a positive integer^ 

^ a” ~ a’* ~ctT 

/• a"” = \ for all finite values of a. 


Examples. 


9-3— L —*^-2_ ^ _1. 

“23 “8 32-9 


168. Following the same law, w, 71 , p, g being positive integers^ 


a”xa^ = a” 


m p p m p p m 


Examples. 9 /* 'kcl* —a^ 1= a. 

-f ’ 1=N/a. 

3^x3^ = .35+^ = 32^9. 

169. To prove that (a”‘)” = a”*”/<w* all values of m arid- n 
(1) When 71 is a positive integer (m having any value), 
i^oTf^ = X a”‘ X a*"... 71 factors 


«m+»n+m... to n terms _ 


(2) When n is a positive fraction (7W having any value), 
take n — -,p and q being positive integers. 

^ _ p 

/. writing {a'^Y instead of a?, 
we have (a“)«= V ((«T )* = v'(0^ V (a) abovei 

mp 
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(3) Lastly, when n is negative, fractional or integral (m having 
any value), 

take n = - s, s being positive. 


(a ) -(a ) • 

Example!. (a®)^=a”‘^=a*. 

(«“r^=a"“= ^3- 


170. 7b that {aby = ^**6” /(>r all mines of n, 

(1) When li is a positive integer, 

(ahy = abxabxab (the product containing n factors ab) 

= a”6’‘...(1) 

(2) When n is a positive fraction, 

take n = Y p and q being positive integers. 

^a^.b^^ from (1), 

= (a6r={(ai)*}’: 

taking the root of each side, 

p p p 

we have a'*, ¥ = {ahy. 

(3) Lastly., if is negative, 
let ?^ = - 5, where s is positive. 


Examples. 


(o%5)^=a'6“- 

(s^. 3^)^=( 2 ^. 3^ =2^. 3^ =n/6. 


Simplify the expression 


gn+2 4.-3n 
^2^ 


(Express it in powers of 2.) 

The expression=2". i^n 

=2'*. 2^”'^®. 2“®”.2^ 


— ^n-{-Sn-{-6-“en’}-2n — g® — 04. 


171. In multiplication and division of compound expressions, 
we work, both as to method and arrangement, as if the indices 
were positive integers. 
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Examifl* 1. Multiply by al+b-t. ' 

J- 2/r^ 

a^+ h~^ 
a -- 2a^b~^ 

+ 2& ~^ _ 

a +ah~^ - 2ah~^ -2ir^ 

Example 2. Multiply l>y x^ -d^y^ + y^, 

{ (a;^ + y+ x^y^ ) • { {x^ + ^ } 

= (a;^+y^) -(aj^y^) =x^2x^y'^+y-x^y^ 

=5c + a;“ 2 /^-f y. 

Example 3. Divide a^-\-A<j^h~^-\-ikih~^-\-^a^}r^->rh~^ by a^+6*^, 

+ b ~^) + 4a^6“^ + Gab~^ + 4a'^b~^ + b~^ ( + 3a6“^ 4- 3a^6”^+6“^ 

«^+ 

3a^6“* +(ia6“^ 

^ h-^ + 3 ah-^ 

3a6“2+4a26“3 

3a6-2-f 3aV^ 

a^6-3+6“4 

a^b~^+b~* 


Example 4. Find the sipiare root of 

x'^y~ ^ - 4^:'’- y ^ 4- a’~“y ^ - 4a*^y“ ^ + 6a;y^. 

The first step is to arrange the expression in some order, say in descend¬ 
ing powers of x. It becomes as below, x*y~^ i- 4x~y~ '* + etc. 

The square root of the first term is x^y~ This, when doubled, forms 
the trial divisor. .•. the 2nd term of the answer 

= - 4a:^y~ ^ 4- 2xhj~^ = - 2x^y^. 
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Examples. XZXIII. a. 

(These examples may he taken orally,} 
Write down, or read off, in their simplest forms: 


1. 

16*. 

2. 

2-». 

3. 

2*x2*. 

4. 

8*. 

5. 

27^ 

& 

4-*. 

7. 

3*x3“*. 

a 

a^-i-a*. 

9. 


10. 

aUa\ 

11. 

2a:*-r a;*. 

12 . 

(«")“*. 

la 

1 

2-2’ 

14. 

[hr- 

15. 

4*. 

16. 

25“*. 

17. 

64*. 

la 

(ff*)*. 

19. 

2x2-=*. 

20 . 

I 

3_4- 

21. 

2^ 

4* 

22. 

1 

8“* 

23. 

16*. 

24. 

16“*. 

25. 

8li 

26. 

3*x9*. 

27. 

16* X 16“*. 

28. 

(2*)-*. 

29. 

125* 

30. 

125“*. 

31. 

3..-1 X 31-™ 

32. 

5* 

5“*' 

33. 

{aKh^r, 

34. < 

(a* 4-6*) (a*- 

6*). 

35. {x+x- 

36. X 

37. 

(jpa+6)a~6^ 

sa 


39. 

(a:*-y*)'. 

40. 



Examples. XXXIII. b. 

Express as simply as possible with indices, without denominators: 

1 . 2 . 

O 3^ . ^ 

• __ 

5. Simplify 8^ and 25“^. 6, Simplify 27~^ and 49^. 

7. Express with positive indices a''^hc + a'~%~^c + ah-^c~'^. 

Simplify 


8. lel 

12 . 729 -* 


9. 256-*. 
13. 620*. 


10. 289"*. 


IL 32"*. 
,= 1 


16. (x*A*4-*-*r. 

18. 2"*. 16*.4*4-2*. 
20. 3*.2*.6*.6*40*. 


125“* ’ 34.8“* 

17. a*&*c*xo*6*c*-5-o*5*c*. 
19. 4*.2-*.6*.3“*. 

21. 6*.8*.16*.6“*. 


(a**-*)-». 23. (tV*®-*)*- 24. (276-»c»)*. 25. (2»-i^3^)-». 
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2S. (l024“*)i 


a~^ + 6~ 

a-2_6-2* 


30. 


2»». 4”^"^ 
~8"“2 


28. 


31. 


“l±^ 

a^+b^ 

6-".252»-2 

63»-M0-'' 


Multiply 

32. 2y+3»iy^-a:^by 7^*+5yi 33 . n/S^+ 1+-^, by n/^^-i+I. 

s/x^ sj^ 

34, by a~i-a”^6~^ + 6~^ 

35. a^+a26^ + aM + a5 + aV + 5^ by 


36, a + 26^ + 3c^ by a + - 3c^. 37. a?* + f by a:^ - y. 

38. a-+ 3a6“^ + 4c“‘-* by a2-3a6“^-4c~2. 

39. a;^ - 2y^ + by o;^ - 2y^ - z^. 40. +1 + e"* by e* - 1 + e~*. 

Divide 

41. a-6-c + 26^c^ by a^ + 6^-c^. 


42. a^ + 4a^6^ + 45^ - c by + 26* - c^. 

43. 8.r^ - 27y“^ by 2a; - 3y~^. 44. xr^ - 64y^ by a;~ * + 2y^ 

45. a-2a^6^ + 6 by a^-2a^6^ + 6^. 

46. Simplify x^-x %^2-*| • 

47. Divide a?-lr^ by a^-h~‘^. 


48. Give the product of o/^ + + 6* and a* - 6^ + 6^. 

49. Factorise -| (a® + a~ ^) + J {a^ + a*~^). 

50. Square - 2a^ 6 - + 6, and divide the result by (a^ - 6^)3. 

Find the square root of 

51. 9ci^-6aV^ + 6“^. 52 . (a; + a;-^)2-4(a;-a;-»). 

53. a!^y~* - Zxy~‘^ + -V" - 3a;~V® + a;"^. 

54. a^ + 4ah-^ + %ah-^ + uh-^ + h-\ 

55. - 4a^6^ + 10a^6*' - 12a^62 + 9&I 

56. ^ + 2>^ + 3 + 2'^^+^^* 57. a; + y + z->2a;^y^-2y^z^+2z^a;^. 


58. 9a;^ + 25y + 4z® - 12a;^z - 20y^z4- 30a;^y 

59. - 26^V^+ 2^(bcf + 6^%“^ - 26^c^+-v^. 

B.B. S.A. B 





258 


ELEMENTARY ALGEBRA 


ICHAF. 


CHAPTER XXXIV. 

ARITHMETICAL PROGRESSION. 

172. A series of quantities is said to be in Arithmetical 
Progression when each term is formed by adding a constant 
quantity, positive or negative, to the preceding term. 

This constant quantity is called the common diflference. 

The common difference = the 2nd term - the 1st term 
= the 3rd term - the 2nd term 
= the 4th term - the 3rd term, and so on. 
3, 5, 7, 9,... form an A.P. whose common difference is 2. 

20,17,14,11,. -3. 

a;, 5x, 9x, 13x, .. 4a; 

173. To firid the nth term of an a.p. 

Let a = the 1st term, d = the common difference. 

The 2nd term = a + 

The 3rd term = a + 2rf, etc. 
the nth term = a + (n - l)d. 

174. To find the sum of n terms of an a.p. 

Let a = the 1st term, c? = the common difference, Z = the last 
term, s = the sum of n terms. 

5 = a + (a + (?) + (a4-2(?) +... +;. 

Also 5=the sum of the same terms in reverse order 
= Z + 26?) + ... + 61. 

By addition 

2s=(a + Z) + (a + ?) + (a + Z) +... = n(a + Z). 


/. s = 5(a+l).(1) 

But ^=a +(to -1)<?..(2) 


s=|{a+a + (TO-l)<i} 

-?{2a + (ii-l)d}. 


( 3 ) 
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175, If we insert between two quantities x and y a series of 
quantities which, including x and y, torm an arithmetical pro¬ 
gression, these quantities are called Arithmetic Means. 

Example. 4, 6, 8, 10 are 4 arithmetic means between 2 and 12; for 
2, 4, 6, 8, 10, 12 are in a.p. 

176. To insert n Arithmetic Means between x and y, ie, to form an 
A.P. of rH- 2 terms beginning with x and ending with y. 

y = the (?i+2)th term = a;4'(w-t-l)rf. 


. xi- 2 ( 7 /- x ) 3 ( 7 /- x ) , 

. . the means are x + --—r^, x + ^ + -r- > etc. 

n+r n-hl n-hl 

177. To find the Arithmetic Mean between x and y, Le, to insert 
one mean between x and y. 

Let A be the required mean. 

A-a:=y -A. 



Example 1. The 5th term of an a.p. is - 5, and the 11th term - 23 : find 
the 30tli torm and the sum of 30 terms. 

Let the 1st term be a, the common difference d, 
a + 4d = the 5th term = - 5, 
a+ 10d=the 11th term= - 23; 

.*. 6c?=-18; d=-3, a=7; 

.-. theSOth term=7-29x3==7-87=-80. 

The 8nm=|{a+;}=^{7- 80} = -15 x 73= -1095. 

Wo might find the sum of 30 terms without finding the 30th term. 

For «=|{2o+(n-l)d}=^{14-87}=- 1095. 

Example 2. Insert 5 arithmetic means between 11 and 37. 

Here 11 and 37 with the intermediate terms form an a.p. of 7 terms. 
The first term is 11, the 7th is 37. 

«e 11 + 6d=the 7th term=37; 

6d=26; . . d=4^. 

the required means are 15^, 19§, 24, 28^, 32f. 



m 
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Example 3. How many terms of the series 15+13+11... make 55? 
Here 8=55, a = \5, d=2nd-lst=-2; n is required. 

Now 8=^{2a + (n-l)d}; 

65=|{30-2(j»-l)}=|{32-2«} = 16»-n« 

16w + 55=0; 

71 = 5 or 11. 

It will be found on trial that the sum of 11 terms=the sum of 5 terms=55. 

Example 4. The sum of 5 terms in a.p. is 35 : find the middle term. 

To express 6 terms in A.P. so that their sum shall be as simple as possible, 
we may write them down as a~2d, a-d, a, a + d, a + 2d. 

In this case 5a = the sum = 35; 

the middle term a = 7. 

Examples. XXXIV. 

1, Write down the 5th term of the series whose nth term is w+2. 


2 . 


. 13th . 


. 3w + l. 

3. 


. r2th . 


. 271-1. 

4 


.25th . 


. 371-5. 

5. 


. 4th . 


7«-4. 

6. 




.971-5. 

7. 




.371-5 

4 ' 

8. 


. 7th . 

....(w+ l)th... 

. 77 + 2. 

9. 


.10th . 


. 377-1. 

10. 


. 14th . 


. 477-7. 

11. 



....(w + 2)th... 

. 77 + 3. 

12. 




. 377- 1. 

13. 




. 477-3. 

14 

Find the 12th term of 3 + 7+11 + eto. 



15. 

99 

21st term of 6 + 4 + 2+etc. 



16. 

99 

13th term of -| + J +1 + eto. 



17. 

99 

101st term of 20 + 23 + 26 + eto. 



18. 

99 

17th term of 100+91 +82+eto. 



19. 

99 

nth term of 1+3+5 + eto. 




Find the last term and the sum of the following series: 

20. 1 + 2j+ 3^ + etc., to 12 terras. 21. 1 +1 ^ +2^ + etc., to 12 terma 
22. 32 +29 +26 + etc., to 50 terms. 23. *5+ *75+ 1 + etc., to 20 terma 
24. *7+ *6 + *5+ etc., to 31 terms. 
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Sum the series 

25. 13+12j +Ilf+etc., to 40 terms. 

26. 17 + + V’ ^ terms. 

27. --7~5|-4f-etc., to 21 terms. 

28. 12 + 2*4 + 3*6 + etc., to 16 terms. 

29. (3a - 26) + (4a - 56) + (5a - 86) + etc., to 2n terms. 

30. (a; +l) + (a; + 3) + (a; + 5) + etc., to 15 terms. 

Find the last term and the sum of 

31. 3 + 9+ 15+... to 13 terms. 32. 2 + 7 +12+... to 11 terms. 

33. 21+ 18 +15+... to 17 terms. 34. 2-5-12-... to 12 terms. 


Find the sum of 

35. I+ 8 +15+... to 40 terms. 36. f+ f+ f +... to 9 terms. 

37. f + -ijy + + • • • to 20 terms. 38. 1 + 3 + 5 +... to 80 terms. 

39. 1 ;} + 2 + xf +... to 14 terms. 40. f “ f -"V* “ • • • to 18 terms. 

41. The 7th term of an a.p. is 20, and the 13th is .38 ; find the series. 


42. . 

.. nth . 

.36, .... 

.... *20^1. 

. 27; 

43. . 

.. 10th. 

. .*•. 

.... 17th. 

. 54; 

44. . 

.. 12th . 

.10,. 

. 20th . 

. 8; 


45. Sum to n terms the series whose nth term is 4 + 5n. 

46.3 + 7?i. 

47. The 5th term of an a.p. is 13, and the 9th is 25. What is the 7th 
term ? 

48. The 1 st term of an a.p. is 3 and the 20th is 136. Find the common 
diirorenco and the sum of the first 20 terms. 


49. Insert 6 arithmetic means between 11 and 53. 

50 . 8 . 5 and 11. 

51 . 20 35 and -28. 

52 . 5 x + y and x-y. 

53. Find the arithmetic mean between 17 and 33. 

54. f and f. 

55. Find the sum of 30 consecutive odd numbers of which the last is 
127. 

56. The 7th term of an a.p. is 30 and the 13th is 42. Find the 1st 
term and the sum of 12 terms. 

57. Find the sum of all the even numl)ers from 2 to 38 inelusive. 

58. The sum of the 8th and 4th terms of an a.p. is 24, and the sum of 
the 15th and 19th is 68. What is the series ? 

59. The sum of the first seven terms of an A.P. is 140, and the product 
of the 1st and 7th is 256. Find the terras. 

60. A workman is to be paid Is. for his 1st day’s work, l8. Id. for the 
2nd day, 1«. 2d. for the 3rd, and so on. Find how much more he earns 
in the 2nd week than in the 1st, if he works 6 days in the week. 
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61. A and B go round the world, of which the circuit is 25668 miles. A 
goes east 1 mile the 1st day, 2 the 2nd, 3 the 3rd and so on. B goes 
west uniformly at 20 irriles a day. When and where do they meet ? 

62. There are 40 stones in a row, 1 yard apart. How far does a boy 
travel in bringing them together one by one at the Ist stone (1) if he begins 
at the first, (2) if he begins at the last ? 

63. A travels 2 miles the 1st hour, 2j the 2nd, 2^ the 3rd, and so on. 
B travels 4 miles an hour. When and where does A overtake B if they 
start together ? 

64. How many strokes does a clock make in 12 hours, if it strikes 1 for 
the half hours ? 

65. Sura to 10 terms the series whose nth term is 3?i + 4. 

66. A man receives 5 shillings the 1st week and 3cf. more each week 
than the preceding. What does he get in 20 weeks ? 

67. How may 5 numbers in a.p. be expressed so as to make their sum 
as simple as possible ? How may 4 numbers in a.p. be expressed ? 

68. Insert 5 arithmetic means between a - 26 and 3a + 6. 

69. The last term of an a.p. is 10 times the 1st, and the last but one 
=the sum of the 4th and 5th. Find the number of terms and show that 
the common difference = 1st term. 

70. The sum of 5 terms of an a.p. is 10, the sum of 17 terms is -17: 
find the series. 

71. Find the a.p. in which the first 10 terms together=100 and the 
next 10 terras=300. 

72. The 1st and last of 2/i + l terms of an a.p. are a and c. Write 
down the sum and the middle term of the series. 

73. The ??ith and 7ith terms of an a.p. are q. Find the 1st term and 
common difference. 

74. The natural numbers 1, 2, 3, ... w® are arranged as a magic square, 

t.e. they are so placed in the compartments of a square that all the vertical 
columns, the horizontal rows and the diagonals have the same sum. 
Prove that this sum is 1). Show that the first 16 numbers can be 

BO arranged with each diagonal in a.p. 


CHAPTER XXXV. 

GEOMETRICAL PROGRESSION. 

178. A series of quantities is said to be in Geometrical 
Progression when each term is equal to the product of the 
preceding term, and a constant factor. 

This constant factor is called the common ratio. 

Thus 3, 12, 48, 192,... form a g.p. in which the common ratio is 4, 


1,-3, 9,-27,...-3, 

20, 10, 5, 2-5. 
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179. To jvnd the nth term of a g.p. 

Let a be the 1 st term, r the common ratio. 

The 2 nd term is ar, 

3rd .ar^ 

4th .and so on. 

Thus the nth term is ar”“^ 

180. To find the sum of n terms of a g.p. whose first term is a and 
wmmo7i ratio r. 

Let s be the sum. 

s = a + + ... +ar**~\ 

sr= ttr + ar2 ++ ttr”"^ + ar’*: 

by subtraction ^(1 ~ r) = «(I - r”); 

. a(l-r’*) a(r'*-l) rl-a . ? • i-i. 4 . 

/. s = -= -—^) where I is the nth term. 

1 -r r -1 r -1 


181. The meaning of 

I'he sum of an infinite mmher of terms of a G.P. 

If the common ratio, r, is not numerically less than unity, the 
terms do not decrease as we proceed with the series. 

, in this case, the sum of an infinite number of terms is 
infinitely great. 

But if r is a proper fraction, the terms decrease as we proceed, 
and it is possible to find a limit which their sum cannot exceed 
however many terms we take, and to which it becomes indefinitely 
near if we take a sufficiently large number of terms. 

This limit is called the sum to infinity. 

182. To find the sum of an infinite number of terms of a G.P., 
wlme common ratio is less than unity. 

[Infinity is represented by oo.] 

If denote the sum of n terms of the series a, ar, 
a( l-r ”)_ a ar” 

I _ I _I* 1—7’ 


Since r is a proper fraction, 
increases. 


a?’'* 

l-r 


continually decreases as n 
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Hence, the more terms we take, the more nearly does their 
sum approximate to 


1 -r 


- is called the sum of this series to infinity y or as it is 
1 “ r 

, a 

written, - 

1 - r 

We might express this thus; 

The sum of n terms of the series a, ar, ar^... (r being 
numerically less than unity) never exceeds but continually 

approaches and becomes indefinitely near to it as n is indefinitely 
increased. 

Example l. 0*7=0 777... to infinity 
__T_ _7_ _7_ 

~ lO'*'10* ■’’lOS 

= (Here and r=-^.) 

1-Tff 
_ 7 
“IF- 

Example 2. 0*6^§=0*62323... to infinity 
^ 23 

23 

6 . W 23 , 1 \ 

=iQ+-—j- (^Herea=^ and 

10* 

_j6 ^_617 

“10'*'990 “ 990' 


183. To insert n geometric means between a and 6. 

The 1st term is a, the last is 6, and there are altogether 
n + 2 terms; /. 6 = 

From this we obtain the value of r; and the required meanf^ 
are ar, ar-, ar^... ar". 

184. To find a single geometric mean between a and b. 

Denote it by G. 

Then a, G, b are in g.p. 

G b 

•*. ~ = the common ratio = =a6: 
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G=^/S5. This is called the Geometric Mean between 
a and h. It is obviously the same as the mean proportional, just 
as terms in G.P. are also in continued proportion. 


Example 1. Sum the series 3|- - . to 7 terms. 

It should be noticed that (- -1. 


Here 


a=- 2 

“ 8 ’ ^ 3|'"“3 

a(l -»")_27 ^(“3) 27 

l-( 8 

_27 3 37+27 

" 8 ‘ 2 “ 8 ’ 5 ‘ 37 

“^3 


_ 37+27 
■"40x27 


=eto. 



Example 2. 


Sum the same series to 6 terms. 


_a(l-r^*)_27 
l-r “S' 


27 3 3»-2«_3«-2»_ 

^ 8 ■ 5’ > “40x9“®“’ 


1 - 

{-IJ 

1-1 


1 3) 



Example 3. Insert four geometric means between 32 and !• 
Here there are 6 terms, .% a=32, and ar*^=:l. 

32r®=l, 

and r — ^. 

the required means are 16, 8, 4, and 2. 


Examples. ZXXV. 

Write down, or read off, (1) the common ratio, 

(2) the 6th term, 

(3) the nth term, 
in each of the following series; 

1. 3+9+27 + .... 2. 1 + 3+9+.... 


3. 3 + 1 + 1 + .... 


4. 3-S + f- 


f+- 
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7 . 9 + 3+1 + .... 

9. a:""' + «"■“+a!“~* +.... 

11. 1 H. 1 1 


a?«- 


8 . 8 + 4 + 2+.... 
10 . + + 
12 1 


13, 

Sum the series 1 + 2+2*+... 

to 

10 

14. 


to 

8 

1& 

.3+f + /y + ... 

to 

5 

16. 

1 + _ 

. to 

9 

17. 


. to 

8 , 

18. 


to 

n 

19. 


... to 

n 

20. 


... to 

n , 


21. The 1st term of a g.p. is 3 and the common ratio 2, find the 5th term. 

22. ... 1st. is ^ . 3, . 6th . 

23. ... 2nd. is ^ . ^ . 8th . 

24. ... 5th. is 243 .. 3, ..iBt ....... 


25, 

Sum the series J- + ^ + l+2+.. 

to 18 terms. 

26. 

27. 


. to X _..... 

. l-e’+c«-... 

to 10.. 

28. 

. 4 --1 + \/2 

f,n 10 f^^ , 





Sum to infinity the following geometric series: 

29. T + i + TV+-- 30. 9-6 + 4-.... 

31. 4 + 3 + |[- + ..., 32. 16 + 2 + ^+..., 


33. -..., b being numerically less than t 

34. Sum the series ^+l+\/3+...to8 terms. 


35 . 

38. 


5 + 3+l|^+... to 6 terms. 
-3-6-12 -... to 9 terms. 


37. In any g.p. the product of 1st and last term=the product of the 
End and last but one. 

38. Sum the series 9-6 + 4- ... to7 terms. 

39. Sum the same series to 6 terms. 

40, Sum the series \/3-\/2+-^-... to 10 terms. 

V3 

41, Sum n terms of the series whose rth term is (- ay, 

42, The 2nd term is 6 and the 5th is 48 ; find the sum of 6 terms. 

43> The 3rd term is 8 and the 6th is - 1 ; find the sum of 7 terms. 
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44. Insert 3 geometric means between 5 and 80. 

45. . 5 . 54 and 


46. . 5 . 21 and 

47. . 3 . 96 and 1636. 

48. Find the geometric mean between 3 and 147. 

49 .^and?L:|. 

a-b a+b 

50 . -2 and -1458. 

51. Sum the series 1-1 + 1-1 + ... ton terms. 


52. 

53. 

54. 

55. 

56. 

57. 

58. 

59. 

60. 
61. 
62. 


63. 


Write down the 5th term of the series ivhoso ?»th term is 2“. 


. 7th.2" -1. 

. 1st.3" -2, 

. 4th. 2+(-3)". 

. 1st. 

. 3rd. 

w + l]th.3"-L 

?i--4lth. 

. 1st. 

. 3rd. w +11 til term is 2”. 

w-2ith. 

?t-f3lth. a”-b. 


64. Taking the iiumbor of the term for abscissa and the term for 
ordinate, plot the successive terms of 8, 6, 4, ... and of 8, 4, 2,.... 

State what happens with regard to the magnitude of the ?ith term in 
these series when n is made infinitely great. 

65. Sum to n terms 1 + 3 + 7 + 15 + .., + (2^- 1) + .... 


Find the value in vulgar fractions of 

66. -8. 67. - 818 . 68. -iSS. 69. -2411 

70. If P be the product of n terms in o.p., a their sum, s' the sum of 
their reciprocals, . 


71. Prove that the insertion of geometric means between two numbers 
can be performed by inserting arithmetic means between their logarithms. 

72, Insert 3 geometric means between 7 and 112. 

73.2. 2 and - 54. 


74. Sum the series *14+*0028+*000056 +... by writing down 8 or 9 
terms and adding up. Sura it also as an infinite g. p. Comimre results. 

75, From 3 numbers in g.p. 3 others in G.P. are subtracted. If the 
remainders be in g.p., prove that all three series have the same common 
ratia 
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76. The 8um of the first two terms of a g.p. is 12, and of the first 
three terms 39; find the series, and determine if the conditions are 
satisfied by more than one series. 

77. Whieh term of the series 5 + 5 n/ 2 + 10 + ... is the same as the 

200th term of j + | + ? 

78. Prove that the first 50 terms of 17 + 16*+ 16^ + ... are together 
equal to the infinite series 200+120 + 72+.... 

79. In the series 2 + 4 + 8 + 16+... determine the number of digits in the 
250th term by using logarithms. 

80. If a, hy c be in g.p. and a;, y be the arithmetic means between a, b 
and between 6, c respectively, prove that ^ + ^=2. 

81. Sum the series a^“*’ + a^~<’+a:*+... to n terms. 

82. Give the wth term of the series 1 + 5 + 13 + 29+.... 

83. Find the sum of all the products formed by taking any two terms 
of an infinite g.p., and show that if this sum be ^ the sum of the squares 
of the terms their common ratio is J* 

84. If I7 and 1 are the 1st and 3rd terms of a g.p., find the sum to 
infinity. 


CHAPTER XXXVI. 


HARMONICAL PROGRESSION. 


186. Dbf. If ^ a, c are said to he in 

Harmonical Progression; and a series is said to be a Harmonical 
Progression when the above relation is satisfied by every three successive 
term of it. 

Or, three quantities are in H.r. when the first is to the third as the 
first minus the second is to the second minus the third. 


186. If term are in H.P. their reciprocals are in A.P. 
Let a, 6, c be in h.p. 


Then 


a _a-b 


/. (ib-ca=^ca-bc} 
• <d)-ca ca-bc ^ 
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.1111 

“ c h~b q! 

Ill • . « 

j-, - are in A.p. 
a h c 


187. From the property proved in the last article we can 
write down any term of an H.P. whose first three terms are given, 
by inverting the terms, applying the methods of A.P., and 
inverting the results. 

The insertion of means can be performed in this way. 

It must be carefully observed that this method does not give 
us any foimuia for summing a series in n.p. Summation may 
be performed, if necessary, by writing down the terms as above 
and adding them up. 


188. To fmd the Harmonic Mean between x and y. 
Denote it by H. 

Then a;, H, y are in h.p. ; 

xH - xy=x!i - yH ] 


H = 


2xy 
x + y 


3/ 4* t/ 

A, the Arithmetic Mean, has been found to be — 

G, the Geometric ., . 


H, the Harmonic 


2xy 


x^y 


A is familiarly known as the average of x and y. 
be called the Geometric and Harmonic average. 

x + y 2xy 


G, H might 


AH = - 


x + y 

G H 

a”g’ 


= ajy==G2; 


i.e. A, Q, H form a G.P. or continued proportion. 

Also A - G = ^= a positive quantity. 

2 ^ 


•*". A, Q, H form a descending series. 
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189. To represoMt A, G, H graphically. 



In a str. line OPQ mark off OP, OQ to represent the quantities 
whose mean is required. Bisect PQ at C. On PQ describe a 
semicircle PRQ. Draw OR a tangent, and RS pcrp. to PQ. 

OP + OQ = (OC ~ CP) + (OC + CQ) = 2. OC. 

OC is the arithmetic mean between OP and OQ. 

OP.OQ = OR2. 

/. OR is the geormtric mean between OP and OQ. 

20P. OQ 20R2 OS . OC 
bP + OQ'~26c“’ OC 

.’. 08 is the harmonic mean between OP and OQ. 


Examples. XXXVL 


Continue to 6 terms the series 

!• + f + 2. ^ + + 3. l + 

Find the 12th term of 

A3 12n R313 

^ 29 ~T~9 ^9 + * O. 

7. Insert 4 harmonic means between 1 and 6. 

8 . 3 . 1 and 20. 

9 . 4 . 2 and 12. 

10. 3 . 9 and 4-J. 

11. Find the harmonic mean between 2 and f. 

12. If a - 6, a - c, a - c? arc in H.F., prove that the following three series 
of quantities are equally so : 

(i) 6-c, h~d, h’-a. 

(ii) c-d, c-a, c-h, 

(iii) d-a, d-h, d-c, 

13. To each ot three consecutive terms in o.p. the middle one is added 
Prove that the three results are in h.p. 


14. If a, 6, c are in h.p., then 1. 

a-o o-c c-a c a 

15. If b+Cy c+a, a + b are in H.P., prove that a*, b\ c® are in a.f. 
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16. Show that the a.m., g.m., and ti.m. between x and y are in g.p. 

If the common ratio of this g.p. be fint! the ratio of x to y. 

17. Ifb is half the harmonic mean between a and c, prove that 

+ 3abc = (a- b + c)^. 

18. If the arithmetic mean between two numbers =1, their harmonic 
mean is the square of their geometric mean. 

19. If between two given numbers there be inserted two arithmetic 

means Aj, Ag, two geometric means Gj, Gg, and twO harmonic means 
Hi, Hj, prove that 0,0.1 _ A, + A, 

HiHi-Hi'+H; 

20. If ®. 6, c are in h.p., then are in a.p. Prove this 

and the converse. a b c 

21. Prove that he-ad is positive, zero, or negative according as 
% b, c, d are in a.p., g.p., or h.p. 


CHAPTER XXXVII. 


CUBIC CURVES AND FUNCTIONS. 


190. Draw the graph of y = orK 

Use for the y values a unit one-tenth of that for the x values. 
When r r. I o I .. I c: I I inches. 

tenths of an inch. 


.r=l 

2 

3 

4 

J,=-l 

•8 

2-7 

6*4 


x=-\ 

-2 

-3 


y=--\ 

-•8 

-2-7 



inches. 

tenths of an inch. 


Plot these points and we have the graph reqd. 

We see that the curve lies entirely in the first and third 
quadrants, and that the parts of the curve in those quadrants 
are similar. 

For values of x greater than 1, as x increases, y increases much 
more rapidly; but for values of x less than 1 the reverse 
happens. This shows that the axis of a; is a tangent to the curve 
at the origin. 
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As X vanes continuously from - oo through 0 to + oo, ^ also 
varies continuously from - oo through 0 to + oo. 
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191. Draw the graph of the equation y = —^ 
foints given hy - 5 and x = b. 
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Plotting these points and joining them by an even curve, we 
have the graph as shown in the diagram. 



Corollary. From the graph we see that the greatest value 

— 20.T 4- 2 . 

of the expression — is 3*64, and its least value is - 3-24, 

excluding infinite values. 

It will be found that the graphs of all equations of the form 
y = ax^ + + cx + d are in the shape of the letter S. 


192. Solve the equation - 15a: - 2 = 0. 
Let y — x? - 15a; - 2. 



ub.s.a. s 
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Use 1 inch as x unit, and one-tenth of an inch as y unit. 
Plotting these points and joining them by an even curve, wo 
have the graph as shown in the diagram. [The printed graph is 
reduced in size.] 



We use a large x unit because we wish to find x as accurately 
as possible. 

Where the curve cuts the axis of x^ 

(K=-3-82, -0*13, 3*95, 

which are the required roots, for where x has these values, 
a;3_ 15.7: _ 2 = 0. 

The printed graph does not give the exact form of the curve 
given by y = x^ - \bx -'2,^ for the x and y units are not equal. 
The curve shown is the real curve stretched uniformly in a 
direction parallel to Ox, 

Examples. XXXVII. 

In drawing the graphs of curves^ the units employed should he stated on 
the sheet containing the graph; and the tabulations should he fuJil and 
arranged so that the working can he easily checked. 

Draw the graphs of tlie following equations : 

1. y=a;® + 2. 2. y—:i(^ + 2x. 

3. Plot the curve y = a:^-6a7+5, and hence solve the equation 
a:^-6a: + 5=0. 
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4 . Plot the curve y- 6 , and hence solve the equation 

+ 2x^ - 5:c - 6 — 

5 , Plot the curve y = + 7 for the following values of x ; 

-4, - 8 , -2, -1, 0, 1, 2, 3, 4. 

What do you deduce as to the roots of the equation 0 : 34 . 03 ;_ 7_09 
0 , Solve the equation o:^- 10o:=7. 

7 . Plot the curve y = - So:^ - lOo: + 20 for the following values of x\ 
-3, -2, -1, 0, 1, 2, 3, 4, and hence obtain two roots of the equation 

10o:+20=0. Deduce the value of the third root. 

8 . Plot the curves y = and y = 0 : 2 - 5 , and hence find a root of the 
equation o:® - a;^ + 5 = 0. What do 3 ^ou deduce as to the other roots ? 


CHAPTER XXXVIII. 

Examples. XXXVIII. a. 

1. Resolve into real elementary factors : 

(i) 6o:2-23o:y-h20y2. + 2hc. (iii) a:®-!. 

2 . Simplify 

3. Find the squares of a: + // + 2z-l, and of o: + y-2z-l. What is the 
value of the difTcroncc of these squares when z = A {x-\-y) ? 

4 . Find the L.c.M. of x^-xy\ xP+a^y, ^ + xh/{x^ + y^). 

5. Solve the equations (i) 27o:-“57o:=14. 

(ii) 2o:2-3o:-4=0 (correct to tW'O dec. places). 

6. A travels 42 miles in 5^ hours. Find, graphically, how long ho 
takes to walk 35 miles, and 29 miles. How far did he walk in 2 hrs. 
36 min. ? 

7. A cistern is filled in 25 minutes by 3 pipes, one of which conveys 
3^: gallons more per minute and anotlier 3 gallons less per minute than the 
third. How much does each pipe contribute in a minute, if the cistern 
holds 900 gallons ? 

8. If the expressions and a:‘“-8a;-9 have a common factor, 

find the value of a. 


XXXVIII. b. 

1, Find the factors of (i) a:3+16a: + 63. 

(ii) y3-43a3y4-42f43. 

(iii) x'^ - 14a;'' + 49.a:3 - 36a;. 

2. Find the square root of 9a;^ - ^2x^ -t ^Ix^ -t- 28 a: -}■ 4, 
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3, Simplify 


1_1 ^ 2a 

X-a x + a as^-ha^ / 1 1_' 

1 _ 1 _ \x^ + ax-ha^^x^-ax + a^, 

x^ - -f a? 


4 . Solve the equations (i) ^ + — = a® + 6®. 

ox CbX 

(ii) (a: - 10) (a; - 7) + (2a;-9) (a;-8) = 103. 

5. A person after paying income-tax of 6d. in the £ gave avay one. 
thirteenth part of the remainder, and then had £540 left. What was his 
original income ? 

6. On an examination paper of maximum 58 the marks gained hy six 
candidates were 52, 47, 41, 36, 24, 12. Draw a graph to raise llio 
maximum to 100, and read off the raised marks of the candidates. Test 
one of your results. 

7. Employ the Remainder Theorem to prove that x^-4x^ + 2x^-i-x + 6 is 
exactly divisible by x^ - 5x + 6. 


XXXVIII. c. 

1. Remove the brackets in 7a + 6[6-5{c-h4(6~3(a+2c))}] and find its 
value when a=2, 6 = 3, c = l. 

2. Simplify 

3. Find the h.c.f. of x*-8x^+lSx^- SOx + 8 

and X* - 4ar’ -1 Ix^ - SOx +16. 

2a;- 1 _ 4x^ - 1 

^ Cl , ..1 ... + 3 a;-3 10a;-fl 

4. Solve the equatidn 

6. Solve the equations : 

(i) (a + 6)(c + a;) + (6 + c)(a + a;) = (c + a)(6 + a;). 

(ii) 6a;2-fa;-35=0. 

6. I bought a horse and carriage for £80. I sold the horse at a profit 
of ^ per cent., and the carriage at a loss of 4 per cent., and found that on 
the whole transaction I had gained 5 per cent. What was the original 
cost of the horse ? 

7. A and B start to run a race to a certain post and back again. A 
returning meets B at 990 yds. from the starting post and finishes 3 minuti .s 
before him. If A takes 16J minutes, find the length of the course from 
post to post. 

XXXVIII. d. 

1, Divide a;® + a:^ + 4a;*+21a;2 + 23a;-40 by si^+4x-h5t using the method 
of detached coefficients. 

2. Simplify + 
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3. Find the square root of 4x* 30x +25. 


4. A man travels at the rate of x feet per second. 

(i) How many yards does he travel per minute? 

(ii) .miles .hour? 

(iii) . in y hours? 

(iv) How long does he take to travel y miles ? 


5. 


Solve the equations: 


(i) 


7x 

‘2a;-12 
3x - 5 


48 



(ii) -2x~l~0 ((iorreet to two decimal places). 


6. A man on a bicycle, who travels at tiie rate of 10 miles an hour, and 
another walking at the rate of 4 miles an liour, start at the same time and 
from the same point to go round a field a quarter of a mile in circum¬ 
ference in the same direction. Find how soon the bicyclist is one-quarter 
of the whole circumference ahead of the walker. 


7. Trace the graph of y — 3x-x^^ and deduce the value of x when the 
expression 3x-x'^ is a maximum. What is the maximum value of tha 
expression ? For unit use a half-inch or a centimetre. 


XXXVIII. e. 

1. Show that is divisible by p^-27a®=0. 

2. Find the product of x-y, ir + y, x’^-xy + y', x^-\'Xy-{-y\ 

3. Find the square root of n (?t +1) + 2) (?i -f .S) -f 1. 


l+_l_ 

4. Express ^ ^ ^ |^1 “ j' simplest form. 

X y ~z 

5. Provo that 1 - - 2x^ -x^-\- x’^ is exactly divisible by x + l and 

by 

6. Solve the equations 

(i) 

h a 

3—”2~^ (correct to two decimal places). 


7. Two travellers, one of wliom travels 3 miles an liour faster than the 
other, set out to meet one another, starting simultaneously from two 
towns which are 216 miles apart. They meet after a lapse of 8 hours. 
Find the rate at which each of them travels. 


8, Multiply + by a^~b^ + c^. 







278 


ELEMENTARY ALGEBRA 


[chap 


XXXVIII. f. 

1. Divide -y^f + {x-yY by Z'j(^+y'^, 

2. Resolve each of the following into three real factors : 

4^3 - 23a:2 + 28a:, y^ + lly® - 180, a« + 276®. 

3 . Solve the equations : 

s.. x + a x-h _ 2(a + h) 

^ x-a x + b~ X 
(ii) oi^+xy=2Sy 4a; + 3y=25. 

4. Divide 8a^ + 4a^6^ + 2a^6 + 6^ by 2a^ + 6^. 

5 . Prove that the difference of the squares of two consecutive numbers 
is equal to the sum of the numbers. 

6. A, walking uniformly, but taking a rest of 20 minutes when he has 
gone half-way, does 5 miles in an hour. B, starting at the same time, and 
taking no rest, passes A 3|- miles from the start. Find, by the graphical 
method, how long B takes to walk the 3-J miles. 

7. Sum the series 1 -f 2f + 4^ +... to 22 terms. 


XXXVIII. g. 


1. Find the quotient and the remainder when ia 

divided by a: ~ 3. 

2. Find, to three places of decimals, a positive number such that if it is 
added to its square, the sum is unity. 


3. Two workmen take the same time to earn £22 and £21 respectively. 
The former earns £15. 88. in one day less time than the latter takes to 
earn the same sum. How much does each earn per day ? 


4. 


Simplify the expressions 


(i) 

(ii) 


/gs 6g\/ 3a + 6 3q-6 \ 

\ 6 a J \ g + 6 a-h / 

^ I 1 I 1 ■ 

(o'* - {a‘ - «“>) ^ (62 - c2) (6* - o2) ^ (c* - a®) ((? - 6*) 


6 . Solve the equations 


(ii) ^ + ^ = 

^ ' X y c 


x+y=c. 


6. A man spends £70 in 45 days; make a graph and read off from ii 
his expenditure in 17, 32, and 41 days, to the nearest pound. 


7. Simplify 16^.25^ 
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XXXVIII, h. 

1. Sin.plify 

a - h x^ 

2 . If the coenicieiits of ocf^ and of x in the product of + 

and 3 a 7 * - ax^ - 10a; + 4 are equal to one another, find the value of a. 

3 . Find (i) the h.c.f., (ii) the l.c.m. of a*-a^l)^ + '2ah^-h\ 

4 . In the same diagram draw the graphs of 

y~x + l^^ 2y-x = S, and 2y-f5a; = 20. 

What do you deduce as to the roots of the different pairs of equations? 

5. Solve the equation — 4 - _ — I j. 

^ X 2a;+1 24 

6 . (i) Simplify x\ly^zKy\^x!^-^xryH^. 

(ii) Find the sq. root of 1 + 2a;-fa* - oa-"* (1 4- + i^x^. 

7. The difference in the average rates of two trains is 13 miles per hour. 
The faster of the two takes 2 hours less time to travel 164 miles than the 
slower takes to travel 168 miles. Find their respective rates. 


XXXVIII. k. 


1, If - 4- ~ — a, ^ 4- ^ = ft, " 4 - ~ = c, prove that 4- Ir 4- - ahe = 4. 

y X z y X z 


2. Solve the equation 4x^-\-2x-l=0i giving results correct to two 
decimal places. 


3. Si-'piify 


a ~ft4-c\ / 1 _ o--ft\ 
c-b )\a a- / 


4. The denominator of a certain fraction excet'ds its numerator by one. 
Two other fractions are formed, one of them by adding 9 to the denominator, 
and the other by subtracting 6 from the numerator, of the original fraction. 
These two fractions are eipial. Find the original fraction. 


5. An old clock increased uniformlj^ in value from £4. 108. in the year 
1890, to £8. 108. in 1899. Find graphically its value in 1893, 1894, and 
1897, to the nearest shilling. 


6. The 5th and 9th terms of an Arithmetical Progression are 13 and 25 
respectively. What is the 11th term ? 

7. A motor-car docs a journey in 5 hrs., the first half at 21 miles per hr. 
md the rest at 24 miles x>cr hr. Find the distance. 


XXXVIII. 1. 

1. Resolve into factors (i) a'*-8a®ft--48ft^, (ii) (a®4-ft^)c4-(ft®4-c^)fii. 

2. Multiply a®4-4a'‘^ft4-8aft^4-8&‘* by - 4a^ft 4-8aft-- 8ft®. 

3. Show that if a4-ft4-c + d = 0, then 

a® - ft‘^ + ___2 {a 4- ft) {a f ^/). 
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4, Find the area of the quadrilateral formed by joining the points 

^ (10^20),_^(13, 9). (23, 8), (28, 20). 

5. Simplify v^i8.\/24.v^72, expressing each factor and the result in 
powers of 2 and 3. 

6. Sum to 6 terms the series 12 - 8 + 5-J - . 

7, The journey between two towns by one route consists of 233 miles by 
rail followed by 126 miles by sea; by anotlior route it consists of 405 iiiibis 
by rail, followed by 39 miles by sea. If the time occupied on the journey is 
50 minutes longer by the first route than by the second, find tlie average 
speed by rail, assuming it to be the same by each route, and 25 miles 
an hour faster than the average speed by sea. 

XXXVIII. m. 

1. Simplify + 

2. Resolve into factors (i) 18.r‘^ + 53a;-35. 

(ii) a^ + 2hc - {c^-h2ah), 

(iii) {x-Shf-Wx-^WA 

3. Divide afi- 2x* 37a;^ - 5^;^ + 13£c - 15 by using the 

method of detached coefficients. 

4. Multiply Vl8 + 2\/3 by 3\^-\/l2. 

6. Divide a^+6«c^+9c^-46 by a-26^+3c^. 

6. Solve the equation ah{x^ + l)=x(a^ + 6®). 

7. The marks of a form ranged from 325 to 259. Draw a graph to scab 
them from 80 to 0, and road off the scaled mai*ks corresponding to the 
following actual marks gained : 280, 295, 312. Verify one of your results. 

8. Insert 4 geometric means between 5 and 1215. 

XXXVIII. n. 

1 . Find the relation between the constants when the three equations 

ax-\-by = c, bx + ay=di x^-\-y“ = xy 
are simultaneously true. 

2. If /(^) = —^2 find the value of 

(i)/(7i+l)-0(?i), (ii) [/{n+l)p-[0(w-l)]». 

3. Find the L.C.M. of 3a;®~4a;-4 and 4a;®-8a;®-a;+2. 

4. Find graphically the maximum value of 6a;-a;®-V'* Verify your 
result by algebra. 

5. A merchant beginning business with a certain capital succeeded in 
doubling it, but afterwards lost £1000. Ho employed the remainder in a 
Venture which brought him in a profit of 35 per cent., after which his 
capital was found to be £10 more than his original capital. Find the 
amount of that capital 
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6. Solve tho equation 

^ x-h x-c 

7. Simplify 3K81^ + 3'^.9^+4^.2i. 

8. Find the sq. root of 25a%~^+{)a~%'^+\0ab~^ + Qa~^b-^3l, 


XXXVIII. p. 

1. Find the L.C.M. of x* + Xj x^-x^f and x^ + x^-\-x, 

2. Find the quotient when -^^-z^ + Zxyz is divided by x-y + z, 

3. Multiply 4ar’ + 3x2-7 by using the method of detached 

coefficients. 

4. Draw the graph of + 2x, and hence solve the equation 

aj'-* + 2.r - 7 = 0. (Use a large x unit.) 

5. (i) Find the value of {(tt4*?>)(a + c)}^, where tt = 2, b — ^ij^, c = J. 

(ii) If = and c^=dy express (d)cd in terms of d. 

6. A and B start in a long-distance race. For 15 minutes A goes at the 
rate of x yards per second, and B at the rate of 2a’ miles per hour, and then 
A is leading by 100 yards. Find the value of x. 

7. If f(n)=v? + -f 2??, find the value of {n + Z)/{n) - (n + 2)f(n - 1). 


1. Show' that 


XXXVIII. q. 

a-i-6-c h + c-a c-\-a-b 


is equal to 2(a + h + c)^ + d^ + h'^ + c^. 

2. Solve tho equations : {\) axby —xy=cx -f dy. 


(ii) 


/aj- 2a 

\x + a J ~x + 2h 


o re ah-cd , Ai i. + ^ {a-i'){a-\-d) 

3. If x=- —.. , show''that —,= 7 ^-, -r- 

{a-b)-{c-d) x-h {b-d){b + c) 

4. Find the l.c. m. of 8u:^ 4 27, 4 - 4-81, 6a;- - 5a; - 6. 

5. By drawing the graph of 8.f - x^, find w hat value of x makes the 
expression a maximum. 


6. A dealer bought 200 sheep. He sold 80 of them so as to gain 4 per 
eent. on them, and the rest so as to gain 7^ per cent, on tliem. His whole 
profit amounted to £21. 7s. What did he pay for each sheep? 

7. Find the value of 17/(5\/24-4) correct to 2 decimal places. 

8. The 1st term of an a.p. is 38, and the 12th term 5. Find the 20th 

li'rm. 


XXXVIII. r. 

1. Find the factors of each of the following expressions : 

x^-\, x‘^-6x-7, ar^-3x^-h2x, 3x^-7x + 2. 

What is their l.c.m. ? 
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2. Simplify (i) (2si: + 3)(3x-l)-h(2x-5)(5x-3)-(4x^S)^. 

(ii) {(3a + 2&)2 - (2a + 6)2}^{7a - 26 - (2a - 56)}. 

3. Draw the graph of y=x^-3x, and hence solve the quadratic 
aj2 - 3a;= 14 . (Use a large x unit.) 

4. Find the value of (\/2 + n/ 3 + VS) (^/2 + V3 - \^) correct to 3 decimal 
places. 

5. In an election, if one-tenth of those who voted for A had refrained 
from voting, B would have been returned by a majority of 128, while if 
one-fifth of those who voted for B had transferred their votes to A, the 
latter would have been elected by a majority of 535. Which candidate 
was elected, and by what majority ? 

6. Solve the equations ^ (a; ~ y) = 35, 

2x+3y=20, 

7. Sum the series (i) 24+ 18-^12 -p... to 10 terms. 

(ii) 24 -h 18 -P13^ +... to 5 terms. 

XXXVIII. s. 

1. Prove that a *f 6 -f c is a factor of + 3a6c. 

Deduce the fact that x + ^-hz is a factor of the expression 

(x + ^)^ + (y-i-z}^H'(zi-x)^-3(x-hp)(^-hz)(z + x), 

2. Solve the equation (a + 6) (aic -f 6) (a - 6a;) = (a^x ~ 62) (a + hx). 

3. If /(n) => find the value of 

(i) /(^i) -/(w-1). 

(ii) /(n) -/(’i-2). 

4. Find, graphically, the limits of value between which x must lie in 
order that 4a;2 + 4a: - 35 may be positive. 

6. Simplify (7 - W3){\/3-f2)(v/3-f l)^. 

6, Find the sq. root of 

tV“’ - - ^-ah^ +25a" + 250a~ + 6255 ^. 

7. A and B start from the same place at the same time. After an 
hour and a quarter A is found to be 7J miles ahead of B. If, however, 
A’s rate of cycling had been greater by one-seventh, and B’s by one-fifth, 
A would have been 8 miles ahead. Find their rates of cycling. 
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CTTAPTER XXXIX. 

RATIO, PROPORTION AND VARIATION. 

RATIO. 

193. If two quantities are of the same kind, they have a ratio; 
and the ratio of the 1st to the 2nd is the quotient obtained by 
dividing the 1st by the 2nd, whether that quotient be integral or 
fractional. 

The ratio of a to 6 is expressed as a: & or ^ 

a, h are respectively called the 1st and 2nd terms or members 
of the ratio, or the antecedent and consequent. 

If the antecedent = the consequent, the ratio is a ratio of 
equality, and is equal to unity. 

If the antecedent is the greater, the ratio is called a ratio 
of greater inequality, Le, an improper fraction. 

If the antecedent is the less, the ratio is a ratio of less in¬ 
equality, i,e, a proper fraction. 

194. A ratio of greater inequality is diminished by adding the same 
positive quantity to both its members. 

Let j be a ratio of greater inequality (i,e, a > h). 
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Let be the new ratio. 
b + x 

^+ + 

h h+x^ h{h-^x) ~h(h + x) 

= a positive quantity, for a > 6, 
Le. the original - the new ratio = a positive quantity; 
the new ratio < the original ratio. 

Similarly it may be proved that a ratio of less mequality is increased 
by adding the same positive qmntity to both its members, ^ 

The proof of this should" be written out as an exercise* 
f The two statements may be combined in one, viz.: A ratio is made 
nearer to unity by adding the same positive qmntity to both its members. 

196. Ratios arc compounded by being multiplied together. 

The duplicate ratio of a to J is a ^: 

The sub-duplicate ratio of a to 6 is : b^. 


196. Many properties of ratios are easily proved by taking 
some single letter k to represent a ratio, or to represent each of 
several equal ratios. 

«• 4 m ® ^ c 1 If i.* la + mc+ne 

Example. To prove that, if each of these ratios 

Let y-- 

0 

a=bk, c—dhy e=fk, 

la^mc + ne _ Ihh+mdic + vfk_(Ih + md + nf)h ^ a 
Jh + md + vf^ Ib + ind+nf Ib + md + nf ~~ ~~b’ 

a + c + e rpi. (6 + d+/')fc , a 

b + d+f --bTd+f' b' 


Then and ->=^; 

d * / 


As 


, . , a + c + e 

a simple case take 


From this we see that if a number of ratios are equal, a new 
ratio equal to each of them can be formed by adding their 
antecedents for a new antecedent and adding their consequents 
for a new consequent. 


Thus 


Note .—A ratio may sometimes be simplified by the use of this Article 
for purposes of approximation oc checking. 

j^ = (apprc:i:imately) -Jqqq =4*4945. 

The fuller working is 

^ 4526 31*5 4526 - 31*5 4494*5 


1000 v" 
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197r If ?, % ^ are unequal, the ratio ■ 


a + c + c T . -.1 

J - \MA\y VAUV/VJ lAMIA) VI.l\J XUlUi.V> -7-7-ll6S in IIlQifflllt/llQO 

h d f ^ ’ u + d+f ^ 

between the greatest and least of these ratios. 


Suppose 


ace 

b^d^T 


Let 


Let j=h'. 


^=A:. Then | ^ and 

a = Afc, c < dky 

<x + C + 6 <(^ + ^^4* f)kI 

Then in a similar way 



e <fk; 
a + c + e , 
b+d+f^ • 


a + c+e 
h + ilTf 


>]<!. 


a 


Thus between the greatest and least of the ratios 

c e 


V 5’ /' 


Example. Find a ratio intermediate between and 
By what has been proved we see that such a ratio can bo found by adding 
the numerators and adding the denominators. Result i.e. 


CL C 0 

then each of these ratios is eqml to 

/'pal' 4- qcJ* + re* \ « 

-\-qd'^ + rfy ’ 

p, g, r, n being any quantities whatever, 
j , ace. 

Let rj-/-*' 

SO that a—hk, c=dk, e=fk, 

and a” = b’^k’', e'^d'‘k\ e"=/"jS:". 

pa’'=jpb”k'', qc^ — qd/k", re’' = rf"tf'. 
by addition, 

jja" + jc" + re“=+ yd"+i/"). 

and taking the to* root of each side, 
vb’‘ + qd” + rf’' ® 
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Graphic Representation of Ratio. 

199. Take an abscissa OA to represent the consequent of the 
ratio, and an ordinate AB to represent the antecedent on the 
same scale. The magnitude of the angle AOB enables us to 
estimate whether the ratio is greater or less than another ratio 
represented in the same manner. 



DC 

Suppose — to be the 2nd ratio; and let OD meet AB at E. 

By similar a" EAO, DCO, — = —. 

OC OA 

^ also represents the 2nd ratio. 

Thus we can compare the ratios by means of the lengths of 
AB and AE. 

^ ratio of less inequality is increased hy adding the same quantity 
to both its terms. 



As before, take an abscissa OA and ordinate AB, so that ^ 
represents a ratio. 

If OA be produced to F, and an ordinate FGH be drawn, where 
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AB 

FG = AB and GH=AF, the ratio — has been altered by addin£< 

OA 

the same qaantity HG or AF to both its terms. 

HF 

The new ratio — > the old ratio, if OH cuts AB above B; ie. 

if the ^ HBG > the z. BOA. 

But Z.HBG = 45"; 

.‘. the new ratio > the old, if l BOA < 45°; ie, if the ratio — 

OA 

is one of less inequality. 

Note. It is convcniont to have a name to denote this graphic represen¬ 
tation of a ratio. In trigonometry the ratio AB : OA is called the tangent 
of the angle AOB. In many mathematical works this ratio is denoted by 
the slope of the line OB. 

200. Thermometric scales. In a Fahrenheit thermometer the 
freezing point is marked 32° and boiling point 212°; in the 
Centigrade thermometer these are marked 0° and 100° respec 
lively. If a certain temperature be indicated on the Fahrenheit 
scale by F degrees, and on the Centigrade scale by C degrees, we 
pan compare these by noticing that the distances of the given 
temperature and the boiling temperature from the freezing point 
must have the same ratio in whichever scale they are expressed. 
Thus 

F-32 _ distance of the given temperature from freezing point 
212 - 32 distance between boiling and freezing points 
C-0 
100 - 0 ’ 

F-32_ C . . F-32_C 

180 ioo’ ■* 9 “6' 

For the graph of this equation see Article 80, p. 123. 

Example 1. If find the ratio x : y, 

5a;-f4y 33 

33(7a:-3y)=29(5a;-f4y); 

2Slx - 99y=145a; +1 \Qy ; 

.’. 86a:=215y; 
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Example 2. If - 6xy + 2y2=0, find the ratio x : y. 

2f^Y-5-+2=0; 

\y) y 


by solving this quadratic equation we get 
x_ 

y~ 


X n I 
-=2 or 


Example 3. When a straight line is divided in extreme and mean ratio, 
what are approximately the ratios of the parts to the whole ? 

Let the whole measure a units, the two parts x and a-x units. 

By hypothesis x^=a{a-x)i 

x^-^ax=a? 'f 

x—a. > rejecting the negative solution. 

X fc/5 — 1 

the ratio —= *018 approximately. 

Ob a 


Example 4. If |=3 and |=?, find the value of 

\2ax - hy __ 12aa? - hy ^ 2^ + 

2ax-\-Zhy~ hy ’ by 

12.?.3-1 

_ o y _5_ 

2p.?+3 2.?.3+3 

by 5 

72-5^^67 
~.Y + 3~12+15''27’ 

201. Cross Multiplication, From the equations a^x + = 0, 

V + ^ 2 ^ + ^ 2 ^ “ radios ~ and 

By multiplying the first by and the second by , we get 
a^^ + + h^c^z = 0, 

a^p^x + + \c^z = 0 ; 

o*. by subtraction, x{ap 2 - app + z{h/^ - OyC^ = 0; 

x{ap^ - app =; 

^ ^ .( 1 ) 

ie. ?=^2 zM.(2) 
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By eliminating x from the original equations, we get 


-y 


.(3) 


- hK - ^ 2^1 . 

Hence we have the ratio 

Results (1) and (3) combined read thus : 

X __ -y _ ^ 

^2^1 

This is easily remembered in the following manner: 

Write down the coefficients, omitting the x, y and z, thus: 

^i> 

C2. 

To obtain the deiuminatofi' of .r, imagine the a column erased, 
and take the products of the b's and 6*’s crossways as indicated, 
tiie downward arrow being accompanied by a + sign and the 
upward by a - sign. 

7b obtain the denomimitor of -y, imagine the b column erased, 
and proceed as before. 

To obtain the demmmator of z, imagine the c column erased, and 
proceed as before. 

This method is called Cross Multiplication. 

Simultaneous equations can be solved by this method: for by 
putting z=\, we find the equations 

a^x + b^y 4-Cj =r0, ^h^y + 


solved in the following form : 


-y 


Example. 


b^c.2-h/^ 

Find ^ and - from the equations 
2 2 

4x - 6y - 242=0, 3x + 7y + 5z— 0. 

X -V z 


-6x5 + 7x24 “4x5 + 3x24 4x7 + 3x6 

” ^46“2x46“4S' 

?=3, ?=-2. 


B.B.S.A. 
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202. To eliminate three unknowns it would in general be 
necessary to have four equations; but from the three equations 

a^x-\-\y+c^z^0y .( 1 ) 

+ + .( 2 ) 

V + + V = .(3) 

it is possible to eliminate for we are really only elimi¬ 

nating two ratios between them. 

From (1) and (2), 

X -y z j 

- _-^— = - = jc suppose. 

^ 1^2 “ ^ 2^1 ® 1^2 ■” ^ 2^1 ^ 1^2 “ ^ 2^1 

By substituting in (3), k(b^c^ - b^c^) for Xy and similar expression 
for y and Zy and dividing by ky we obtain 

^3(^1^2 ““ ^2^l) “i" I ” ^1^2) "b ” ^2^1) ” 


Examples. XXXIX. a. 

1, By means of squared paper compare the ratio with 

17 7 14 7 . 3,3 

•5(T> ¥> 1T> TT- 

[Join the points (0, 0), (19, 11) and produce this line. Observe whether 
the point (30, 17), for example, is above or below this line.] 

2. Find the ratio of 2 lbs. 6 oz. to 3 lbs. 9 oz. 


3. Find the ratio of £2. 58. 6d. to £4. Os. 6d. 

4. Express as a decimal the ratio 1 inch: 1 cm., if 1 m. =39*37 inohes 

5. What value of x will make equal ? ? 

,37+ a? ^ 3 

5x 4y 

6. If g - -_ - 2y =4, find the ratio of a? to y. 

7. If g=g» the ratio of a; + 5 to y+8. 

8. “=|. Find the value of 

y 5 y-x 


9. 3a;2 - lOajy + 3y2=0. Find ~. 

^ y 

a? ■4" 8 

10. ^- ■ j j ^ =the duplicate ratio of 4 to 5. Find x* 
Sa^ + ia^c + 5c^e a* 


h~d~/’ 36*+46%+6rfy“6»’ 

12. -55—=—^ = -£-. Prove that o=6+c. 
x+y y-z z+x * 

lo xr ® c 6 ... a^ + 5c®e-fe* 

^ b~d~f' P'^'^® 6*+6dy+/*“5W’ 
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14. Two numbers are in the ratio 3:4, and when each is increased by 7 
they have the ratio 4 :5. Find them. 

15. Find two numbers in the ratio 5:4 such that when each is diminished 
by 5 they shall be in the ratio 4 :3. 

16. Find two numbers whose sum is 85 and whose ratio is 8 :9. 

17. Divide 92 so that the two parts may be in the ratio 8 :16. 

18. Divide 65 into two parts so that f of one may be ^ of the other. 

19. The ratio of a rectangle to the square on its diagonal is 6:13. 
Find the ratio of the sides. 

20. The ratio of A’s age to B’s is 5:3. 28 years ago it was 4:1. How 
old is A ? 


21. If 4:3=the subduplicate ratio of a? + 6 to a?+2, find x. 


22 . 


If then 

o d 



< f and 
0 


c 

d 


23, Find the least integer which, added to each term of 9:17, gives a 
ratio greater than 

24. Find the least integer which, added to each term of 25:12, gives a 
ratio less than 


25. What quantity must be added to each term of the ratio a\h to 
make it equal to c : cZ ? 


26. If each of these ratios 

y +2 x-¥y x-z x-^y 

27. Find a ratio intermediate between and * 

28. If ? = -=!» prove that each of these ratios= ^ » and that 

0 c d ^ b^ + c^-\-d^ 

+ + 

c + 


29. On squared paper represent the ratios 5 , f, and see which is 
greatest and which least. 

30. By observing where the hypotenuse of each cuts the ordinate whoso 
abscissa is 10 , find the value of each of the above ratios in a decimal form. 

31. Draw the ratio formed by adding 6 to the numerator and denomi¬ 
nator of x|-. Compare it with 


32. Show graphically that, if 


a + c + c 


«aro 


all equal, the ratio 


is equal to any one of them, by taking a, c, c for ordinates and 


b H- cZ 4*y 
h di / for abscissae. 


33 . Show graphically that, if j are unequal, 

in value between the greatest and least of them. 

34. Which is the greater, or —— ? 

y x-^y 

35. If an object of height h at a distance*d from the observer subtendo 
a small angle of A degrees at his position, it may be proved that roughly 
^ = AcZ/57*3. Use this to find the height of a tower which subtends an 
angle of O'* at a point 170 yds. away. 



m 


ELEMENTARY ALGEBRA 


[chap. 


36. If i g . 1 1 ^ be taken away from each member of the ratio ® f]i« 

pb-a a 

new ratio is 

pb 

37. A and B trade with different sums : A gains £200, B loses £50, and 
now A’s stock : B’s=4:1; but if A had gained £100, and B lost £85, their 
stocks would have been as 60 to 13. Find what each had originally. 

38. Construct a scale of feet for a drawing in which 10 ft. 6 in. is 
represented by 3i inches. 

What ratio does the area of the drawing bear to the area of the figure 
represented ? 


If prove the following (39 to 43): 


ace 46 + c2 
,x - 


41. 

43. 

44. 


40. 

42. 


Sa’* - 5ce + 7e® 

362 _ 4a + c‘ 

la + mc + n e _ la -me + wc __ a 
lb + md+nf'~lb-md-{'nf~~b' 

pa^c H- qade’^ + _ a 

y pb^d + qbd(f^ + rf^ ^ h‘ 

If r=|> find the value of 

6 5 4a+106 

If and ^= 5 , find the value of 
0 4 a 8 


ae + 2c2 a^ + c^ 


6/+2d2--6‘^+rfa- 

a^+c^_ace 
b^ + d^~bdf" 


Sac + 5bd 


2^=4 ^ 

5x + ly T y 


48. 


If-=- 
b d' 


4ac + Sbd 

prove that ad=hc, 
a + b c + d 


. a + 6 c+d , 

prove that —.—---r- and -r-— 

0 d a-b c-d 


49. If prove that a3 + c3=^a + ^^(a2-6®+ 


6-2). 


50. If C, F be the readings of any temperature in Centigrade and 
Fahrenheit scales respectively, prove that C + 40=^ (F + 40). 

What is the Centigrade reading which corresponds to 41" Fahrenheit ? 


-- „ a;+2y 2x-z 6y-Sx + z ,, , , » ,. 

^hat each of these ratios= 

^ , prove that a;-y + z=0. 


1 . 


62. It - = = . - 

a 6+c 6 +c-a 
6 


53. If 

Cii Tf ® ^ i-i. i. ® a’* a2 + 62 


=-» prove that a+6 + c=0. 

x-y y-z z-x ^ 

b _ ^ a a? a2 + 62 


fr«otion=?=|, if mq and np are unequal 

At present A*s age is to B’s age as 5 to 2, but in 30 years’ time the 
ratio will be 35:23. Find their ages. 
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57, If + l()y®=7y(a: + y), what is the raf j of a? to y? 

68. then a + 3c + 2e:a-e=b + 3d+2fih-/. 

59. Find X : y from the equations 3a: - 4^^ - 7z=0I 

3a:+4y-l7z=0J’ 

60. Find x % % from the equations 3a; - 4y - a=0\ 

6a:+5y-8z=0i* 

61. Find a;: gr and a:: 2 from 7a:-6y + 59z=01 

3a;~8y + 47z=0/^’ 

62. Eliminate a:, y, z from the equations ax + cy + hz=(^\ 

ca: + ?>y + az=0 
6a: + a2/ + cz=0J 

63. Eliminate a;, y, z from the equations ax + hy + gz=Q\ 

/ia: + %+/z=0 !-• 
gx+fy + cz=^0) 

64. A sura of money is divided into two parts in the ratio x\y. A and 
B divide between themselves tlie first part in the ratio a : h and the second 
[)art in the ratio c : d. If they receive equal amounts, find the ratio of x 
to y. 

65. On a certain map a road 1320 yds. long is represented by 2^ inches. 
Determine the scale of the map. What area on the map would represent 

sq. mile ? 

66. Find the ratio of a; to y from the equation 2a:® - 9a;y + 10y®=0. 

67. Two vessels contain mixtures of wine and water in the ratios of 
H to 3 and 5 to 1 respectively. In what ratio must liquid bo drawn from 
^3ach vessel to give a mixture in the ratio of 4 to 1 ? 

68. In a certain examination the number of those who passed was 
3 times the number of those who failed. If there had been 16 fewer 
candidates and if 6 more had failed, the numbers would have been as 
2 to 1. Find the number of candidates. 

69. If each of these ratios = ~, unless 6 + c=0. 

cy - az oy - ax X + z y 

70. Two men set out at the same time from A and B along a road ABC, 
both going in the direction BC. The hinder man travels at ^ of the pace 
of the other and overtakes him at a point 10 miles from B. Find the 
distance AB. Solve this question also graphically. 

71. The marks gained in an examination-paper for which the maximum 
was 65 were 53, 42, 37. Find by a diagram what these would be if the 
maximum were 100. 

72. A quantity of milk is increased in the ratio 4 :5 by watering, and 
then 3 gallons are sold : the rest by being mixed with 3 quarts of water is 
increased in the ratio 6:7. How many gallons of milk were there at 
first? 

73. Two vessels A and B contain mixtures of water and wine, A in the 
ratio 2:3, B in the ratio 3:7. What quantities must be taken from A 
and B respectively to form a mixture which shall consist of 5 gallons of 
water and 11 of wine? 
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203. The equality of two ratios forms a proportion. Thus 

Ob C 

a, by Cy d are in proportion if 

Quantities are in continued proportion, if the ratio of the 
1st to the 2nd = the ratio of the 2nd to the 3rd = the ratio of 
the 3rd to the 4th, and so on; 

ft 1 .. 2 _ 4 __ 

- 

1, 2, 4, 8 ... are in continued proportion. 

If ? = ad = bc\ that is, in any proportion the product of the 
0 a 


extremes=the product of the means. 

If 1 = ^, ac = V^\ ie, if three quantities are in continued proportion^ 

the product of the 1st and 3rd=the square on the 2nd, 

In this case h is said to be a mean proportional between 
a and c, and c a third proportional to a and b. 

If ? = then ? = ^ = ie, if three rmgnitudes are in com 

DC c 0 c 

tinned proportion the ratio of the l5^ to the 3rd is the duplicate ratio of 
the 1st to the 2nd, (See Art. 225.) 

If | = the following results are important and easily 

deducible: 

(1) ?=5. (Altemando.) (2) - = -. (Invertendo.) 
c cl a c 

(3) ^+1=1 + 1, or (Componendo.) 

(4) 5-l=g-l, or (Dividendo.) 


A large number of questions in proportion may be solved by 
the method explained in Art. 226. 
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Example 1. If a, 6 , c, d are in continued proportion, 
(a-c)( 6 -cf)-(a-d)( 6 -c)-=( 6 -c)« 

Since ?=-=-, take each of these ratios equal toki 
o c cL 

a=hk^ b—ch, c=dh; 
(a-c)(b-d)-{a-d)(h-c) 
=db-hc‘-ad+cd- cd) + hd+ac-cd 

=ac-ad-bc + bd=hk ,^-bk . |-6c+cA;. j 
=6^ - 26c + c^=(6 - c)\ 


Example 2. 

Since 


If a + 6 : b = c-\-d : d, then 

a^-b^ 




a + b c + d a c - 
~h-=-r' 6 + ^=5+^ 5 


* ' f5 Oi=hk, c=dJc; 

. a2 + 62_62jfc2 + &2 + 


Examples. XXXIX. b. 


1. If ab-cd, express this in the form of a proportion. 

2. Find a mean proportional to 7 and 63; and a 3rd proportional to 
2x and 6ix^, 

3. Find a 4th proportional to a, ah, c; to 3a?, 4y, 9xz; and to a®, ab% 
hc\ 


If prove the relations 4~7. 

. 3a^+c^_5a^-2c^ 

^ 362+^2-562-26^2’ 

lb^+m<P~~bd' 


K a2 + a 6 + 62__ c-’+crf + d2 

a2 - a6 + 62“ c2 - cd + cP* 
'• \26tf^ + 3d:fi“6‘ 


8 . If a: 6 = 6 :c, a2+62=a(a + 6 )(a -6 + c), and 

aH a 2 c 2 4 . c*=(a 2 4.52 + c 2 ) (a® ^ y ,2 4 . c 2 )^ 

9. Find two numbers such that their sum, product, and difference of 
squares are proportional to 7, 12 , 7. 

10. Three numbers are in continued proportion; the middle one is 16 
and the sum of the others 60. Find them. 

11. Find a third proportional to \/3 +1 and \/3 + 2. 

12. Find a mean proportional between ^^ + \/2 and 

13. If (a + 6 +c + d)(a“ 6 --c + d) = (a+ 6 -c-d)(a- 6 +c-d), then a, 6 , 
c, are in proportion. 
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If a:h~h:Cy prove the following (14, 15, 16): 

14. a-b:f)-c = b:c, 

15. a : c = a*-* + b ^; b'^ + c^, 

16. {(i + b + c){b-c)=ab-c^. 

17. If a: h — b\Ct and if 6-c=--, prove that a 

a ^ a 

18. If a^-6®=(a; + y)^ put this in the form of a proportion. 

19. If a, a:, a-aj are in continued proportion, find x. Give also a 

geometrical construction. t 

20. If a - 6 : 6 - c = ft : c, then a, ft, c are in continued proportion. 

21. The components of gunpowder are:—nitre 75 per cent., charcoal 
15 per cent., and sulphur 10 per cent. How many grams of each (to tlie 
nearest gram) are needed to make a x>ound (454 grams) of gunpowder? 

22. Find 2 numbers such that their sum, their difference, and the sum 
of their squares are proportional to 5, 3, 51. 

23. Given a + b: a ~ b — c d \ c. - express the ratio 

+pab + +pcd + dP 

in terms of a and c alone. 


24. If .r+2i/:a + 35=y + 3a;:a+46, prove that a; : 3 /=a + 56 :2a + 5Z), 

and that y + 2 j: : a? + =4a f 156 : la +206. 

25. lip:q=d^\ 6®, and a: 6=(a + ; (a - g)^, find in terms of a and p 

tho value of ^ 

<1 

26. If 6(a-c) :c(6-d) = a“6;c-cf, then either 6=c or ad = 6c. 

27. If a;6=c;d, then ob-\-cd is a mean proportional between 
and //^ + d^. 

28. If a, 6> c, d are in continued proportion, 




{a - b){a-c) 
abc 


30. If 6, c are in continued proportion, 

a + 6 + c _(a + 6-f c)^ 

a ~ 6 + c‘~a2 + 62^.c2* 

31. If a^ + c® :ab + cd=ab-hcd : b^+ciP^ prove that a : 6=c idL 

nr\ -j-p -w j 1 1 1 1 \ f a b C 

ma wo pc qd bc\q p n mj 


VARIATION. 

203a. When it is said that x varies as y (written x <x //), it i^- 
meant that, however x and y may alter their values, the r ini 
X : y remains unchanged. , 

X 

/, if a; a =a constant ratio = ??i suppose. 

y 
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Thus if xcc.y^x = my, 

E,g, in a circle the circumference oc the diameter; 
circumference -- diameter = a constant. 

This constant is 3-14159... and is denoted by tt. 

circumference = 2?^ 

2036. Variation is a functional way of expressing pro¬ 
portionality. 

When we say that y varies as x, we mean that y is proportional 
to X ; i,e, y is such a function of x that any change in x produces 
a proportional change in y. 

Thus the symbol oc means “is proportional to.” 

If y oc a;, and when x has a definite value m, y takes a definite 
value 71, then a;, y, m, n are so connected that 

x:y = m:n, 

203 r. A statement of the following sort is commonly made:— 
“ if y denotes the distance travelled by a man walking uniformly, 
and x the time he has been walking, 7/ « cp, i.e. yfx is a constant 
ratio.” 

Here the distance and time are not quantities of the same 
kind, and therefore cannot have a ratio; but y and x are mmbers, 
y being the number of units of distance, and x the number of 
units of time. 

y may be the mimber of miles walked, x the nxmber of hours. 
yjx is an intelligible ratio. 

If it is found that, when 4 hours have elapsed, the distance is 
12 miles, y:a; =12:4; y==3x. 

If we give x any other special value 5, the relation is still 
y—3x; y = 3x5 = 15. 

k 1 

203d. If 7 / = “, 7/ is proportional to i.e. y varies inversely as x. 

X X 

If y^rnx + riai^y where m and n are constants, y is a function of 
X consisting of two terms, one proportional to x, the other 
proportional to x\ 
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If y=^JcxZy where fc is a constant and is are variables, y is 
conjointly proportional to x and 0 , or y is said to vary conjointly 
as X and z, 

Igx . 

If y = —, y varies directly as x and inversely as z. 

z 

If y=^, y is said to vary inversely as the square of x. 

The law of gravitation furnishes an example: for the attraction 
of the earth on an external object varies inversely as the square 
of the object’s distance from the centre of the earth. If the 
distance of the object were doubled, the attraction on it would 
be multiplied by ^; if the distance were trebled, the attraction 
would be of what it was. 

If y X a;, and we express this by y = mx, the constant m is 
called the constant of the variation. If at the same time y x we 
may put y = n 0 , where n is a constant. We must not put y = 
mz, because the constant of the variation is not necessarily 
the same in both cases. 

203e. If y is a function of x, the graph of this may be drawn. 

When y oix, y = mx. 

The graph of this is a straight line through the origin. 

When y x a;^, y = ma?. 

The graph of this is a parabola. (See Art. 133.) 

When y 00-, xy = m, 

X 

The graph of this is a hyperbola. (See Art. 166.) 

203/. Ifx oc y, amd y then x «.z. 

Since a: a % -=m. 

y* y 

Since tf oca, ^ = n. 

z 

by multiplication ^=jn»= a constant; 

xac,g. 
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2035'. If X ccy when z is constant^ md x o:z when y is CQnstcmt, 
then X ccyz when both y amd z are mridbie. 

[The meaning of this is most easily understood from an example. 
In a triangle the area oc the base when the altitude is constant, 
and varies as the altitude when the base is constant. When both 
base and altitude are variable, the area x base x altitude.] 

Proof, X ^y when z is constant; 

/. x = my (where m is independent of y) .(1) 

But x ccz when y is constant; 

my ccz when y is constant; 
m ccz; 

m = nz (where n is independent of ; 2 f).(2) 

Also being a factor of m, is independent of y. 

From (2) substitute in (1). 

x = nzy (where n is independent of y and z), 

X X yz. 

Example 1. If x ccy, and a: =10 when y=3, find y when 

Here x=my, m being a constant...(1) 

The statement, that a;= 10 when y=3, enables us to find m. 

For from (1), 10=m x 3; m = ; 

.*. the relation between x and y is x=^-y • 

, 15 , 15 lOy, 

/. when x=-^, we have 2~S* 

•• y~i!0 4* 

Example 2. If 6 horses can plough 17i acres in 4 days, how many acres 
will 54 horses plough in 2J days ? 

Denoting the number of horses by H, of acres by A, and of days by D, 
we know that A oc H when D is given, and A oc D when H is given. 

AocDH; 

/. A = mDH, 

The statement is “ 6 horses plough 17J acres in 4 days.*" 

This gives us ^-=m x 4x6; 

; 

. . A = ||CiH; 
when D=y H = 54, 
the number of acresx x 54=88-jf. 
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Example 8. The time of one swing of a simple pendulum x the square 
root of its length. If a pendulum of length 17*44 cm. makes 105 beats in 
44 seconds, what is the length of a pendulum which beats exactly once in 
a second ? 


If t be the time of a beat in seconds, I the length in cm., 
we have t — 

When 17*44, <=AV 


ii 

105 


=A;\/l7*44. .*. 


44 


I05x\/17‘44 


We require the value of I when <=1. 


1 1052x17*44 

•• 442 


105x105x1-09x16 105x105x109 


121 X 16 

12017*25 

=—— =99'd2 cm. 


121 


203//. Instances of Variation are of frequent occurrence in the 
subject of Physics. Some are quoted here: 

(a) The pressure of a given mass of gas is directly proportional 
to the temperature measured from -273®C., and inversely pro¬ 


portional to the volume. 



(/>) The pressure at any point of a heavy fluid is proportional 
to the depth of the point, [p oc d, where d is the depth.] 

{c) The tension of a stretched elastic string is proportional to 
the extension. 

If T be the tension, I the original length, V the stretched 
length, then V - / = the extension. 

T o: (/'-/) = 

Observe that the tension is proportional to the increase of lengthy 
not to the stretched length. 


Example. A string 4 feet long is stretched to 5 feet by a weight of 
3 lbs. To what length will a weight of 5J lbs. stretch it ? 

When the tension is 3, the extension=5-4 = l. 

But 

.*. 3=;fe(5~4)=;fe. 

/. T=3(r-;). 
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WhonT=5i, ^ 

••• i'=« + ^ = 4 + y=6f 

The stretched length is 5 ft. 10 inches. 

[d) Ohrn!s Law .—The resistance of a wire of given material to 
the passage of an electric current is directly proportional to the 
length of the wire, and inversely proportional to the area of its 
cross-section. 

Example. If the resistance of a copper wire 1 kilometre in length and 
1 sq. millimetre in section is 16*42 ohms, calculate the resistance of a 
copper wire 1 sq, cm. in section, and 480 kilometres in length. 
h I 

R = tho resistance =(whore /=the length, A the area of the section 
of the wire). 

When ^ = 1 kilometre, and A = 1 sq. mrn., R = 16*42; 

16 *42=A;. 

In the 2nd case ^ = 480 kilometres, and A = 100 sq. mm.; 

.*. the resistance in the 2nd case = ^ =1 *642 x 48 

= 78 *8 ohms approx. 

(e) The intensity of illumination of a surface varies inversely 
as the square of the distance from the source. 

Examples. XXXIX. c. 

1, If y oc a;, and y = 5 when x—Q, find the equation between x and y, 
and clraw its graph. 

Find y when a; = 9, and find x when y=3*5. 

Obtain the results graphically and algebraically. 

2, If y oc and y = 3 when x=2, find x when y = 21. 

X 

3, If y oc and y=5 when x=9, find y when x=2. 

xP" 

4, If (Z oc & directly and c inversely, and a = 8 when 6 = 10 and c = 15, 
find c when a = 1 and 6=2. 

5, y consists of a constant term and a term which varies as x. y=3 
when a;=0, and y = 7 when .t= 1 . Find the equation between x and y, and 
determine y graphically when a:=3*5. 

6, y oc ar, and a; oc 4 J prove y^ 2 =a constant. 

7, aP + cA ciP - IP f prove that a + 6 ac a — 6. 

8, a-l-6 oca-6 ; prove that 6® oc ah. 
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9. The attraction of the earth on an external object varies inversely as 
the square of the distance of the object from the earth’s centre. Find the 
apparent weight of a body at a distance of 2000 miles from the earth’s 
surface, supposing it to weigh 1 lb. on the surface of the earth whose 
radius may be taken to be 4000 miles. 

10. If + and .3, 4 be contemporaneous values of x and y, 

express xy in terms of 

11. If y=the sum of a constant term and a term varying as and 
y=z -2^ when a;=2, and - 2 when y= 1, express y in terms of a?. 

12. and 2 ^ qc - ; prove y « 2 oc 

y^ X X 

13. If a; oc i + i, and a;=3 when y=l and 2 = 2 , then a?y 2 = 2 (y+ 2 ). 

y 2 

14. If X varies inversely as and is equal to 5 when y=7 and 2=2, 

then a;y 2 = 14 (y - 2 ). 2^ “ ^ 

15. The wages of 100 men for 6 months amount to £1080. How many 
men can be employed for 7 months for £453. 12s. ? 

16. With a capital of £450 a man gains £99 in 11 months. What profit 
does he make in 10 months on a capital of £1000? 

17. A garrison of 1500 men has just provisions enough to allow 26 oz. 
of bread a day to each man for 38 days. The garrison is increased by 
400 men. How many ounces of bread must be assigned to each man to 
prolong the siege for 27 days longer ? 

18. A sum of money at simple interest amounts to £688 when the rate 
is 21- per cent, and the time 3 years. What would be the amount if tlie 
rate were 3^ per cent, and the time 2^ years ? 

19. The pressure of wind on a plane surface oc the area of the surface 
and the scpiare of the wind’s velocity. The pressure on a sq. foot is 1 Ih. 
when the wind is moving 15 miles an hour. Find the velocity of the wind 
when the pressure on a sq, yard is 16 lb. 

20. If the wages of 15 boys for 4 weeks come to £30, how many boys 
will £17. lOs. hire for 5 weeks ? 

21. A book which was 12 feet from a light is moved so as to be 3 feet 
from it. Compare the intensity of illumination with what it was. 

22. A surface is illuminated by a certain light at a distance of 2 feet. 
Where must it be placed to receive twice the intensity of illumination ? 

23. If 5 men can do a piece of work in a certain time, how many men 
will perform another piece of work 7 times as great in one-fifth of the time? 

24. If it costs £6 to dig a pit 24 ft. deep and 28 sq. ft. in horizontal 
section, what is the depth of a pit of horizontal section 14 ft. by 9 ft. 
which costs £9 to dig out ? 

25. 50 men do a piece of work, working for 12 days at 7 hours a day: 
how many hours a day must 15 men work in order to do the same amount 
in 35 days ? 



xxxix.] 


RATIO, PROPORTION AND VARIATION 


2960 


26. The expenses of an institution are partly constant and partly 
proportional to the number of inmates. When the number of inmates 
is 80, the expenses are £1700, for 90 inmate» the expenses for the same 
length of time are £1850: what are the expenses for 96 inmates? 

27. An elastic string whose unstretched length is 1 foot, is stretched to 
14 inches by a weight of 7 lb. What weight will stretch it to 16 inches ? 

28. If a weight of 5 lb. will stretch an elastic string originally 3 inches 
long to twice its length, what will be its length wen stretched by a 
weight of 4 lb. ? 

29. The pressure on a horizontal disc immersed in a liquid x the depth 
of the disc and the square of its radius. If the pressure is 600 lb. when 
the depth is 5 ft. and radius 3 ft., what is the pressure when the depth is 
12 ft. and radius 4^ ft. ? 

30. One surface is illuminated by a light of 8 candle-power at a distance 
of 10 ft.; another surface by a light of 25 candle-power at a distance of 
30 feet. Find the ratio of the intensity of illumination at the two surfaces. 

31. The annual expense of a household of 6 persons is £870. Find the 
expense of 11 persons, supposing £150 of the expense to be constant and 
the rest to vary as the number ot persons. 

32. The area of a circle x the square of the radius, and the area is 3‘14 
square metres when the radius is 1 metre. Find the area when the radius 
is 5 metres. What radius gives an area of 18*84 sq. metres? 

33. The distance fallen by a body from rest x the square of the time of 
fall, and a body falls 64 feet in the nrst 2 secs. How far does it fall in the 
next 3 secs. ? 

34. The value of a diamond x the square of its weight, and a diamond 
of 3 carats is worth £8 ; find the value of one of the same quality weighing 
4 carats. 

35. y consists of a constant term and a term varying as x. When x — % 
y=26, and when a;=3, y=63. Find y when a:= 2*5 : and find x when y=40. 

36. The distance of the horizon at sea x the s(|uaro root of the height 
of the eye above sea-level. Find the distance when the eye is at a height 
of 6 feet, given that it is 9 miles when the height is 54 feet. Find the 
height of the eye when the distance is 4 miles. 

37. The time of vibration of a pendulum x the sq. rt. of its length. 
The length of one which beats seconds is approximately 39 inches. If ii 
is lengthened by 6 inches, find the time of 1 beat. 

38. Weight above the earth’s surface varies inversely as the square of 
distance from the centre, below the surface it varies as the distance from 
the centre. The earth’s radius being reckoned 4000 miles, at what 
distance below the surface is the weight the same as at 100 miles above it ? 

39. If a mixture of gold and silver, in which ^ is ^ worth £49, 
what will be the value of a mixture of equal weight in which ^ is gold, the 
value of gold being 16 times that of silver ? 

40. If the carriages in a railway train be all of the same class and always 
just full; and if the expense of running a train be proportional to tne 
square of the number of carriages ; and if ^ train of 36 carrit^es just pay 
the expense of working it; prove that it will be just as profitable to the 
railway company to run trains of 16 carriages as trains of ^ carriages. 
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41. The expenses of a household are partly constant and partly vary as 
the number of inmates. For 6, 8 and 14 persons the expenses are £16. 10«., 
£18, £22. 10a. Draw the graph, find the constant term, and the formula 
for the expense. 

42. The pressure of a quantity of gas in a cylinder with a sliding piston 
is 30 lb. per sq. in. when the piston is 2 feet from the bottom of the 
cylinder. If the gas is compressed (without changing its temperature) 
until the piston is 9 inches from the bottom of the cylinder, what pressure 
does it then exert ? 

43. Compare the electrical resistances of two copper wires, their lengths 
being as 3 :5, and the diameters of their cross-sections as 1:4, respectively. 
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CHAPTER XL. 

COMMON LOGAKITHMS. 

204. Hef. If one number be chosen as base, the logarithm of 
any number n to this base is the index of the power to which 
the base must be raised to be equal to n. 

The logarithm of n to the base a is written log^^n. 

Thus if = p^logjL 

Logarithms calculated to the base 10 are called common 
logarithms. 

10 = 10^ by definition logiol0=l, 

100=102 „ logjJ00 = 2, 

1000=103 „ logiol000 = 3, 

*001 =y^\jy = 10”3 .. ,, log^o *001 = - 3, 

125 = 53 „ log, 125 = 3, 

L = 2"4 * lot/ M 1 — - 4- 

For all values of a except zero, a® = 1; 

log^l = 0, i,e. whatever the base, the logarithm of 1 is zero. 

Examples. XL. a. 

Logarttiims. (Oral.) 

Complete each of the following : 

1 . 32 = 9. loggO = ? 

2. 5=^=125. logy 125 = ? 

3. 36 = 729 . log.,729 = ? 

4. 47=16384. log416384= ? 

5. 56 = 1 . logo I = ? 

6. 100 = 1. .*. logiol = ? 

7. 10-2=0*01. .*. Iog,o0-01 = ? 

8. 100*3010 = 2. .*. Iog,o2 = ? 

Express each of the following in the form a»=6: 

9. Iogiol00=2. 10. logs 125 = 3. 

11. Iogio3=0*477l. 12. Iogio7 = 0*8451. 


B.B.S.A. 


U 
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206. To prove log„inn = logam + log„n. 

Let log^m^x, and 

Then m = a%7i^a*; (by definition) 

\og^mi==x + y = \og^m + \og„n, 

Le, the logarithm of a product = the sum of the logarithms of its 
factors. 

Thus log 20 = log 10 +log2 = l+log2; 

log 500 = log 100 + log 5 = 2 4- log 5. 

Here log 2 means logio2, and similarly for the others. 

206. I'o prove log^^^iog^m-log^n. 

Let log«m = a;, log^n^y. 

Then m = a% n = a''; 

n a*' ^ 

log«f=a:-y=logaW-log,», 

i.e. the logarithm of a fraction = log numerator - log denominator, 
or the logarithm of a quotient = log dividend - log divisor. 

Thus log *02 = log = log 2 7 log 100 = log 2 - 2. 

When common logarithms are used, the base is generally not 
written. 

Thus log *02 is understood to mean logiQ*02. 

207. To prove log«n’' = rlog^n. 

Let \oga,n = Xy then 

log^Ti’’ =rx = r log.71, 

ie the logarithm of any power of a number is the product of the 
logarithm of the number and the index of the power. 

Thus log 10000 = 4log'l0 = 4; log 16 = log 2^ = 4 log 2, 
and logg 128 = log 2 2^ = 7 logg 2 = 7. 
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Simplify 

1 . log2+log6. 2. log2+log3. 3. ]ogl2-log3. 4. Iogl2-21og2. 
Find, to the base 10, 

6. loglOOO. 6. loglOOOO. 7, log’^. 8. logOOl, 9, logOOOOl. 
»Given that log2=0'3010, find 

10, log 4. 11. log 16. 12. logj. 13, log 5. 14, log^- 

15. log 0-2. 16. log 0 002. 17, log 500. 18, log 26. 

19. Given that a = 10® 6, find the difference between log^oa and logjo^. 


Characteristic and Mantissa. 

208. Def. The integral part of a logarithm is called its 
characteristic, the decimal part its mantissa. 

Example. log 20 ^ 1 -3010. 

*. the characteristic of log 20 is unity, 
and its mantissa is *3010. 

If a number, n, lies between 10^' and 1(F“^\ IQp+a decimal^ 
its common logarithm is jp + a decimal, 
the characteristic of log^QTi is p. 

Hence, to determine the characteristic of log^^Ti, wo only have 
to find what two consecutive powers of 10 the number n lies 
between. 

Example. 125 > W and < 10®. 

log 125=2 +a decimal. 

/. the characteristic of log 125 is 2. 

2.354 > 10® and < 10*. 
the characteristic of log 2354 is 3. 

67 04 >101 and <102. 
the characteristic of log 67’04 is unity. 

Hence we see that: 

The characteristic of log n, when n > 1, is one less than the 
number of integral digits in the number n. 

Again, logiQl = 0. the logarithm of a number less than 1 
is less than 0, i.e, it is negative. ^ 

We will now show how to find the characteristic of logTi when 
n<l. 
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For convenience sake a negative mantissa is made positive by 
changing the characteristic. 

Thus log -3 = - 0-5229 = -1 + 0-4771, 

which we write thus 1*4771, the har over the 1 indicating that 
the mantissa is positive^ though the rest is negative. 

(2-4771 is read thus “ 2 bar decimal 4771.'’) 

Example, log -025=log - log 4 - log 10 = - 1 *6021 = - 2+(1 - -6021) 

= 2*3979. 

We will now examine several different cases. 

-3 = ^, which > and <1, 

Le. it >10“^ and <10®; 
log*3= - 1+a decimal; 

/. the characteristic of log -3 is - 1. 

-035 > 01 and < -1, 
i.e, it > 10~2 and <10"^; 
log -035 = - 2 + a decimal; 
the characteristic of log -035 is - 2. 

•00003781 > *00001 and < -0001, 
ie, it >10"® and <10"'^; 
the characteristic of log *00003781 is - 5. 

These examples establish the following rule : 

If n is any decimal less than unity, the characteristic of logn 
is negative, and numerically one more than the number of zeros 
before the first significant figure. 

[Reminder. The significant figures of a number are those 
which remain when all zeros at the beginning and end have 
been removed. 

Example. The significant figures of *0032016, and of 32016000 are 
32016.] 

209. The mantissae of the logarithms of numbers are the 
same if the numbers havf the same significant figures. 

This is the same as saying that the logarithms of numl|0rs 
whose quotient is any power o/10 have the same mantissa. 
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The following examples establish the truth of this statement: 
32016000 _ 10»x?‘'016 
•0032016 10-7x32016“^^ ’ 

log32016000-log 0032016 = 10, 
i.e. log 32016000 and log •0032016 have the same mantissa, 
10-367 1000 X-010357 

•010357“ 010357 “ ’ 

log 10-3.57-log 010357 = 3, 

i.e. log 10-357 and log-010357 have the same mantissa. 

Example. log 624 = 2*7952; 

log 624006=5 *7952, log *0624 = 2 ‘7952, 

log 6-24 =*7952, and log‘624 = 1*7952. 

210. Care must be taken in dealing with numbers in the 
form 2*034«'5. 

Example 1, 4-4771 x 5=( -4+ *4771) x 5= -20 + 2-3855 
=I8-38.55. 


Example 2. Divide 4*4771 by 5. 

The characteristie - 4 is not exactly divisible by 5. 

Therefore vi^e make it so by writing 4*4771 in the form -6 + 1*4771. 


■5+1-4771 


= -1 +-2954=1-2954. 


Example 3. Add together 3-4771, 6*4812, 9*9023. 

3-4771 

6*4812 

9*902 3 

5*8606 


To the left of the decimal point we have - 12 + 6 + 1 (carried) = -5. 


Example 4. Subtract 4*6917 from *0312. 

•0312 

4-6917 

3-3395 (Check by adding the 2nd and 3rd lines.) 

Or thus: -0312 - (4*6917)= *0312 + 4 - -6917 

=4-0312 - -6917 = 3*3395. 
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Examples. XL. c. 

Express each of the following as a number with a positive decimal: 

1. -0*6. 2. ~0-06. 3. -1*75. 4. -3*4. 5. -5 03. 6. -3-604. 

Do the following additiom^ leaving your answer with a positive decimal; 


7. 

5-2 

8. 

3-6 

9. 3-6 

10. 

3-24 







5-87 

11, 

3-81 

12. 

2-47 

13. 9*87 

14. 

6-34 


1-56 


3-81 

9-13 


5-66 

Do the following 
decimal: 

subtractions, 

leaving your 

answer 

with a positive 

15. 

2-46 

16. 

3-46 

17. 5-76 

18. 

2-07 


3-24 


512 

4-32 


1-85 

19. 

2-06 

20. 

3-46 

21. 3-09 

22. 

9-22 


1-53 


2 54 

5-81 


7*85 


Multiply (leaving the decimal part positive) 


23. 1*35 by 2. 

24, 2 91 by 3. 

25. 

7 *29 by 6. 

26. 9-84 by 7. 

27. 819 by 11. 

28. 

3 -85 by 12. 

Divide (leaving the decimal part positive) 



29. 4 -56 by 2. 

30. 5'62by2. 

31. 

7-55 by 6. 

32. 1-76 by 6. 

33. 9 -63 by 10. 

34. 

9-68 by 8. 

35. Why is log 10 135 between 2 and 3 ? 



36. logioO-9= - 

- 1 + a decimal ? 



37 . .log,„0-0072 

= - 3 -}- a decimal ? 



What is the characteristic of 



38. log 136? 

39. log 2050? 

40. 

log 2 •63? 

41. log 73000? 

42. logO-e.*)? 

43. 

log 0-7254? 

44. log-0005? 

45. log-00365? 

46. 

log 17-8924? 

Given that log 2= *.3010, read off the value of 



47 . log 20. 

48. log 2000. 

49. 

log-2. 

50. log-0002. 

61. Iog2xl0». 

52. 


Given that log 2364= 

3-3736, read off the value of 


53. log 2-364. 

54. log 236-4. 

56. 

log 2.36400. 

56. log-2364. 

57. log-002364. 

58. 

log (2-364 X 10“). 


log2=0-3010, log3 = 0-4771, log7=0‘8451, log 11 = 1-0414. 

The above may he med in thi following examples. 

59. Explain why log 3251 and log 9999 have the same characteristic. 

60. Prove that log 723 and log 7 *23 have the same mantissa. 





XL,] COMMON LOGARITHMS 303 

Find the value of 

61. log6. 62. logs. 63. log9. 64. log 16. 

65. What are the significant figures in 203500, 20*35, 0*00176, 1760, 

0*01308? 

66 . Oive the characteristic of log 1760, of log 1 *76, and of log 0*00176 

67. Calculate these logarithms from log 2 and log 11. 

68. Find log5®. 3^. 7^ given log2, log3, log 7. 

03 *12 

69. Find log —^ from log 2 and log 3. 

70. Find log 35*28 from log *2, log 3, and log 7. 

71. Hence find log 35 *28, log 35*2800, and log 0*03528. 

72. Find log 3762 - log 37*62 without tables. 

The Principle of Proportional Parts. 

211. For numbers differing by small quantities, i.e. by small fractions 
of themselves, the differences of the logarithms are approximately pro- 
poi'tional to the differences of the numbers. 

This principle is most important in the construction, and to 
some extent in the use, of tables. 

If we know log 213 and log 214, by this principle we can find 

log 213-7. log 213 = 2-3284 

and log 214 = 2-3304. 

Here the numbers differ by 1, and their logarithms differ by 
• 0020 . 

If the numbers differed by J of 1, their logarithms would 
differ by I of *0020; and similarly for other cases. 

If we wish to obtain log (213+ 0 ^) from log 213, we may call 
it 2*3284+ where we recognise that y is the same fraction of 
*0020 as a; is of 1. 

Thus log 213*7 = log (213 + *7) = 2*3284 + y 

“ol 26 =T’ 

log 213-7 = 2-3284 + -0014 = 23298. 


Hence 
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212. MATHEMATICAL TABLES. 

Logarithms. 


■ 

D 

1 

2 

3 

4 

6 

6 

7 

8 

9 

12 

3 

4 

5 


7 

8 

9 

15 

17«1 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

3 

6 

8 

11 

14 

17 

20 

22 

25 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

3 

5 

s 

11 

13 

16 

18 

21 

24 

17 

2.S04 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

2 

5 

7 

10 

12 

15 

17 

20 

22 

18 

2553 

2577 

2001 

2025 

2648 

2672 

2695 

2718 

2742 

2765 

2 

6 

7 

9 

12 

14 

16 

19 

21 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

2 

4 

7 

9 

11 

13 

16 

18 

20 

20 

8010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

2 

4 

6 

8 

11 

18 

15 

17 

19 

21 

3222 

3243 

3263 

: 3284 

3i04 

1 3324 

3345 

3365 

3385 

, 3404 

2 

4 

6 

8 

10 

12 

14 

16 

18 

22 

3424 

3444 

3404 

3483 

3502 

3522 

3541 

3560 

1 3579 

3598 

2 

4 

6 

8 

10 

12 

14 

15 

17 


The quotation given above from a table of 4-figure logarithms 
will show the method of reading the logarithm of any number. 
For instance, suppose that log 1756 is required. Look along the 
line beginning 17 until you reach the figures below the 5 which 
occurs in the top line. The figures are 2430. For the final 6 
iake the figures below 6 in the columns on the right of the page, 
viz 15. The total result is 2445. The decimal point in the 
logarithms is not printed, so that in reality the figures are *2430 
and *0015, giving a total of *2445 as the mantissa of the logarithm 
of a number whose significant figures are 1756. 

Add the proper characteristic, and the logarithm of 1756 is 
3*2445. 


Also log 17*56 = 1*2445 and log *01756 = 2*2445; 


for the logarithms of numbers have the same mantissa if the 
numbers themselves have the same significant digits. 

By the principle of proportional parts, if we required log 1756*7 


we should have to add ^ of the difference for 7; 
ie. *0002. 

Thus log 1756*7 = 3*2447. 


i.e. 


•0017 
10 ’ 


213. Logarithm tables may also be used to find the number 
when the logarithm is given, but antilogarithm tables are more 
ponvenient. (See next article.) 
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Example 1. Find the numher whose logarithm is 2*1824. 

From the above extract wo see that log 102*0=2*]818. 

Now 2*1824 = 2*1818+ 0*0006, 

and from the columns on the right, we see that 6 is the difference for 2. 

.*. log 152*2 = 2*1818 + 0*0006 = 2*1824, 
and 152*2 is the required number. 

Example 2. Find the mimher tohose logarithm is 3*2642. 

From the extract, log 1830 = 3*2625. 

3*2642 = 3*2625 + 0*0017. 

16 is the difference for 7, and 10 is tlie difference for 8, and 17 is nearer 
to 16 than 19. 

.*. wo say that log 1837 = 3*2642, as accurately as possible from these 
tables. 


Examples. XL. d. 

LOGARITHMS. 


■ 

M 

■ 

B 

B 

4 

5 

6 

7 

8 

9 

1 

2 

3 

4 

5 

6 

7 

8 

9 

15 

m 

1700 

1818 

1847 

1876 

1903 

1931 

19.59 

1987 

2014 

3 

6 

8 

11 

14 

17 

20 

22 

25 

he 

2041 

2008 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

3 

5 

8 

11 

13 

16 

18 

21 

24 

17 

2804 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

2 

5 

7 

10 

12 

15 

17 

20 

22 

18 

2553 

2577 

2001 

2625 

2048 

2072 

2696 

2718 

2742 

2705 

2 

6 

7 

9 

12 

14 

16 

19 

21 

|19 

2788 

2810 

2833 

2850 

2878 

2900 

2923 

2945 

2907 

2989 

2 

4 

7 

9 

11 

13 

16 

18 

20 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3100 

3181 

3201 

2 

4 

6 

8 

11 

13 

15 

17 

19 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

2 

4 

6 

8 

10 

12 

14 

16 

18 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

3660 

3579 

3598 

2 

4 

6 

8 

10 

12 

14 

15 

17 


Using the above extract from four-figure logarithmic tables, find the 
logarithms of the following numbers : 


1 . 2210 . 

5. 17*25. 

9 . 2 * 2 . 

13. 2000. 

17. 0 01654. 
21. 0*1835. 


2 . 2 * 21 . 

6. 181*2. 

10. 2*235. 

14. 20*06, 

18. 0*001789. 
22. 2106. 


3. 1601. 
7. 19. 

11. 219*6. 
15. 0*2. 
19. 0*019. 
23. 2009. 


4. 1604. 

8. 1700. 
12. 21450. 
16. 0*214. 
20. 1-609. 
24. 0*1906. 


\In the following examples yonr 

25. T?r* 26. 


result should have a positive mantissa."] 

27. 28. At- 

qi ^ qo ^ 

0*1845* • 0*0224’ 


From the above 
33. 1*1875. 

37. 1*2342. 

41. 3*2808. 

45. 1*1862. 


extract, find the numbers whose logarithms are 


34. 2*2945. 
38. 2*2.347. 
42. 1-3230. 
46. 3*3252. 


35. 3 ,3385. 
39. >3*2790. 
43. 2*,3298. 
47. 3*2136. 


36. 1-23,32. 
40. 3*2799. 
44. 3*33,30. 
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Antilogarithms. 

214. Def. If X is the logarithm of n, then n is called the anti¬ 
logarithm of X, 

The reverse process, that of finding the antilogarithm of a set 
of figures (ie. the number whose logarithm is the given set of 
figures), can be accomplished by the method of the previous 
article. Labour is saved, however, by using tables of anti- 
logarithms, which are read in a similar manner to the tables of 
logarithms. 

It must be remembered that the mantissa only is given in the 
table and only the significant digits of the autilogarithm. The 
position of the decimal point in the antilogarithm must be deter¬ 
mined by the given characteristic. 


Antilogarithms. 


■ 

D 

1 


> 

4 

5 

6 

7 

• 

9 

1 

2 

8 

4 5 

6 

7 

8 

9 

•19 

1549 

1552 


■HBI 

1563 

1567 

1570 

1574 

1578 

1581 

0 

1 

1 

1 

2 

2 

3 

8 

3 

*20 

1585 

1589 


1596 

1600 

1603 

1607 

1611 

1614 

1618 

0 

1 

1 

1 

2 

2 

3 

8 

8 

•21 

1622 

1626 

1629 

1633 

1637 

1641 

1644 

1648 

1652 

1656 

□ 

1 

1 

2 

2 

2 

3 

3 

3 

•22 

1600 

1663 

1667 

1671 

1675 

1679 

1683 

1687 

1690 

1694 


1 

1 

2 

2 

2 

3 

3 

3 

•23 

1698 

1 ^ 

1706 

1710 

1714 

1718 

1722 

1726 

1730 

1734 

a 

1 

1 

2 

2 

2 

3 

3 

4 

•24 

1738 

1742 

1746 

1750 

1754 

1758 

1762 

1766 

1770 

1774 

0 

1 

1 

2 

2 

2 

S 

3 

4 

•25 

1778 

1782 

1786 

1791 

1795 

1799 

1803 

1807 

1811 

1816 

0 

1 

1 

2 

2 

2 

3 

3 

4 

•26 

1820 

1824 

1828 

1832 

1837 

1841 

1845 

1849 

1854 

1858 

0 

1 

1 

2 

2 

3 

3 

8 

4 

•27 

1862 


1871 

1876 

1879 

1884 

1888 

1892 

1897 

1901 

0 

1 

1 

2 

2 

3 

3 

3 

il 


Find the antilogarithm of *2445 and of 3’2445. 

The significant digits are found by going along the line which 
begins with *24 until the column headed by 4 is reached, and 
adding to the 1754, thus obtained, the figure under 5 in the 
right-hand columns. 

Thus the antilogarithm of *2445 is 1*756, since the significant 
digits are 1756 and the characteristic 0 shows that there is on^ 
integral figure. 

So also 3*2445 is the logarithm of 1756. 

215. The tables of logarithms may be used in such a manner 
as to obtain the proper characteristic without direct reference to 
the rules given for writing down the characteristic. The method 
itself explains how the characteristic occurs. Any logarithm as 
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it appears in the tables, viz. with 0 for characteristic, is the 
logarithm of a number containing one mtegral digit. This may 
be regarded as the standard form ; and all numbers, whose 
logarithms are required, may be expressed in terms of this 
standard form by multiplying or dividing by some power of 10. 

For instance log 7*253 = 0*8605. 

log 7253 = log (7*253 x lO^) = *8605 + 3 = 3*8605. 
log *0007253 = log (7*253 x lO'^) = *8605- 4 = 4*8605. 

Before attempting examples involving logarithms, the student 
should have some oral practice in the use of logarithm and 
antilogarithm tables. 

E.g. Bead off log 62*37, log 620*9, log *0271, and so on. 

Bead off the numbers whose logarithms are 

3*235, 1*067, *0824, 1*6258, and so on. 

Examples. XL. e. 

ANTILOGARITHMS. 



0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

1 

2 

3 

4 

5 

6 

7 

8 

9 

•19 

1549 

1552 

1556 

1560 

1563 

1567 

1570 

1574 

1.578 

1581 

0 

1 

1 

1 

2 

2 

3 

3 

3 

•20 

1585 

1589 

1592 

1596 

1600 

1603 

1607 

1611 

1614 

1618 

0 

1 

1 

1 

2 

2 

3 

3 

8 

•21 

1622 

1626 

1629 

1633 

1637 

1641 

1644 

1648 

16.52 

16.56 

0 

1 

1 

2 

2 

2 

3 

3 

S 

•22 

1660 

1663 

1667 

1671 

1675 

1679 

1683 

1687 

1690 

1694 

0 

1 

1 

2 

2 

2 

3 

3 

8 

•23 

1698 

1702 

1706 

1710 

1714 

1718 

1722 

1726 

1730 

17.34 

0 

1 

1 

2 

2 

2 

3 

3 

4 

•24 

1738 

1742 

1746 

1750 

1754 

1758 

1762 

1766 

1770 

1774 

0 

1 

1 

2 

2 

2 

3 

3 

4 

•26 

1778 

1782 

1786 

1791 

1795 

1709 

11803 

1807 1 

1811 

1816 

0 

1 

1 

2 

2 

2 

3 

8 

4 

•26 

1820 

1824 

1828 

1832 

18.37 

1841 

1845 

1849 

1854 

18.58 

0 

1 

1 

2 

2 

3 

3 

S 

4 

•27 

1862 

1866 

1871 

1875 

1879 

1884 

1888 

1892 

1897 

1901 

0 

1 

1 

2 

2 

3 

3 

8 

4 


Using the above extract from tables, find the numbers whose logarithms 


are 

1 . 0 * 21 . 

5. 3*19. 

9. 4-2226. 

13. -0*7469. 


2. 0-216. 

6. 3-2066. 

10. 6-2789. 

14. -1*8011 


3. 0-2482. 

7. 1*2.33. 

11. 3-2506. 

15. -3-7355. 


4. 1-2685. 

8. 2-2648. 

12 . 0 - 2 . 

16. -5-8. 


From four-figure tables write down 
17. log 26. 18. log 2600. *19. log 265. 

21. log 2 *658. 22. log 265-8. 23. log 0*002658. 

25. antilog0-3851. 26. antilog 1 -3851. 

28. antilog 2-3851. 29. antilog 1-146. 

31. antilog 0*6984. 32. antilog 1*5964. 


20. log 2658. 

24. log 265800. 
27. antilog 2*3851. 
30. antilog 1*1468. 
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Problems on the Use of Logarithms. 

216 . In dealing with logarithms lal)our can often be saved by 
a judicious change of form of the expression. 

Examples. log ^=log 0*5 = 1*6990. 

This is shorter than : log |-=log 1 - log 2 = - 0-3010 = 1 *6990. 
iog T^5 = log TinjIT=log 0*008 = 3-9031. 

log 3 64 ^log45 .5 == 1 -6580. 

log 53 .32=log (125 X 9)=log 1125 = 3-0511. 

Example 1. A cube contains 3 c. ft. 904 0 . in. Find the length of its 
3 c. ft. 904 c. in. =6088 c. in. 

log -^6088 = ^ log 6088 = 1 -2615. 

Looking at the table of antilogarithnis, wc find that corresponding 
to *261 are the figures 1824, and from the columns on the right we 
that for the final 5 we must add 2. 

.*. the significant figures required are 1826. 

The characteristic 1 (in 1*2612) shows that there arc 2 integral figures ; 
.*. antilog 1*2615 = 18*26. 

4^^8 = 18-26. 

.*. the length of edge is 1 ft. 6*26 in. 

After a little practice it would only be necessary to write down 

log-i^ms^ ^ log 6088=?^-= 1 •2615=log 18-26. 

Length of edgo= 18*26 in. =1 ft. 6*26 in. 

Example 2. Find by logarithms the product of 2*413 and *6052. 

The logarithm of the product=log 2 *413 +log *6052 

= *3825 +1 *7819 = - 1 +1 *1644 
= *1644. 

From the table of antilogarithms we find antilog *1644 = 1*460. 

.*. the required product = 1 *460 to 3 decimal places. 

This might be worked concisely as follows : 

2 *413 X *6052=antilog r *3825 
1 + 1-7819 

= antilog *1644 = 1 *460. 

Example 3. Find the value of 2*644+ *2863. 

The logarithm of the quotient=log2*644-log *2863 

= *4223-1*4569= 1 *4223- *4569 
= *9654=log 9 *2.35. 

.*. the required quotient = 9 *2.35 (correct to 3 decimal places). 

Or, more shortly, 2*644+*2863=antilog P *4223 

L-T*4569 

=antilog *9654=9*236. 
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Example 4. Find the valuo of (£1. 3s. 6d.) x *784. 

£1. 3s. 6d=£1175. 

log (1 *175 X -784) = log 1 -175 log *784 = -0701 +1-8943 
=T-9044 = log -9212. 
the required valuo=£-9212= 18s. bd. 

Example 5. Find the square root of 73. 

n/ 73=antilog (log \/73)=antilog (i log 73) 
= antilog(.^ X 1-8033) (from tables) 
=antilog (-93165) 

= 8*544 (from tables). 


Examples. XL. f. 

Use of Looarttiim Tables. 

Reduce each of the following (in questions 1 to 5) to standard form and 
find their logarithms ; 

1 . 36840 and .368*4. 2. 1567 and *01567. 

3. 428-6 and 4286000. 4. 2113-5 and -0021135. 

5. 386-5, -05713, 7641000, -7648. 

Find approximately the results of the following by four-figure logarithms: 

6. 2-3x1270. 7. -2413 x 6 052. 8. 4*951x2-836. 

9. 1 -414 X 1 -732. 10. *3463 x -3973. 11. *746 x 6235. 

12. 3-72^. 13. -407 X 40-3 X *00(). 14. -0438 x 9.37. 

15. 48-25-r634-9. 16. 2*644-f-286,3. 17. 74*25-r8-89. 

18. 8-475-rl4*,36. 19. •07644-M47. 20. 8675124*.3. 

21. 8 .30676-f 3596. 


In the examphis marked with an asterisk jK give the results correct to 
three signiheant figures. Multiplication by the index makes the fourth 
figure unreliable. 

22. >K(i-03)«. 23. *(105)7. 24. *(l-04)i5. 25. *(1 -035)20. 

oc 1.345x1-062 2369x5783 oq 1 

r^i 4-97’ 


29. 


1 

24-5' 


30. 


1 

623' 


31. 


1 

0-784' 


8-104x3*17 


33. ■v'OGT. 


34. 4 / 1972 . 


35. 36. 37. 35 

38. >|t0 027-“®®. 39. 4'2-304*-®. 40. iK0 0025-'“. 


41. Find a fourth proportional to 9*28, 10*19, 1*23. 

42. Find the value of £3. 7.9. 6c?. x 1 *0U. • 

43. Find the volume of a rectangular solid 64*3 cm. by 27*2 cm. by 

35*5 cm. (Work in decimetres.) 
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41 Find, to the nearest sq. yd., the area of a path 3f yds. wide, bounding 
a rectangular lawn 85*25 yds. by 56*3 yds. 

45. Find the length of the edge of a cube whose volume is 880 c. cm. 


46. Given that 1 metro = 3*281 ft., find the nearest whole number of culiic 
yards that there are in 1000 c. metres. 

gives the time in secs, of one beat of a pendulum of length I feet, 

where . 7 =.32 *2 and t = 3*142. Find the time to the nearest 10th of 
a sec. of 10 beats of a pendulum 18 ft. long. 



48. T 



gives the time in secs, of one beat of a pendulum of length I cm. 


when —981 and 7 r = .3*142. Find the length, in cm., of a peiiduhiin 
which beats seconds. 


[/w examples marked with an ^ give your result to 3 significant figures.^ 

49. If nearest integer, when P= 200 , 

r=4, 71= 12. 

50. H^If find the value of y when a;=4. 

Find the value of 

61. 3^(6*345 x0*1075p-f (0*00374 x 96*37)®. 

52. 3|c(5-603 X 0*05723)~3M37. 53 , 5|c97*434-(0*3524 x 6*321)2'W 

64. *(0*03524 X 6*321)“0'2s« x 97*43. 55. *(1 *342 x 0*017314-0*0274)0’3il 


Increase of Population. 

66 . If a population P increas(^s at the rate of 8 per thousand per annum, 
prove that the population after 1 year is Px (1*008), after 2 years 
P X (1 *008)^ after 5 years P x (1 *(X) 8 )®. 

57. In 1908 the population of (Jovent ry was 78,900. Supposing it steadily 

increased at the rate of 17 per thousand per annum, what was its 
population, to the nearest hundred, in 1913? 

58. If the annual birth rate in a place bo 76 in 1000 and the death rate 

48 in 1000, in how many complete years will the population be 
doubled? 

59. The births in a town are 42 per 1000 annually, and the loss through 

death and other causes 17 per 1000. In how many years will the 
population be half as much again ? 



EXAMINATION PAPERS. 


PAPER I. 

London University Matriculation. January, 1912. 
ALGEBRA. 

1. Find the two products obtained by multiplying l+2x-hr)x^ by 

6 + taking both upper signs, or both lower signs, in the third 

terms. 

Find the value of the difference of these two products when a;=0*1. 

Hence, if the dimensions of a rectangle are known to the nearest tenth 
of an inch as 6*7 inches by 1*2 inch, iind the range of error possible in 
estimating the area. 

2. Show that any common factor of A and B is also a factor of wiA + wB. 

Resolve into factors; 

(i) x^ + x-2; (ii) 2x^ - x - 1; 

(iii) (2a-^h)x^ - {a -h)x - (a-\‘2b); (iv) 201a:’^-99a;-102. 

3. Find the value of a w hich will make the statement 
true when 1*7. 

If a has this value, what other value of x will also make the statement 
true ? 


4. If 0 ; = ^ - 1, and find y in terms of x. 

Plot the graph showing the relations between corresponding values of 
y and a; as ^ goes through the values - 3, -2, -- 1, 0, 1, 2, .S. 

Show from your graph that y is always algebraically greater than x. 

5. Define a geometric progression, and show how to sum a given 
geometric progression to a given number of terms. 

Show that the quotient of x^^ - by cc - y is a geometric progression. 
Give the number of terms and the common ratio of the progression; and 
find in its simplest form the sum of the first six terms. 

6 . An open square has like houses built at equal intervals all round it, 

and the houses are numbered 1, 2, 3, , beginning at an end of one side 

of the square, proceeding along that side, and going all round the square 
in order. If the house numbered a is exactly opposite to the house 
numbered 6, what is the number of houses round the square? 

In what possible circumstances would a definite answer to tliis question 
be impossible ? 
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PAPER II. 

London University Matriculation. June, 1912. 

ALGEBRA. 

1. Give any justification you can for the statements 

3-(-2)=3 + 2, 3-(5-7) = 3-5 + 7. 

Find the values of x between which the expressions 4a;+ 7 and 3-2a: 
are both positive. If a graphical method bo used, the values required 
must be calculated subsequently. 

2. Simplify the expression 

(2a;2 + 3.r + I )2 - +3a; +1) (a;2 + 7a; - 6), 

arranging the result in descending powers of a;, and verify your work by 
calculating the values of the expression and your result when a;=2. 

3. Draw the graph of the expression y = ar* - 12a; + 6 for values of a- 
between ±4. 

Find from your graph, as nearly as you can, for what values of y there 
is more tiian one positive value of x. 

4. Solve the equations 

(i) ax-\-hy=hx-= + 

.... 2a; + 3 2-“.3a; 25 
^ ^ ‘a;'-! 1+a;” 4'* 

5. Without quoting any formula, find the wth term and the sum to 
n terms of the Arithmetical Progression whose first and fifth terms are 
3 and 19 respectively. 

Find which term of the series is most nearly equal to 1000, and by how 
much it differs from 1000. 

6. A man borrows £A at 100a per cent, per annum simple interest for 
two years, and lends it for the same time at 100a: per cent, per annum 
compound interest, paid yearly. Provo that ho makes a profit of 
£A(a:2 + 2a;-2a), and deduce, by equating this exp ressi on to zero, or 
otherwise, that he will lose unless x is greater than \/2a+1 - 1. 


PAPER m. 

London University Matriculation. September, 1912. 

ALGEBRA. 

1, Find the average value of the series of numbers -3, -1, 0, 2, 5, 7, 
and of the series - 3a, - &, 0, 2b, 5a, 76; and check your work by deducing 
the first result from the second. 

Tjjere are five numbers, three of which are equal. The greatest of the 
five numbers is twelve more than the average value of the five numbers; 
the least is nine less than the average; and each of the other three is 
of the average. Find the five numbers. 
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2. Simplify 

fiJxpress 1 - 
berms. 


3 3 1 

^ _ ^^2 ~ ( i~ ^ single fraction, in iti lowest 


3. 


Solve the equations : (i) 

(ii) 


{2-x){^-x) 
ii-x){5-x)~ ^ 
(2^a:)(3^x)_ 


If 2vC-y+l, x-3y-2, and 3a; + 4y+10 all have the same numerical 
value, what is that value ? 


4. Plot the graphs of 

p = l + 2x -x^, and y=x^-2x-5, 
between the points where they intersect. 


5. Prove the formula s = ^ («+/), where a and I are the first and last 
terms of an arithmetical progression of w terms and 8 is the sum of the series. 


If 


1 + 3 + 5 + 7 + ... to 7i terms , ^ i 

—-—-— -----= 1 *9, find 71. 

1 -I- 2 + 3 + 4 -f-... to terms 


6 . Theoretically, at what time between 3 and 4 o’clock is the minute- 
hand of a watch as far in advance of the hour-hand as it is behind it at 
10 minutes past 3 ? 


PAPER IV. 


Cambridge Local Examinations (Preliminary). December, 1910. 


ALGEBRA.-(Two Hours.) 

Candidates can pass in Algebiu by doing sujficieMbj well in Part I, 
of this paper. Processes not algebraical are permitted. 


Part I. 

1. Simplify 

P{g-^h) + g^{h+f) + (/4- g) - {g-\-h){h-^f) (/-f g). 

Verify your result by substituting the values /=!, g— -2^ h=S in the 
given expression before and after simplification. 

2. Divide oi^-^aaip-fja^oi^ + ^^-a^x-a* by x^ + lax-2a^. 


3. Simplify (i) 

X — o 


S-2x 1 

2-x {x-2){x-S)* 


.... (a^ + ab + b^ a^-ah + b^\ f- a^-{ -2h^\ 

\ a-b a + 6 J ^ I 

4, If you lay out m pounds in the purchase of apples at the rate of 
X apples for y pence, and sell them again at the rate of y apples for 
X pence, what will be your gain in shillings ? 

B.B.S.A. X 
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6. Solve the equations 

(i) (:r-f5)2-(3-a-)2:=15(a; + 2); 

(ii) |(a:+|)-^(a;+|)=2-J(2+5a:); 

(iii) ax-hy = c,\ 
hx + ay = c,) 

6. I have a certain sum of money and give half of it to A, two-thirds o[ 
what remains to B, and three-quarters of what still remains to C. If 1 
give to A and C together £20, what was the sum that I had ? 

Part II. 

7. Find the highest common factor, and the lowest common multiple, of 

and x^ + 2x^+x + 2. 

8 . Solve the equation x--W‘=^ 4a (a; - a). 

Also find to two decimal places the roots of the equation 

a?-l 

9. The sum of an arithmetical series is 120. The first term is 30 and 
the second is 27. Find the number of terms. 

10. Find the 8th term of the geometrical series of which the third term 
is 40 and the sixth term is - 5. 

11. With one incli as the unit draw the graph of 

y—x^-2x-’2 

from a?=-2toa;=+4, explaining how to obtain from your figure the roots 
of the equation _ 2a; - 2=0 

PAPER V. 

Cambridge Local Examinations (Preliminary). December, 191L 

ALGEBRA.— (Two Houks.) 

SJandidates can pass in Algebra by doing sufficiently toell in Part /. 
of this paper. Processes not algebraical are permitted. 

Part I. 

1. Add together 

J(2a~ 36 + 2c), a--i(6-'2c), and ^a + 6+Jc, 
and take from the result ^ a - 26 - c. 

ai^-f 2a^a; + a^ by oi^-2a^x+a\ 


2. Multiply 
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3, Simplify 


(i) 3bc-h2a\ 

4a0 4ac 26c ' 

c a 


(ii) 


a-c g + c 
g + c ^ c-a ^ 
a~ c 


(g2 _ c2). 


4. A wall is a yards long, b feet high, and c inches thick. How many 
bricks will be required to build it, each being I inches long, m inches wide, 
and n inches thick ? 

How many shillings will it cost to paint one of its sides at 2^ pence per 
square foot ? 


5, Solve the following equations : 

(i) 6(2a;-6) + c2=c(2a;-c) + 62; 

(ii) 3a; + 4y=l,) 


Credit will he given for lyvoving that the roofs obtained are correct by 
substituting them for the unhioum qn/mtities in the original equations. 

6. A had twice as much money as B. A gives one-fifth of his money 
to B, and then B has £7 loss than A has. What had each at first ? 


Part II. 

7. Find the factors of {\) x^-x-20; 

(ii) (g-f-6)2 + 3(a‘^- b'^); 

(iii) -cx- cd - cP. 

^-x 

8. Solve the equation 

giving each root to two decimal places. 

9. A man received x shillings a week and worked x - 9 weeks. If he 
had received 5 shillings a week less, and Jiad worked 4 weeks longer, 
ho would have recta v(mI £20 in the whole time. What were his weekly 
wages, and how long did he work ? 

10. (i) Find the sum of the progression 

g-fl96, 3g+176, 5g + 156, ... 

to 20 terms. 

(ii) The first term of a geometrical progression is 7j^> and the fourth 
term is - f ; find the second and third terms. 

11 . By means of graphs solve the equations 

3a:-f-y=3,\® 

x-y=3.j 

The scale used must be clearly marked on both axes. 
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PAPER VI. 


Cambridge Local Examinations (Preliminary). July, 1912. 

ALGEBRA.—(Two Hours.) 

CandidcUee can pass in Algebra by doing sufficiently wdl in Part /, 
of this paper. Processes not algebraical are permitted. 

Part I. 


1, Simplify 2a-3{6-c(2 + a)} and 3c(a-1)-(6“2a), 
and subtract the first expression from the second. 

2. Multiply 1 + 3a; - by l-x + 2x^. 


3. Divide 

4, Simplify 


6 a;^ -x^- 6x^ +1 by 2a;® - a; - 1. 

_ 7 . 

2x + 3 x + l (a;+l){2a; + 3) * 




5. How must £70 be divided amongst A, B, and C, so that A may have 
three times as much as B and eight times as much as C ? 


6. Solve the equations 

(i) 2(2a;-3)(a;“l) = (a;-7)(4a;-}-l); 

(ii) a;--2y + l = f(a;-3y + 5),\ 

7a;-9y=13. J 


Part H. 

7. Resolve into factors 

(i) 6a;® + 6a;“4; 

(ii) (a® “6®) (a+26)+ 2 (a®+ 6®). 

8 . Find the highest common factor and the lowest common multiple of 

a;®+2a;y, 2a;® + xy- 6y®, a;® - 4;cy®. 

9. What are the two values of a for which the equation 

(a; - a) (a; + 2a) = (a; + 3a) (a; + a) +1 
is satisfied when a;=2? 


10. Sum to seven terms the progressions 

(i) 2 + 9 + 16+.. ; (ii) 24 + 36 + 54+.... 

The sum of the first and second terms of an arithmetical progression is 
equal to 3, and that of the second and third terms is equal to 4. Find the 
fourth term. 


11. Taking one inch as unit on each axis, draw the graph of 2a;® - 4a: 


between 


a;=“l and a;=3, 


and find the points where it is 6ut by the graph of 
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PAPER VII. 

Cambridge Local Examinations (Junior Students). July, 1910. 

ALGEBRA.—(Two Hours and a Half.) 

Candidates can pass in this subject by doing sufficiently well in 
Part I. of the paper. 

Part I. 


1 . Multiply + + + by 2x-^-z\ and find for 

what value of a the expression + is divisible by :r-2 without 

remainder. 


2. Find the highest common factor of - 27 and - 

3, Simplify the expressions 




_1 

{x~yf 


x-2 x -i . 6 . 9\ 

^ ^ x^'-x-l2^x^+x-6^y'^x'^i^)' 


4. Solve the equations 

(i) (2a;-a)(3aj-f-5a) = 6x‘^; (ii) x-5=3(y + 5), y + 7=2(aj-7); 

(iii) (S-2xf=8(S-Sx). 

5. A has twice as many marbles as B ; but, after A has given 35 of his 
marbles to B, B will have three times as many as A. How many marbles 
has each of them now ? 

g 

6 . Plot the graphs of (i) y=i (^ ~ (^i) y=2 - a: - 

for values of x between -3 and +3. Estimate from your figure the 
greatest value of y between tlieso limits for the second graph. [Take one 
iiich as the unit both for x and for y.] 


PAPER VIII. 

Cambridge Local Examinations (Junior Students). July, 1911. 

ALGEBRA.—(Two Hours and a Half.) 

Candidates can pass in this subject by doing sufficiently well in 
Part I. of the paper. 

Part I. 

1. Divide 4-lla; + 20a:*-30a:3+20x^-lla;® + 4a:6 by 4-3a;+2a;2-«8. 

2. Resolve into factors 

(i) 34 + a:-8a;2; ; 

and simplify 
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3, Solve the equations : 

/jv 307-7 2x~S_5-x 07+10, ...v 

'^5 4 “ 10 4 ’ ' H x-a=aHy-l); 

(iii) (2a7-3)(2-3o7) = l. 

4, A man has a certain sum of money in half-crowns. When he has 
spent 58. 6c?., ho finds that what he has left amounts to twice as many 
shillings as the number of half-crowns ho originally had. How much 
money had he ? 

6, Extract the square root of 

407^ - 120^3^ _ lla?2a2+ 30o:a3+35a* 

6. Plot the graphs 

p=i(7-x), I 

y=^(26-a:2),J 

for positive values of x and y, using the same axes for both graphs; and 
determine the values of 07 and y at their points of intersection. (Take 
1 inch as unit for both x and y.) 


PAPER IX. 

Cambridge Local Examinations (Junior Students). July, 1912. 

ALGEBRA.—(Two Hours and a Half.) 

Gandidatea can pass in this subject by doing sufficiently well in 
Part I, of the paper. 

Part I. 

1. Simplify (a - 26 - 3c)2 - (2a - 6 + 3c)2. 

2. Divide 18a7®-9a;3-29a;2-ll5a7-63 by 6x3-3a7^-hl0a7+9. 

For what value of a is ar^ + ao? + 24 divisible by a? + 4 ? 

3. Simplify 

i\\ 6'\/4a + 6 4a-6^ 

/ii) _2a7-3 437+3 

337+1 2(2372-337+1)'^ 637*^-37-1’ 

4. Solve the equations 

(i) 5^(737- 1)-^(637-1)=4; (ii) lla7~8.v + l=0,1 

1337-9y-2=0; 1 
(iii) 30-15372=4137. 

I 

5. One customer buys 14 lbs. of tea and 10 lbs. of coffee for £2. 3 a, 
and another buys 11 lbs. of te:^ and 15 lbs. of coffee for £2. 4s. 6c?. Find 
the prices of tea and coffee per lb. 
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0, Plot the graph y~\ -4a;-5) 

between the values x-~2 and a;=+4, 

and from your diagram find approximately the values of x when y=0. 
[Take one inch as the unit both for x and for y.] 


PAPER X. 


Oxford Local Examinations (Preliminary). July, 1910. 

ALGEBRA. —(From 10.15 to 11.30 a.m.) 


All necessary work must he shoivn. No credit ivill he given Jor answers 
without sufficient work. 

1, Find the value of the expression 

- Qx’^ Ga: --18, when a;=3. 


2, Divide 

3. Simplify 


a;^ + 2a;2^9 by x^-2x + S. 

2x^ 4- 7x -I- 6 ^ 2x^ - 5a; + 2* 


4. Find the h.c.f. of 

ar^+ 6x2 4'11 a;+ 6 and ar^ 4-2a;2 - 8a; -16. 


5. Solve the equations : 

(i) 


x~2 , X {-4 , 


(ii) 


—+ 4=1 

a;4-2 a;4'6 


6. If X eggs cost y pence, how many shillings will 100 eggs cost, and 
how many eggs can be bought for a sovereign ? 

7, Two numbers, whose difference i.s 10, are such that three times the 
larger number is equal to five times the smaller. What are the numbers ? 


PAPER XI. 

Oxford Local Examinations (Preliminary). July, 1910. 

HIGHER ALGEBRA.— (From 10.45 to 11.45 a.m.) 

Write ‘ Higher Algebra^ at the head of each sheet of your answers, or you 
will receive no cy'cdit for your work. 

All necessary work must he shown. No credit will he given for answers 
without sufficient work. 

1. Resolve into factors 

Sa;'"* - 27y^ and + b'^-~a + b. 

2. If a=p(p + q)-q{p-q) and b-p{pq)-q(q-p\ 

show that =4^^^“. 
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3. Simplify ^ + 

4. Find, correct to two decimal places, the roots of the equation 

I6x^-4x^5=0, 

6. Simplify (V3 + ^y2 + ^/5)(s/3 + ^2-^5). 

6, If a number is seven times the sum of its digits, show that tlie 
number formed by reversing the digits is four times the sum of its digits. 

PAPER XII. 

Oxford Local Examinations (Preliminary). July, 1911. 

ALGEBRA.--(From 10.16 to 11.30 a.m.) 

All necessary work mnst he shown. No credit loill be given for answers 
without sufficient work. 

1. Find the value of + 6* + c® - 3a6c when a=l, 6=2, c=~3. 

2. Divide + 2a:3 _ j 1^.2 ^ _ 3 Ijy ^ ^ _ 2. 

3. Factorize and find the L.O.M., in factors, of 

- 4y*, s^-xy- x^ - bxy +6y®. 

4 . Simplify ^-^y. 

y a!+y 

6. Solve the equations and verify your answers: 

(i) 3a;(a; +1) ~2x(a;-l)=a;2+10; 

(ii) ^(^+4) - j(a?-3) = -|(a;-1) +1. 

6, A is three times as old as B, but three years ago A was four times as 
old as B ; find the ages of A and B. 

7. A man has 24 silver coins which are sixpences, shillings, and half- 
crowns, and are worth £1. 58, fid.; if he has twice as many sixpences as 
half-crowns, how many shillings has he? Verify your answer. 


PAPER XIII. 


Oxford Local Examinations (Preliminary). July, 1911. 

HIGHER ALGEBRA.— (From 10.30 to 11.30 a.m.) 


Write ‘ Higher Algebra ’ at the head of each sheet of your answers, or you 
will receive no credit for your work. 

All necessary work must be shown. No credit will he given for answers 
without sufficient work. 


1, Simplify 


(ac 4- Idf - (ad + bc)^ 
(a-f 6)(c+d) T' 


2, Express 


2-v/3 

>/3~l 


as a fraction with a rational denominator. 
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3, Solve the equations; 

(i) 4a;-y=7; -Za; + |y=19; 

(ii) 3a72 4-5a:=30 (to two decimal places). 

4, A rectangular garden has an area of half an acre, and the total length 
of the four sides is 201 yards ; find the length of each side. 

5, Prove that a”* x a’* =^hen m and n are positive integers. Obtain 
values for a~~^ and a^. 


PAPER XIV. 


Oxford Local Examinations (Preliminary). July, 1912. 

ALGEBRA. —(From 10.15 to 11.30 a.m.) 

All necessary work must he shoion. No credit will he given for answers 
without sufficient work. 


1. Find the value of the expression 

2(:r + 2)2 - (a; -1) (a: +1) - (a; - 3)2, 

when a; = 2. 


2 . 

3. 


Multiply 4a2-2a6 + 662 by 2a-76. 


Simplify 


ix^--2x-S , x^-l 
- 4a; + 3 * x-^-^2x - 3’ 


4. Find the H.c.r. of 

23^ - 5x--b ^x-l and sc^-Sx-{-2» 

5. Solve the equations and verify your answers : 

(>) = (») 3*-2(l-3a;) + ^{3-(4-a:)}+2=9. 

6. Provo that the difference between the squares of any two numbers 
X and y is always divisible by the sum of the numbers x and y. 

7. A man bought a certain number of eggs at 4 for fivepence. Seven 
of the eggs were broken, but, the rest being sold at 3 for fourpence, the 
man only lost twopence altogether. How many eggs did he buy ? 


PAPER XV. 


Oxford Local Examinations (Preliminary). July, 1912. 


HIGHER ALGEBRA.— (Feom 10.30 to 11.30 a.m.) 


Write ‘ Higher Algebra ’ at the head of each sheet of your answers^ or you 
will receive no credit for your work. 

A ll necessary work must he shown. No credit will he given for answers 
without sufficient work. 

1, Resolve into factors 8a® + 2762 and* + 

X 


2. Simplify 


1 2a + 6 a^4-a62 
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3. Solve the equations: 

(i) 


8 4 * 


(ii) - 8a; +13=0, correct to two places of decimals. 

4. A boy sold his bicycle lamp for 3s. M. and made as much per cent 
profit as the lamp cost him in pence. How much did the lamp cost him ? 

5. Find the square root of 

3j2 _ + \Qxy^ - \2x^y + 

6 . If a?=2 4- /v/3 and y=2 - /^3, find the value of 


PAPER XVI. 


Oxford Local Examinations (Junior Candidates). July, 1911. 

ALGEBRA.— (From 9 to 10.30 a.m.) 


All necessary work must he shown. No credit will he given for answers 
witJmit sufficient work. 

Each candidate will he supplied with one piece of squared paper, 

1, Divide - 13a;^ - lOa? - 2 by 2x^ + 3a; f 1, 

and test your result by putting a;= 1. 

2. Factorize and find the l.o.m., in factors, of 

x^-5x + 6y 4x^~ly and 2a;^~5a;~3. 


3. Simplify ^ 4 - 

^ ^ \a-h a-hh) a^-}^ 

4. Solve the equations, and verify your answers : 

(i) 14 + 5a;=3a;-2{l-4(a;-l)}; 
x- 


.... .^-1 x-2 , a;-3 , Qx ^ 

3(a;+y) + 17a;=y-4. 

6, Find, correct to two places of decimals, without using any formula, 
the roots of the equation _ i2=5a; 


6. A had as many shillings as B had pence; A gave B two shillings and 
then B had four-ninths of what A has; how much had each at first ? 

7. Square x^ - x^y"^ + x^^y^. 

8. Draw the graph of (a; +1) (a; -f 2) from a; = - 4 to a?=4, and from the graph 
find for what value of x the expression (a;-{- l)(a; + 2) has its minimum value. 

By means of the graph find the values of x which satisfy the equation 

3a;-f-l=0. 

In drawing your graph indicate clearly the axes of x and y, and state what 
your units are. Do not take your units too smcUl, 
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PAPER XVII. 

Oxford Local Examinations (Junior C«,ndidates). March, 1912. 
ELEMENTARY ALGEBRA. —(From 9 to 10.30 a.m.) 

Write 'Elementary Algebra’ at the head of each sheet of your answers or 
yon will receive no credit for your work. 

All necesmry loork must he shown. No credit vnll be given for answers 
without sufficient work. 

Each Candidate will he supplied with one piece of squared paper, 

1 . Find, by division, what number must be added to 
~ ’‘Ix^ - 4^^^ -f- _ 31;); 4.7 

in order that it may bo exactly divisible by 

~7a; + 5. 


2, Substitute 1 for y in the expression 

and simplify the result. 

3. Simplify; 


(i) 




(ii) 26 _ 

' ' a + b a-lta^ + IA 


4. Solve the equations: 


l-Sx 1-l9x_7x-l 5a: (-1 
2 9 6 3 




5. Find, correct to two places of decimals, the roots of the equation 

f-2. 

6. What is meant by an integral function of a:? 

Find an integral function of x of the first degree which is equal to 9 
when a:=3, and is equal to 5 wlien 

7. A workman undertook to do a piece of work for £14. 8s., but it took 
him 4 days longer tlian he expected, and consequently he earned one 
shilling a day less than ho calculated. How many days did it take him to 
do the work ? 


8. Find the square root of 

+ V- - 8a-^b + a'VA 

9. A cyclist starts at 9 a.m. and travels uniforml}^ at the rate of 10 miles 
an hour, but waits 30 minutes at the end of the first hour. A motorist 
starts at 10.15 a.m. from the same place and overtakes the cyclist in 
18J miles. Find to the nearest mile by a graphical method the rate per 
hour at which the motorist travels. 

Indicate dearly the axes of x and y and hate lohat your units are. Do not 
lake your units too .wiall. No mnrks will be given for a solution in which 
these details are omitted or for a solution obtained by any other nwthod. 
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PAPER XVIII. 


Oxford Local Exajninations (Junior Candidates). July, 1912. 


ELEMENTARY ALGEBRA.— (From 9 to 10.30 a.m.) 

Write ‘ Elementary Algebra’ at the head of each sheet of your answerSy or 
you will receive no credit for your work. 

All necessary work must he shown. No credit will he given for armoerR 
without sufficient work. 

Each Candidate wUl he supplied with one piece of squared paper. 


1. Divide (a® - 52)2 _ (^2 - Zah + 262)2 by (a - hf. 

2. Find the h.c.p. and the l.c.m. of 

+2 and _ 4 , 


3. Simplify: (i) 


1 


x + 3 .x^-h5x+6^x^'j-7x+l2* 


a-2+~ 


(ii) 


a-i-2-h~ 

a 


" V 
a — 
a 

a+i 


4. Solve the equations : 


2(2a;" 3) , 3a7 + 8_^ 

^'5 3 

(ii) 34a:+ 0*2^=1 *26, 2a:+0*4y=l'2. 

5. Find, correct to two places of decimals, the roots of the equation 

a?- 1 

^=:r~Q’ 

x-6 


6 . A has a certain sum of money, but B is in debt and has no money ; if 
A gives B £5, he will have three times as much money as B will have left 
after paying his debts; but if A gives B £7 and B pays his debts, B will 
then have twice as much money as A. Find how much money A has, and 
how much B owes. 


7, Explain clearly what is meant by a«, and simplify 

m- 

Express in its simplest form 

2^.4^.5^,20^ 

5^ 

8. A starts at 2 p.m. to drive along a road from a point P at the uniform 
rate of 6 miles an hour ; B starts at 1.45 p.m. to waiK along the same road 
at 4 miles an hour from a point Q, which is 4 miles in advance of P ; find 
graphically when and where A will bo 4 miles in front of B. 

Indicate clearly the axes of x and y, and state what your units are. Do 
not take your units too small. No marks will he given for a solution in which 
these details are omitted or for a solution obtained hy any other method. 
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PAPER XIX. 


Scotcb Leaving Oertiflcate Ezami^ation. March, 1910. 
MATHEMATICS.—(1 p.m. to 3 p.m.) 

Lower Grade—(Second Paper). 

Before attempting to answer any question^ candidates should read the 
whole of it very caref\dly^ since time is often lost through misapprehension ow 
to what is really required. 

Sqnare-rvled paper is provided for the graphical work. 

The value attached to each question is shown in hrackets after the question. 
In addit ion 10 marks are allowed for neatness and good style. 


Section I. 


{All the questions in this Section should he attempted.) 
1, Simplify: 


/:x ^V . 


(ii) 


~ 3a. + 2, 


(iii) 


a h 

V+2+ - 

0 a 

1 1 ‘ 
b 


2. Divide + by x^~2xy + 2y\ 

Choose such values of x and y, that 

+ 42 ^= 40081 . 

Hence find two factors of 40081. 


3. Solve the equations : 

a{x-b)-b(x-a)=0; 

..... 1 1 _ 1 


( 12 ) 


(16) 


(18) 


4, Add one term to each of the following expressions so as to make the 
expression thus increased a complete square ; 

(i) a;2+12ir; (ii) }f- lyz; (iii) 4a2 + 4a. 

Solve to two decimal places the equation 

x'^-\-l2x=4. (16) 


Section II. 

One of each of the following alternatives should he attempted. 

Either 

5a. Two boys J and R had their heights measured on the first days of 
six consecutive years. The measurements are given in the appended table. 
Illustrate their growths by graphs; taking the origin 0 near the left-hand 
side of the page, the axis Oa to represent a height of 3 feet, and a vertical 
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length of of an inch to represent a growth of one inch, also taking the 
axis OY to represent 1st January, 1901, and a horizontal length of yV 
inch to represent a month. Find, from your graphs, as nearly as possible, 
on what dates the boys were the same height. 


— 

1901 

1902 

1903 

1904 

1905 

1906 


ft. in. 

ft. in. 

ft. in. 

ft. in. 

ft. in. 

ft. in. 

J 

3 0 

3 44 

3 72 

3 102 

4 1 

4 22 

R 

3 2 

3 34 

3 52 

3 H 

3 112 

4 4 


Or 


(15) 


5b. Draw the graph of (a;-2)(ic+l) from x— -2 to ir=3, taking one 
inch as unit. 

Find from your graph all the values of x which correspond to the 
following values of [x - 2){x+ 1): 

(ii)-2-J; (iii) -2^. (15) 


Either 

6a. In a race of p yards A reaches the winning post q yards ahead of B. 
if A’s rate is r yards per second, find B’s rate. (1/5) 


Or 

6 b. P had originally twice as much money as Q, but after P had spent 
6 «. and Q had spent 10s., P had three times as much as Q. Find how 
much each had at first. (15) 


PAPER XX. 

Scotch Leaving Certificate Examination (Lower Grade). 
April, 1911. 

MATHEMATICS.—(10 a.m. to 12 noon.) 

Second PArER. 

Before attempting to answer any question^ candidates shoidd read the 
whole of it very carefully^ since time is often lost through misapprehension as 
to what is really required. 

Square-ruled paper is provided for the graphical work. 

The value attached to each question is shown in brackets after the question. 
In addition 10 marks are allowed for neatness and good style. 

Section I. 

AU the questions in this Section shoidd, if possible, be answered. 

1. Prove that 2x - 3, and 3x - 1 are both factors of Qx^ + ISa;^ - 41a: +12, 

and find its third factor. (15) 

2. Solve the equations ' 

(i) a(x-c)-c{x-a)=^b(a-c); (ii) 5a;~3y=18y--10a;=10; 

(iii) 6a;2-13a; + 6=0. (15) 
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3. Express in words the identity 

3(^-y*=(x-y)(x + y)(if?+i^). 

Simplify the expression 

/ oip -f x?y + xy^ +a:^ - xhj + xy’^ -- \ .... 

V x~y x + y x^ + ^yy 

4. Solve the following problems : 

(i) A farmer possessed 1000 sheep. Cheviots and lilackfaced. The 
number of the Cheviots was 10 more than five-sixths of the number of the 
Blackfaocd. How many were tlierc of eacli ? 

(ii) A person travelled 100 miles in 4 hours, part of the way by train at 

40 miles per hour, and the rest by motor at 20 miles per hour. How many 
miles did he travel (iach way? (15) 


Section II. 

Om and only one question out of each of the pairs of alte.'i'natives 
should be ansiocred. 

Either 

5a. What number must be added to - 20;r to form a complete squarev 

If y -- 20.r-i-.‘10, show that y is never less tlian 11, whatever value 
be given to x. 

Find what value must be given to x, in order that y may be 60. (15) 

Or 

5b. Resolve into their simplest factors 

(i) 9.r“ 4- 6.ry - 8?y^, 

(ii) a^- - 2ac, 

(iii) a^-lx + Qj having given that a: - 1 is one factor. (15) 

Either 

6a. A starts at 8 a.ni. to cycle from Edinburgh to Glasgow and travels 
at a uniform rate of 7 miles an hour. B starts at 9 a.m. and follows A at 
the rate of 9 miles an hour. Find by a graphic construction at what time 
and how far from Edinburgh B will overtake A. 

Solve the same problem by algebraical or arithmetical calculation. (1.5) 

Or 

6 b. Solve the equation 3) = 16, to three decimal places. 

Draw a straight lino PQ, three inches in length, and on this lino as 
diameter describe a circle. At P erect a perpendicular PR four inches in 
length. .Join R to 8, the centre of the circle, and let RS meet the circle 
in T and U. • 

Show that the length of RT in inches is the numerical value of one of 
the roots of the given equation. (15) 
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PAPER XXI. 

Scotch Leaving Certificate Examination (Lower Grade). 
March, 1912. 

MATHEMATICS.—(10 a.m. to 12 noon.) 

Second Paper. 


Before cUtempting to answer any queationy candidates should read the 
whole of it very carefully, since time is often lost through misapprehension as 
to what is really I'equired, 

Square-ruled paper is provided for the graphical work. 

The value attached to each question is shown in brackets after the question. 
In addition 10 marks are allowed for neatness and good style. 

Section I. 

All the questions in this Section should, if possible, be answered. 

1, Show that {ax + byf+(bx - ayf = (a ^+6^) (x^ + y®). 

Resolve into factors 

(i) 15a:2-16a;-ir), {;\\) x^-(a-b)x-ab. (14) 

2, Divide 6 - 17a; - Hx^ +32ar^ + - 6a;® by 2 - 5a; - Zx ^; and verify your 

answer when a; = 1. (14) 

3, Solve the equations 

(i) = 

(ii) ax-by^c, ax + by=:d, 

(iii) 6a;®=a; + l. (15) 

4, Solve the following problems algebraically : 

(i) £100 was divided between A and B, so that after each had spent £6, 
A had three times as much money left as B ; find their shares. 

(ii) In X cricket innings a boy made on the average 9J runs; in his next 
two innings he made 17 and 52 runs respectively, and now his average is 
14J runs: find x, assuming that the boy was out at the end of each innings. 

(15) 

Section II. 

One and only one question out of each of the pairs of alternatives 
shoxdd be answeved. 


Either 

5a. If ax^ + bx is equal to 4, when a;=2, and is equal to 7i, when a?=3, 
what is its value when a;=5? (15) 

Or 


6b. Simplify 


(i\ 4a^+a;^ 4aa;^ 

2a + x icf-x^^I6a^- 

..1 4 5 

*8-3»+2“;?+2a;-3'''*»+a;-6' 


(16) 
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Either 

6 a. Draw the graphs of 

(i) (ii) 3a;+4y=16, 

from 1 to a;— 44, taking one inch as your unit. 

Find from your diagram the values of x and y which satisfy both 
equations, and verify your results by substituting these values in the 
equations. (17) 

Or 

6 b. ABC is a triangle, in which AB is 20 feet long. From C, CM is 
drawn at right angles to AB, meeting AB produced in M. If BM is 6 feet 
and CM 15 feet, draw the triangle to scale on your square-ruled paper, 
and calculate 

(i) the area of the triangle, 

(ii) the lengths of AC, BC correct to 1 decimal place. 

If from A a perpendicular AN is drawn to CB produced, calculate the 
length of AN to one decimal place. (17) 


PAPER XXII. 

Central Welsh Board (Annual Examination). July, 1910. 

ELEMENTARY MATHEMATICS (ALGEBRA). 

One and a Half Hours. 

1, Find the factors of 

x^-x^- 2x and (a?'* + 3)® - \^x\ 


2. Find the h.c.f. of 

4ar‘ + 7a;2+16 and 

3, Simplify 


x-\ 2 ( 0 ?-2) 


-fa;® - 16 . 

1 


4. Solve the equations : 


(ii) 


ic- 1 _ a;-2 
x-\-Z~x-\-1 * 


5, The cost of 10 lb. of tea is 6 d. more than the cost of 12 lb. of coffee. 
If the price of the tea were 5d. loss per lb., and the price of the coffee 6d. 
more per lb., the cost of 12 lb. of tea would be Is. 4d. less than the cost of 
10 lb. of coffee. What is the price of 1 lb. ^f coffee ? 


6 . Give a grojphical solution of the equations 

5y~3a;=19, 2a5-i-3y=0. 

B.B.S.A. X 
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PAPER XXIII. 


Central Welsh Board (Annual Examination). July, 1911. 


ELEMENTARY MATHEMATICS (ALGEBRA). 


Two Hours. 

1, Find the factors of 

(i)m2-m-2; {\\) m^+m-2; (iii) 

What is the l.c.m. of the three expressions? 

2, If a ;=\a - ^h- 1, y=J^+j6 + l, find tlie value of 

(i) a; 2 _^ 2 . (ii) xy-x-{-y-\. 


3. Simplify ^ r 

Z(x-y) Z(x+2y) 

and verify your result by putting a?=l, y= 
in your answer. 

4. Solve the equations : 


1 

—» 

X 

- 1 in the given expression and 


(i) 5^=1^; (ii) 3a:-4?/ + 5=4* + 3y-6=3. 
3a; - 5 3a; - 4 


5. The weight of 29 sovereigns is equal to the weight of 41 shillings, 
and the weight of 4 shillings is 21 grains less than the weight of 3 sovereigns. 
Find the weight of a shilling, 

6. The letters x and y represent two varying quantities, and y — ax-\ 
where a and h are two fixed numbers. The value of y is 2 when the value 
of a; is 1, and the value of y is 6 when the value of x is 2. Find hy a 
graphical construction the values of a and 6. 


PAPER XXIV. 

Central Welsh Board (Annual Examination). July, 1912. 
ELEMENTARY MATHEMATICS (ALGEBRA). 

Two Hours. 

1. Find the factors of a^{b4-c) + 6^(a-c). 

Resolve into four factors (a;^ - 12)® - a?®, 

2. Reduce to its simplest form 

2a; y _ a;® 

x-2y^ x + 2y 4y®-a;®* 

Verify your answer by putting a;= - 3, y = - 4. 

3. Solve the equations : 

(i) 3a;-2-^(4a;-5)=5a;-6+|(6a7-7); 

(ii) a;+y=-3, 4a7=5y. 



EXAMINATION PAPERS 




4. Solve the equation 

(a; - 2)(a3 - 3) + (1 - a!;)(3 - a;) = (2 - rr)(ar - 1). 

Calculate the values of the roots of this equation correct to two x>l^ces 
of decimals. 

5. In an election in which there wore two candidates A and B, the 
successful candidate A had a majority of 794 votes, and twice the number 
of votes obta iied by A was 2291 less than three times the number obtained 
by B. What was the total number of votes recorded ? 

6 . Find by yraphic methods the values of x and y which satisfy the two 

o<juatioiis 4u:-%+10=0, + 5=0. 

Find frmii your Jiyure what must be the value of a in order that the 
equation 

^ 'Y' 'll - 


may bo satisfied by the same values of x aiwl y as the first two equations. 
State clearly how you determine the value of <i. 

No marks will he given for an answer which does not show a knowledge of 
graphic methods. 


PAPER XXV. 

Intermediate Education Board for Ireland. June, 1910. 

MIDDLE GRADE.—ALGEP>RA (PASS). 

1. Plot a graph to represent the relation between x, y given by the 
table: 


j 0 1 1 

2 1 ;i 

1 3*5 

4 

4-5 1 5 

5-5 

6 

6-5 

7 

y 1 0 j<)-6| 

2-0 1 3- 

0 I 4-29 

4-8 

5-0() 1 5-0 

1 

js'fi 

2-11 

0 


Find from the graph the valiu s of x for which y is greater than 3. 

2. Reduce to a single fraction the expression 

x + 2 -aj + 2 ^ 

x- + 2x + 2'^x^-2x+2 *"• 


3. Solve the equations : 

' x + b~2x-{-a-h ’ 


(ii) x-cy — cx-y^c, 

t 


4. Solve the quadratic equation 

21a-2-S:iT~45=0. 
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5. The variation in temperature in the course of a day was recorded as 
follows: 


9 a.m. - 

- 53-4 

3 p.m. - 

. 76-9 

10 a.m. - 

- 61*0 

4 p.m. - 

. 73-6 

11 a. m. 

- 69-8 

5 p.m. - 

- 601 

Noon 

- 75*7 

6 p.m. - 

- 66-2 

1 p.m. - 

- 77*8 

7 p.m. - 

- 60 0 

2 p.m. - 

- 781 

8 p.m. - 

- 511 


Plot a graph to show the excess of the temperature above 50°, taking 
1 inch to represent 2 hours in time and 10° in temperature. It is thought 
that one of the readings was erroneous : find from the graph which is most 
likely to be wrong, and estimate the correct reading. 

6, A man pays income tax at Is. in the £ on unearned income and at 9d. 
in the £ on earned income: his earned income exceeds his unearned by 
£200, and his total income tax is £29. 7s. 6c?.; find his total income. 

7. In a certain town eggs are being sold at 2x pence a dozen, and in 
another town they are sold at x eggs for a shilling. By buying six dozen 
eggs in the latter and selling them in the former town a profit of Is. is 
made ; find the buying and selling prices of the six dozen eggs. 


PAPER XXVI. 

Intermediate Education Board for Ireland. June, 1911. 

JUNIOR GRADE—ALGEBRA (HONOURS). 

(Two Hours Allowed.) 

1 . Simplify the fraction 

a + h a+c 
I + ah 1 + ac 
, (a + 6)(a + c) 

(l+a&)(l + ac) 

2. Arrange the expression 

in powers of x ; and show that the sum of the coefficients in the expanded 
form is equal to 7. 

3. Draw a graph of the expression 

(D’l'-'i 

from aj=0 to 6; the values should be calculated for x=0, 0*5, 1*0, 
1-5, ...5-5, 6-0. 

4« Solve the equations for x, y 

ax'{-hy—axy\ 

-'bx+ay=sbxy} 
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5 Solve the equation 

-L+_L=_L. 

x + 3 a;+4 4~2a; 

ind verify your results by substitution in the given equation. 

0 , If a olass of boys sits nine to the bench, there are seven empty seats 
^11 the last bench; and if seven boys sit on each bench, five boys are left 
standing. 

How many boys are there in the class ; and how many benches ? 

7. A lady buys silk at a sale; the silk is marked at Is. 6 d. a yard less 
:han the original price, and she buys three yards more for £2. 148. than 
die could have done before the sale. How many yards did she buy ? 

8 , Simplify the sum of the two fractions 

2 + s/6+s/2 2-J6 + ^/2 

2 + V6-^/2■^2-V6-^/2’ 

Give your answer in a form free from surds in the denominat<yr. 


PAPER XXVII. 

Intermediate Education Board for Ireland. June, 1912. 

MIDDLE GRADE—ALGEBRA (PASS). 

(Two Hours Allowed.) 

in solving quaudraiic equations the formula giving the roots 
must not he as&iimed. 


1. What deduction can be drawn from the statement that the product 
a X 6 is zero ? 

Apply the deduction to solve the equation 

(£c-2)(a7-3)=0. 

Find the values of x which satisfy the equation 

3a;*-4a:=7. 


2. Find the values of x and y which satisfy the simultaneous equations 

ax-by=a^ + h‘^, 

(a* - 6*) a: + (a^+6*) y=2 (a® - 6®). 
a: ■{" 2 aT't'S 

3. Given the equation ^31 + 3 ^ 35 “'^* ** 

jjjS 3 j 4 

4. Multiply out ^ ^ ~ IT ^ 24 

431* 2 a:^ 

by l+ 2 a: + 2 a:* + -^ 

in ascending powers of x as far as the term containing xl*. 
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5. Prove that 9(a;4 + a:Sy^a;V+ajy 3 +y 4 )_ 5 (^. 24 .^y^y 2)2 
is divisible by {x - y)^, and find the quotient. 

6 . Divide 6ar^-l-l7a^ + 7a^-10a,'^ + 76a: + 9 by 2x^-Sx + 4 

so as to obtain a remainder of the form Ac+B, where A, B are numbe 
whole or fractional. 


7. A blend of tea containing two lbs. of one kind to three of anothei 
worth per lb.; a blend containing four lbs. of the first kind to one 
the second is worth 2s. 2d. per lb.; find the value of each kind per lb. 

8. A cyclist sets out to ride from one town A to another B and ba 
again at a uniform rate of 12 miles an hour; on his retuiTi journey, a 
point 8 miles nearer to B than to A, he meets another cyclist who start 
from A one hour and four minutes later than he did and who lias ridden 
a uniform rate of 10 miles an hour; find the distance from A to B. 


Express in its simplest form 

f (a;-y) ^ + (y-z)3 _ 
x-z 


1 ({X 

x-y \ 


(x + z 




10. Calculate the values of for x=0, 1, 2, 2J, 3, SJ, 4, 5, in 

20 

arrange your results in the form of a table. 

Making use of these results and choosing suitable units, draw a graj 
representing ^ between a;=0 and a?=5. 





ANSWERS TO THE EXAMPLES. 


I. a. (p. 2). 


1. 

7a:. 

2. 

2a. 8. 

a. 

4. 

4a:. 

5. 7x. 

6. 

0. 

7. 

8a5. 

8. 

Sab, 

9. 

0. 10. 

4xy. 

11. 

6xy. 

12. Sab. 

13. 

Babe. 14. 

12a:. 

15. 

9ab. 

16. 

22a&. 

17. 

16a. 

18. 

14abc. 

19. 

5a. 

20. 

15a:. 

21. 

16. 

22. 

32. 

23. 

4. 

24. 

3*2. 

25. 

6. 

26. 

20. 

27. 

2. 

28. 

8. 

29. 

li 

80. 

i- 

31. 

1 

T- 

32. 

1*25. 

33. 

3. 

34. 

9. 

85. 

5. 

36. 

6^. 

87. 

7*2. 

38. 

4‘8. 

39. 

2. 

40. 

4. 

41. 

2*5. 

42. 

•8. 

48. 

2. 

44. 

•008. 


L b. (p. S). 

1. X+2. 2. «-3. 8. 3x pence, 7» pence, 11a; pence, ax pence. 

4. 20x, 2x, 8x, IQx, 240x. 6. 2x miles, 7x miles, g miles, ax miles. 

6. 3x, 36x. 7. 8. 2x, 24x. 9. 10. 16x, xy. 

11. 240x+ 12y. 12. xy pence, ~ shillings. 18. 144x. 


14. 15. lOx, lOOx, lOOOx, j^. 


10’ 100’ 1000’ 1000,000' 

7x 

17. 2a:, 6a:, 14a:, 2ax, x, 3x, 

18. (y-a:)£. 

19. 

(x-y)£. 

80. (a:+y)£. 


L 

C. (p. 6). 


4. 9. 

5. 64. 

6. 32. 

7. 

8. a®. 

9. a»a«. 

10. a^b^c. 

11. 12a5. 

12. 20a®. 

18. 36aW. 

14. 84a*y*2. 

15. x. 

16. x^. 

17. 4a. 

18. x». 

19. 25. 

20. x^. 

21. a^bl 

22. 16a:®y*. 

23. 7^. 

24. ay. 

25. 8ayi 

26. a:*. 

27. 2a. 

28. Sa^. 

29. 6. 

30. 35. 

81. a:*. 

32. X. 

83. 3b^c. 

34. f 05. 

35. 13. 

86. 25. 

87. 25. 

38. 49. 

39. 24. 

40. 4. 

41. 1. 

42. 3. 

43. 144. 

44. 64. 

46. 2. 

46. 4. 


B.& S.A. 


a 

. 
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I. d. 

(p. 1) 







1. 

18. 

2. 

9. 

8. 

1. 


1 

49. 


6. 

27. 


B, 

100. 

7. 

9. 

8. 

7. 


9. 

81. 


10. 

500. 


11. 

93. 

12. 

11. 

18. 

14. 


11 

36. 


15. 

720. 


16. 

6. 

17. 

9. 

18. 

48. 


19. 

16. 


99. 

32. 


21. 

3. 

22. 

1. 

28. 

3. 


21 

8. 



1. 


26. 

8. 

27. 

4 

XT* 

28. 

6. 


29. 

16. 


80. 

168. 


31. 

16. 

82. 

24. 

88. 

0. 


84. 

0. 


85. 

0. 


86. 

2. 

87. 

0. 

88. 

0. 


89. 

1. 


40. 

3 

XF- 


41. 

0. 

42. 

2. 

43. 

2. 


41 

li 









n. 

a. 

(p. 9). 






1. 

2. 

2. 

-2. 

8. 

4. 


1 - 

-6. 


5. - 

18. 


6. 

-4. 


7. ! 

2a. 


8. 

-2a. 


9. - 

6a. 


10. 

2a. 


11. 

-6a;. 


12. 

Bx. 



18. 4a«. 


14. 

-14a;«. 


18: 

-3a;«. 


16. 

-7a» 


17. - 

3a«. 


18. 

4ab. 


19. 

-12a8. 


20. 

-2a6. 


21. - 

lab. 


22. 

“Sjcy. 


23. 

-9a^. 


24. 

0. 



25. - 

4ah. 


26. 

-9. 


27. 3a;. 


28. 

-3a6. 


29. - 

12a&e. 


80. 

-2a5c. 


81. 

-7ay. 


82. 

4a&c. 



88. - 

lOo&e. 


84. 

3x. 


88. 

-3a;. 


86. 

3a;. 



87. - 

2a;». 


88. 

-6a;. 


89. 

-29a;. 


40^ 

4a;. 



41. - 

9a;^ 






II. 

c. 

<p. m 






1. 

27. 

2. 

-9. 

8. 

- 

1. 

1 

7. 


5. 

21. 


6. 

-15. 

7. 

4. 

8. 

- 

3. 

9. 

2. 


10. 

4. 


11. 

-3. 

12. 

0. 

18. 

- 

1. 

14 

0. 


15. 

-13. 


16. 

0. 

17. 

1 

18. 

0. 


19. 

4. 


20. 

2. 


21. 

0. 

22. 

18. 

28. 

1 

XT- 

24. 

1 


25. 

122. 


26. 

0. 

27. 

0. 

28. 

0. 


29. 

-66. 

80. 

-89. 


81. 

106. 


32. 

-11. 


88. 

7840. 


84. 

9. 


88. 



86. 

45. 


87. 

33. 



88. 

30. 


89. 

9, 4, 1, C 

M. 

4. 40. -10, 

► 

8, 10, 

44,94. 

41. 

4,2i 

. 3, 6^, 

10. 





n. 

d 

(p. 14). 






1. 

7. 


2. 

-6. 



8. 0 


1 

-13a. 

5. 

BbCt 

6. 

-10a;*y+a5y® 

'. 7. 

3a^-8a;y- 

3y* 

8. So. 

9. 

2a. 

10. 

2aK 





m. 

a. 

(P- • 

16). 






1. 

8. 2. 

2. 

8. 

8. 

4. 

10. 

5. 

-1. 


6. 5. 

7. 

0. 

8. 

16. 9. 

16. 

10. 

-9.* 

11. 

0. 

12. 

0. 


18. 19 

L 11 

4. 

18. 

8a. 

16. 

4a. 

17. 0. 


18. 

12a. 

19. 

-o. 

20. 

a. 


-3a. 

22. 

3a. 

M. 5a^. 
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a 

26. 

-3»*. 

26. 

0. 
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iii 


m. b. (p. 18). 


1. 

-3. 

8. 

2. 


3. -6. 

4. 

-1. 5. 

0. 

6. 0. 

7. 

X. 

8. 

-6a:. 

9. 2a:. 

10. 

-4a:. 11. 

7a. 

12. -a. 

18. 

-9a. 



14. 

4a. 

15 

. 5a. 

16. 

-2a:». 

17. 

2a6c. 



18. 

0. 

19. 

3a: 

2' 

20. 

X 

2* 

21. 

6a? 

“ 2’ 



22. 

5x 

2* 

23 

. 2a®+2a. 

24. 

3a®-3a. 

25. 



26. 

-2a:*+a?. 

27. 

3a: 

4 ' 

28. 

X 

4* 

29. 

a? 



30. 


31. 

5x 

82. 

X 


4* 




” 4 * 


’ 8* 

8’ 

33. 

\xyz. 



34. 

X 

6* 

35 

x» 

‘ - 8‘ 

36. 

3ai®-2y« 






III. C. 

(p. 19). 



1. 

2a. 


2. 

5a7. 

3. 2a. 


4. 5x+2a. 

5. 2a-6. 

6. 

5a-26. 


7. 

2ar> 

'. 8. 5a;2 

-3ya. 

9. a. 


10. a+6. 

11. 

a+6. 



12. 


13. 

a-c. 

14. 

a+6-2c. 

15. 

1 

-3c, 


16. 

2a:®+6a:+4. 

17. 

3a:®-3x-3. 

18. 

a?*-x®-a:. 

19. 

x»+2. 



20. 

3a:®+a:-5. 

21. 

2a. 

22. 

6a-3c. 

23. 

4a:-y+32. 


24. 

6®. 

25. 

5x®+3x. 

26. 

2a:®+2y«. 

27. 

5(a-6). 



28. 

a+6. 

29. 


30. 

x+5. 

31. 

a-6. 



32. 

-(a:-3). 

33. 

8i. 

34. 

3|. 

35. 

6. 



36. 

7. 

37. 

6a-26. 

38. 

x+6y. 

39. 

10a:-15. 


40. 

9-5a:. 

41. 

9+2a:. 

42. 

2ax. 






m. d. 

(p. 20). 



1. 

14a. 



2. 

2a. 

3. 

-10a:. 

4. 

Oa:*. 

5. 

-3y. 



6. 

0. 

7. 

5a6. 

8. 

0. 

9. 

-3a:®. 



10. 

2a:. 

11. 

4a. 

12. 

4x 









y' 

13. 

5x 

*4^* 



14. 

2a:. 

15. 

4a. 

16. 

5a:*. 

17. 

4a6. 



18. 

4a:V 

19. 

-6a6c. 

20. 

-15a:®. 

21. 

0. 



22. 

2x 

3' 

23. 

X 

24. 

-4a*. 


1. a«-6a+c« 

4. - 6a - 66 - 6c. 
7. 4a. 

10. 3a5®+y*. 


ra. e. (p. 21). 

8. 6a+66+6c. 

6. 13afic+36y+4cz. 
8. 8a-66-2c. 

11. «»-3a!»+8a?+7. 


8 . 

6. 2a+26+2c. 

9. ae»+4{By+y*. 

12. 4a»-26»-6c»+3(i» 
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Iv 


18. 2a:»-5«»y+2ajy*+3y». 14. p»-3g«. 

16. 6a%35-6a:y%-6jcy»*. 16. a*+6®+oft-46c-Sac, 

17. a*+4a*c+3a6c+ac®. 18. 2a+96 +17c. 


19. 

2a; 4y 
~ 3 ^ 3 


20. 

a+26+6c. 

21. 

12a;- 

IQy. 





in. f. 

(P- 

22). 



1. 

3a. 

2. 5a 


8. - 6a. 

4. 76. 

6. 

-56. 

6. 

0. 

7. 

196. 


8. 

-2a?. 

9. 

4y. 

10. 

-2a;». 

11. 

4aa;®. 


12. 

-4aa;*. 

13. 

ISaa;®. 

14. 

-20aa;2. 

16. 

-a. 


18. 

-11a. 

17. 

3a. 

18. 

-3a-26. 

19. 

-a+6 

>. 

20. 

26. 

21. 

a-26. 

22. 

6. 

23. 

a h 
2“^ 2* 


24. 

a 6 

2"“2* 

26. 

a + 6-c. 

26. 

c - a - 6. 

27. 

ax-a. 


28. 

aa;+a. 

29. 

a-ax. 

80. 

a;®-a?. 

81. 

6. 


82. 

-36. 

33. 

c-6. 

84. 

26 + c. 

86. 

4ya_/ga+22* 

86. 

12+10a:-a;». 

37. 

2ot^-2px-q, 


III. g. (p. 23). 


1. 26« 2. 4a? + 4 y- 62 . 8. 2ir®-2a?+4. 

4. -2aj®+4a?y + 8y*. 5. -a-26 + c + 4c?. 6. 2aj-4a-13. 

7. 86*+8a6-9. 8. a-26-6rf. 9. -3a;*y "-2a:y*+y*, 


10. 

3a-25+2(!-2rf. 11. x-5y- 

2-2. 12. 

5a^- 

4a6-14. 


13. 

4a!*+9a?+6* -17. 

14. a*-9a*+6a + 6. 



16. 

2db-2be+2cd-ad. 

16. 2a*+2a«- 

6a®-: 

3a+ 1. 


17. 

6a?-3a?-6a:-29. 

18. 3. 19. 

11. 

20. 

2. 

21. 

4a. 33. a;*. 33. a?-4a;. 

24. 26. 26. 

2a-lla!. 86. 

8a. 

27. 

7o-6. 38. 3!e*+a!. 

29. 6. 80. 

a+6&. 31. 

7. 

82. 

13i. 88. 2a-86. 

84. -2a; + 5y 

-2. 

86. 6- 

7a;. 

86. 

-3o»+5*-<?. 87. a+b+d. 

38. - a;® - 3a;. 





IV. a. 

(p. 26). 




1. 

6a. 3.-90. 

8. 8a. 

4. 

2a® 


6. 

-2o*. 6. -6a»??. 

7. 12a;y. 

8. 

6a:y. 


9. 

-15a:y. 10. -14a?. 

11. a«6®c®. 

12. 

- a®6®c. 


18. 

-o*a?. 14 6o»6. 

16. -8a;*'. 

16. 



17. 

j»*9*. 18. - 6p*9*. 

19. aW. 

20. 

ah 

6* 


21. 

-a*6». 33. 

S3 

24. 

9a®6^a 
6 ' 


26. 

24. 38. -dbe. » 

27. -a26®c. 

28. 



29. 

30aie. SO. Siabc. 

81. - a%c®y. 

32. 

-3aa;®, 


88, 

-o*. 84 -8a» 

86. 2a®6»c*. 

86. 

24p*gV, 




ANSWERS TO EXAMPLES 


V 


87. a* 88. -a*. 89. a\ 40. -8a» 41. aJ«. 

42. a:®. 48. -««. 44. 46. 16a?V- 46. -1. 

47. 1. 48. -1. 49. -a:« 60. 

61. 64a:«. 62. -8a«68. 68. -27a;®y». 64. Sla^- 

IV. b. (p. 27). 

1. 5a + 25b“15c. 2. -8a+12b-8c. 8. 2a®+2a6 + 2a<?. 

4. -6a3 + 4a3-10a. 6. 42a®-28a®- 14a8-SSa*. 

6. ab^c — + abc^. 7. — 6a®6®c + 9ab*c* + 12a®bc®. 

8. a:® - 2a:®y + a;*y*. 9. “3a:® + 9ar®y ”9i*^y®+3a;2y®. 

10. -a^c-abc-b^c+ac^+bc*. 11. Sa^bh + 2aW-abh^ 

12. -2a; + 6a;®-f 4a:®-2a:®. 13. 2a:®-6a:®+6x® + 2j:. 

14. -15a;«+10a:®-30a:2. 16. Ba^b* + 4ab» - 2b® 

16. 60a»b®c8 4-12aW-108a8b8c®. 17. a%-ah\ 

18. 6a®(;-.12a2bc-6ab2c. 19. - 6a:® + 30a:® ~ ISa;®. 

20. 12a:® - 36a:®+24a:®-36a:®. 21. a”*^”. 22. 

28. a®^. 24. a®”*. 25. a^^®. 26. -a”+®. 27. a®^. 

28. a®*"^®**.* 29. -2a®«. 80. 15a"»+»*b»»*+«, 81. a®* + a**. 

82. e®*-e®*+fi®*. 33. a®»». 84. a®*«“®. 

86. 2. 86. 14. 37. 0. 88. -8. 89. 0. 40. 2. 

41. 3. 42. -7. 48 6. 44. 0. 45. 3. 46. 7. 

47. 6. 48. -2. 49. 7. 60. 7. 61. 17. 62. 14. 


1. a:®+5a:+6. 

4. a:® + a:-6. 

7. a:®-18a:+ 77. 

10. l+a:-12a:®. 

18. 30+lla: + a:® 

16. l-4a:-21a:®. 

19. a:®-9. 

22. 4-a:®. 

25. a;®+2a:y+y®. 

28. a:®-5a:y + 6y®. 
81. 4a:® + 4a:y+y®. 
84. 6a:®-lla: + 4. 

87. 6-13a:+6a:®. 

40. 4a:®-26. 

48. 81a:®-64. 

46. a:® + aa: - ba: - ab. 

49. a®-2ab + b®. 

62. p®+2/)ga:+g®a:®. 


IV. C. (p. 29). 

2. a:®-5a;+6. 

6. a:® + 12a:+27. 

8. a:® + 4a:-77. 

11. l-3a:+2a;®. 

14. 21 +10a:+3?®. 

17. a:®-!. 

20. a:®-49. 

23. 49-a^. 

26. a:® + 6a:y+6y®. 

29. a:®-a:y-6y®. 

32. 9a:®-6a:y+y®. 
86. 10a:®+27a:+18. 
38. 30 + lla:-28a:®. 
41. 25a:®-49. 

44. 16a:®-49. 

47. a® + 2ab + (r. 

60. a®a:®-2aba: + b®. 
68. a®-2aa:-16a:®. 


8. a:®-a:-6. 

6. a:® + 3a:-18. 

9. l + 3a;+2a:^. 

12. 6+5a:+a:®. 

15. 1-2a:-63a:® 

18. a:®-4. 

21. 1-a:®. 

24. 81-a:*. 

27. a:®-4y®. 

30. a:®-a:y-20y®. 
33. 6a:®-a:-12. 

86. 16a:®-29a:-14. 
39. 4-9ar». 

42. 36a:®-25. 

45. a:®-aa:+ba:-a6. 
48. a®a:®+2aba:+b®. 
61. p®a:®-2pga:+g*. 
64. 21-a:-2a^. 



Vi 


ELEMBNTABY ALGEBRA 


65. 

**-a3y3. 

56. p3jB3.ga 

57. 

p3a;a + 2 pg*+ga. 

68 . 

c3*3-2cd*+rf3. 

69. 

12**-25*y+12y3 60. 

12*3+*y -2Qy*, 

61. 

42*3 ^ 20 c* - 32c3. 

62. 

6a3*3+13a* + 6 . 

68 . 

a*- 6 *. 

64. 

a^-1663. 

65. 

a*+2a36-2463. 

66 . 

a*-8a36 + 16!?. 

67. 

16a^-963 

68 . 

25a*-46*. 

69. 

.** - 4a*. 

70. 

**-/)3, 

71. 

a3-6«. 

72. 

a3-2a6® + 6 ®. 

78. 

*«-l. 74, 

**-- 

4. 76. a®** 

- 1 . 

76. 63**-c« 

77. 

a6*3+a*+6* + l. 


78. a6*3 

-a*+ 6 *- 1 . 

79. 

3*3+6*y+*+2y. 


80. 6*3- 

3a* + 26*-a6. 

81. 

oc + 6 c + ac?+ 6 d. 


82. ac - 

bc-ad+bd. 

83. 

6 ac - 36c + Sad - 46d. 

84. 2ac + 66 c - 5ac2 - 156c2. 

85. 

**+aa?^- 36*3 _ 3 ^^^^ 

86 . a3*®+2a6*3 + 63*. 

87. 

a3*3 - 63*. 


88 . *®+a*3+a3* + a®. 

89. 

*3+a*3-a3*-a*. 


90. *3- 

2*3y-4*y3 + 8 y®. 



IV. d, (p. 31). 



1 . 

a3+2a6 + 63. 

2 . 

a3+2a*+*3. 

8 . 

c3 + 2 crf + d3. 

4. 

*3+8* +16. 

5. 

*3+14*+49- 

6 . 

p3 + 6/3.+ 9. 

7. 

a3 - 2 a 6 + 6 ®. 

8 . 

a3-2a*+*3. 

9. 

c3 - 2cd + cP. 

10 . 

*3-8*+16. 

11 . 

*2-18*+81. 

12 . 

p3-8jo+16. 

18. 

4p^-^l2p + 9. 

14. 

9/33+67?g + g3. 

15. 

4/>3_20p + 25. 

16. 

ISj^-Sp + l. 

17. 

*3-2*+l. 

18. 

9*3 - 6*+ 1. 

19. 

1 -2* + *3, 

20 . 

1-4*+ 4*3. 

21 . 

1-10*+ 25*3. 

22 . 

l+2p+p3. 

28. 

1 + lip + 49p3. 

24. 

4a3 + 12a6 + 963. 

25. 

16*3-24*y + 9y3, 

26. 

a® - 2a6 + 6®. 

27. 

4a3-4a*+*3. 

28. 

4*3- 12a*+9a3. 

29. 

4*3- 12a*+9a3. 

80. 

16;?3+40p7 + 25g3. 

81. 

2^3 _ 4Qpq ^ 26^3^ 

82. 

a*+2a363+6*. 

38. 

a*-2a262 + 6*. 

84. 

a^+2a^b + b\ 

85. 

a*-2a3p+;)3. 

36. 

4a*-12a363 + 96*. 

87. 

16a^+24a363 + 96* 

88 . 

a3+2a®6 + 63. 

89. 

*«+2*3y® + y«. 

40. 

*®-2*3y3+y3. 

41. 

4** + 4a*3 + a3. 

42. 

9**-6*3y3+y*. 

48. 

1-4*3 + 4**. 

44. 

l+2*+*3. 

45. 

1 +4*+ 4*3. 

46. 

*®+2**a*+a®. 

47. 

*®-2**y*+y®. 

48. 

4*8-12**y*+9y8. 

49. 

42J®+12/?*g3+9g4^ 

50. 

*i®- 2 *®a®+a^®. 




1 . 

5. 9-y» 

9. 

18. o*- 6 » 

17. a^- 3 ^. 
21 . 

B6. !-«•. 

29. 81-64ie*. 


IV. 

2 . *3-4. 

6 . 49-*3. 
10. a*-963 
14. 4a3-*3. 

18. a^-46^. 
22. **-««. • 
26. l-a«aj*. 
80. 49a?-81. 


►. (p. 31). 

8. l-*». 

7. 63^a3 

11. 9p^^4q\ 

18. a*-4963 

19. ^-^3. 

28. 4a«-*3. 
27. 9-a3 


4. *3^25. 

8. 4jo3_ga. 

12. 25*3-I6a3. 

16. a3-496* 

20. a3-63a?. 

24. 4a^-9*3. 
28. 121-49*3. 



ANSWERS TO EXAMPLES vE 

rV. f. (p. 32). 

1. 9604. 2. 40401. 3. 1C 104. 4. 10600. 

5. 11449. 6. 99980001. 7. 1002001. 8. 1004004 

9. 98 01. 10. 100060009. 11. 400040001. 

12. 999600'04. 13. 400400100. 14. 4020025. 

15. 10060-09. 16. 1016064. 17. 998001. 

18. 9994-0009. 19. 6432 04. 20. 360600 25. 

21. 809280-16. 22. 250.300 09. 23. 81-108036. 

24. 63-936016. 25. 10004-000. 26. 10100. 

27. 101-606. 28. 999920 00. 29. 100 1000. 

30. 999996. 31. 39991. 32. 9991. 33. 6391. 

34. 120-75. 86. 99-51. 36. 6396. 37. 399 9984. 

38. 2-8896. 39. 3-9984. 40. 80999999-84. 

IV. g. (p. 33). 

1. *®-3*®+3a;-1. 2. *®+5a?+8a!+4. 8. 4®®-8a;“+5x-l. 

4. a^ + 8. 6. 27x»-l. 6. 6x» + llx»-2x + 20 

7. x®-2a*’+2o%-a*. 8. 125x*-l. 9. a^ + a^b + ab^+tfi. 

10. x»-a». 11. a8 + a*6-a5*-S». 12. x*-9x2+27x-27. 

18. 8x»-l. 14. 8x»-32x* + 4x + 35. 

16. 4x»-8x*-3x+6. 16. x< + 3x»-6x*-6x + 8. 

17. 27x®+l. 18. x‘+2x’-2x-l. 

19. x* - ax’- fix’-cx®+o6x+Sex+«ox-olic. 20. x*-16a* 

21. x‘-18t’x’ + 816‘. 22. 12x5-16x’-79x-42. 

23. a® — a’c — oS’+ 6’c. 24. a’ —6’ —ac+6c. 

26. 6a’ + o6 - 3ac + 46c -126’. 

IV. h. (p. 33). 

1. 9. 2. 4. 3. -5. 4. 17. 6. 1. 

6. -13. 7. x+3. 8. 3x-6. 9. 6x-10. 10. -3x. 

11. 5. 12. 11. IS. 0. 14. 6-0. 16. 0. 

16. -31. 17. ad+ 6. 18. 0. 19. 6. 20. 31. 

21. c’+5’. 22. 0. 28. o»+2o5 + 6’. 

24. 21x’ + 8x’-39x+10. 25. x’-6x. 26. 42. 

27. 20x®-5ax. 28. 16x*-8x. 29. 26x-10. 80. 16p-49 

81. 9x®-6x’+7x-2. 32. 2o’+5o6+26’. 38. 7. 86. 14x. 

V. a. (p. 36). 

2. 8. 3. X. 4. -X. 

7. o. 8. -a. 9. -X. 

12. -o. 18. 1. 


1. X. 

6. -6c. 
11. a*. 


6. 6c. 
10. X. 
14. -L 



viii 


ELBMEMTART AMKBBA 


16. 


16. 

-3a:*. 

17. -2. 

18. 8a* 

19. 

-7aV. 

80. 

aV>K 

81. -9a. 

28. 4abe. 

88. 


24. 

-9a6V. 

86. 3a. 

26. 6. 

87. 

-6a. 

28. 

8a. 

89. -6a6* 

80. xyz\ 

81. 

24a»6*. 

82. 


88. -7aV. 

81 -7gr. 

85. 

-Sin, 

86. 

-9aW. 

87. -ISoa:*. 

88. llay». 




V. b. 

(p. 36). 


1. 

a-26. 

2. 

-a+36. 

8. 4a:-3. 1 

-y+6. 

6. 

a + b. 

6. 

6-a. 

7. a-26. 8. 

a-Zh, 

9. 

-3a«+76*. 

10. 

h + c. 

11. -a-6. 12. 

407-6. 

13. 

7a:-9. 

14. 

a?h-aJbK 

16. 3a-76. 16. 

6a:^y®« - 6a;*y*z^. 

17. 

-2a + 6. 

18. 

lla:+6y. 

19. 2a*-46*. 20. 

wi* - 4mn. 

81. 

-4a + 36 + 6c. 


22. a + c+d. 28. — 

3a + 4d + 12a7. 

84. 

- a-X-ax. 


26. -a 

+46-8c. 26. 07^ 

>+3a:-3. 

27. 

--x^+ax 


28. a+ 56*-36. 29. - 

a+6-c. 

80. 

-2a:*+a;*-4a: + l. 

81. 3y» 

- xy^ - 6a:*. 32. - 

3a:y + 7y*+o?. 

83. 

-ocy^+2a^+7x^y. 

84. 3a;y*z^-5a:Vz*+6a:*y^*. 

86. 


86. 

a**""*. 

87. 7^-P, 88. 

-3a;*»-*. 

89. 

9aJ*"”*y*“**. 



40. 9a:®-»*y*“» 





V. c* 

(p. 38). 


1. 

a:+4. 

2. 

a?-4. 

8. a +1. 

1 a-1. 

6. 

6+7. 

6. 

a:+ 3. 

7. a7-7. 

8. 07-1. 

9. 

a-6. 

10. 

y+9. 

11. a:-2. 

12. 5a:+3. 

13. 

2a?-l. 

14. 

3a?-7. 

16. 3a:+l. 

16. 2a:-4. 

17. 

2+a:. 

18. 

l-2a?. 

19. 3-a:. 

20. a-2. 

21. 

6-3a. 

22. 

5y+ll. 

28. a:-a. 

21 607+4. 

86. 

a + 2a:. 

26. 

6 - 07 . 

27. 1+2;^. 

28. a7+2y. 

89. 


80. 

3a-6. 

31. a-6c. 

82. 2a7»+7. 

88. 

«*»-!. 

84. 

6a^+4y*. 

86. 10-a:. 

86. 1 + 106*. 




V. d. 

(p. 89). 


1. 

a:’+a*. 

2. 

a:+6. 

8. x-a. 

4. 07+1. 

6. 

x+a. 

6. 

a:-2. 

7. px-^l. 

8. o:+l. 

9. 

x-a. 

10. 

jaa:+2. 

11. ax-5c. 

12. aa;+e. 

18. 

x-7. 

14. 

aa;+6. 

16. 3aa:+21 

16. 007-6. 

17. 

9a;+6c. 

18. 

2a:+6g. 

19. hx+e. 

80. 5px-^Zq. 

81. 

a?-3. 

22. 

15(a:-3a). 

28. 2o;+3. 

24. a7*+2a; + L 

86. 

2l(a:+8). 

86. 

2a;*-lla^V-4a?+5, a;*-6a7+6. 

27. 2a:-3. 

88. 

o»-o»6-o6*+6». 

89. 18. 

80. 33. 

81. 07-1. 

88. 

2»-l. 88. 

-4. 

81 607- 

-e. 86. 007-6. 

86. a+26. 



ANSWERS TO EXAMPLES ix 


VL a.^ Oral. (p. 40 ). 


1. 

(i) 

X. 

(ii) 1 • 

(iu)| (iv)^ 

(v)§^. (vi) 

5a 

2’ 

2 . 

(i) 

9. 

(ii) -11. 

(iii) 0. (iv) 1. 

(V) -6. 

(vi) 

•5. 

8. 

(i) 

25. 

(ii) fi 

(iii) i. 

(iv) i 

(V) 

1. (vi) -1. 

(vii) 

a*6* 
4 ' 

. (viii) . 

a*6* 

8 ■ 




4. 

(i) 

13. 

(u) 26. 

(iii) -6. (iv) 1. 

(V) 9. 

(vi) 27. 

5. 

(i) 

5. 

(ii) -a. 

(iii) - 3a. (iv) 

7**. (v) 0. 

(vi) 3. 

6. 

(i) 

0. 

(ii) 3. (iii) -f. (iv) 8. (v) If 

(vi) 6f 


7. 

(i) 

7. 

(ii) 3. (iii) 13. (iv) 1. (v) 1, (vi) 31. 


8. 

(i) 

-1. 

(ii) 0. 

(iii) -6. (iv) 3. 

(V) 14. 

(vi) - 

52. 

9. 

(i) 

5a;. 

(ii) 6a. 

(iii) 3a;*. (iv) 2a6. (v) 9a;-20. 

(vi) 2. 

10. 

(i) 

2. 

(ii) X. 

(iii) a;+2. (iv) 

*-l. 

(V) a;- 

-1. (vi) *+2: 

(vii) 

4a;+ 2. (viii) a+6 + c. 




11. 

(i) 

6a;* 

(ii) -2ca;. (iii) a?. 

12. (i) 

a-6. 

(ii) c-6. 


18. (i) -4a. (ii) 4a. (iii) 0. (iv) (v) (vi) a:®+l. 

(vii) »*+l. (viii) a;^-5a; + l. (ix) 7(a:-l). (x) aj-3. (xi) a + 6ap. 
(xii) a. (xiii) 4&a;. (xiv) 2. 

14. (i) 4a:-3y+z. (ii) 3a;*. (iii) a+ 66 +3c. (iv) o(?-x^y+xy\ 

(v) 4a;*-4a;*-5. (vi) 2a-6. 

15. (i) 4a;. (ii) a;*+a;y. (iii) j. (iv) 3y-2a;. (v) 2a*a;. (vi) 86. 

(vii) 0. (viii) 2a-26. (ix) 4(2-a;). (x) a+ 6. (xi) 26-2a. 

(xii) 2a;-6, (xiii) a;*-a;*, (xiv) 6a;®-8a;*+5a;+l. (xv) 2(a;-y). 
(xvi) 2(6-2a). (xvii) 3a;*. (xviii) 26c. (xix) 2(a;-y + z). 

16. (i) 4a;. (ii) 7a;*-4. (iii) -a;*. (iv) 2a*a;. (v) 6-2a;^. 

(vi) 4(-6). (vii) a;*-14a;*+6. (viii) -7(a*-62). (i^) ui. 

(x) 5. (xi) 81. (xii) 24. 

17. (i) -6a6. (ii) -1. (iii) -oa;. (iv) (v) 3a*6*c*. (vi) 36. 

(vii) (viii) Q*". (ix) (x) y. (xi) o*». (xii) -ax. 

(xiii) -a’, (xiv) -a. (xv) -a“. (xvi) -1, 

18. (i) 4aa;*y - 3aa’y*. (ii) -2a;*+6a;*-a;. (iii) 3a;*+4a;-2. 

(iv) 4a;*-2a;+ 3. (v) -3a;*+2a; + 9. (vi) - 18a;* + 12a;* - 6a?. 

19. (i) 1-a;*. (ii) l+2a; + a;*. (iii) l-4a;+4a;*. (iv) a* + 4a6 + 46*. 

(v) a;* + 8a;+ 15. (vi) a?-a;-6. (vii) a;*-5a;y + 6y*. (viii) 9a?-1. 
(ix) 30-llp+p*. (x) a*-9. (xi)*9a;*-25. (xii) a*a?+2a*a;+l. 

(xiii) 2a?-32. (xiv) a?+5a;*y+6y*. (xv) l+2a;-8a?. (xvi) a*-46*. 
(xvii) l+4a;+4a?. (xviii) 3a*-3a?. (xix) 4a*-1. (xx) 9a?-1. 



X ' ELBiaartABY ' 

so. (i) 9**-12«6+46* fii) 4^,-4^+y*i t' jfffl) ei*-4a*+4. 

(iv) a*+a*+-^* (v) 4cfi-ix+l, (vi) 9a^-6a:+l. 

(vii) 21 + 4a? - xl (viii) 75 - 3a?». (ix) 2a?^ - 4ay -v 2yl 

(x) sc^+ex-ax-ac, (xi) x^~5x+6, (xii) 

(xiii) a^-h2ax-8x^, (xiv) abx^-ax-bx+L (xv) 9a® 

(xvi) 36a:®-!. (xvii) 10a:®+9a:-9. (xviii) 15a?*+29a?-14. 

(xix) 16a:® + 13a;+2. (xx) 14a:®+a;y-3y®. 

21. (i) 3. (ii) -7. (iii) -27. (iv) -2. 

22. (i) 3. (ii) 11. (iii) 16. (iv) -8. 

23. (i) -a;®. (ii) 2a®. (iii) 7a, (iv) ~ (v) 4r. 

o 

(vi) - —(vii) 36-4a. (viii) 3a;®+1. (ix) 3a-4a;. (x) 36-4a. 

(xi) -a*+6c-A (xii) (xiii) a-x. (xiv) 2(a-6). (xv) x. 

(xvi) 6a. (xvii) (o+»)®. (xviii) ax. (xix) 2. (xx) (a-as)®. 

VI. b. (p. 44). 

1. 0, 1, 9. 2. 2x*-7g^+Bx-3, -7, 0. 

4. a+46, 66. 6. 6a:®+70*-20a*, oa:®-a®. 

6. 7a:, -3a:®, 2a®-3a6+46®. 7. 3as-y. 

VI. C. (p. 44). 

1. 0, 9, 1. 2. 6<+2a5®+5o®6®-3o®6+o«, -36. 

4. a:®-!. 6. a:®-9o®, X*-aa^-2a^x?. 

6. (1) as, (2) a:-3o, (3) o®6c. 7. 3a+46. 

VI. d. (p. 46). 

2. a:»-3a:®+3as-l, 0. 8. 0, a:-8. 

6. -a»6», aV, -aW. 

7. 21p*+pg-36g®. 

VX 9. (P- 45). 

8. 10a+2as, a;*+3a:®-16as-4, 32. 

6. 15as®+3aas. 

7. -6y». 

VL f. (p. 46). 

1 . -1, 0, a « 8. as-7, 2(as-l). 

4. 3a:»-4a:»+6as-2, la 0. 7a:®-17aas-12a*. 

6. 18a:®+0aa:®-2a*. T. 6«-4a. 


1. 1, -1, 64. 
4. a:®-2a:+a 
6. aa;-3a. 


1 . 6 , 12 , 0 . 

4. 0-1.3C+66. 
6. 6a;-9a. 



ANSWERS TO EXAMPLES 


zi 


VL g. (p. 46). 

1. -3, -23. 3. 2 milee East. 

5. a;’-2aiB + o*, oa5-2a?. 4. lla*“. 

6. 2o»-5ob+3b*. 6. 4a?-a», x‘-9, o*-!**. 

VL h. (p. 46). 

1. 27, 44. 2. 6a!’+2. 3. 5a:-y-6o. 4. 6ai=+10. 

6. 15, 1, -3, 3, 19. 6. a:>-2a^V-4a^+8y*. 7. o»+3p. 

VI. k. (p. 46). 


1. 

-33, . 

-25. 

2. 2x^- 

3a;. 

CO 

1 

1 

■c^+2bc. 

4. 2a;, 2y. 

5. 

23, 9, 

1, - 

1, 3. 



6. -a^x 

-a». 


7. 4a;-5. 






vn. a. 

(p. 48). 




1. 

3. 

2. 

3. 


8. 

4. 

4. -5. 

5. 

3. 

6. -3. 

7. 

-6. 

8. 

0. 


9. 

5. 

10. 2. 

11. 

12. 

12. -8. 

18. 

-20. 

14. 

0. 


15. 

2i 

16. 2|. 

17. 

9. 

18. 2. 

19. 

1. 

20. 

2 


21. 

1 

■2'. 

22. -j. 

23. 

8. 

24. -15. 

96. 

0. 

26. 

li 


27. 

3. 

28. -3. 

29. 

1. 

80. 0. 

81. 

-1. 

82. 

-1. 


88. 

2. 

34. 4. 

35, 

. 2. 

86. 2. 

87. 

3. 

88. 

zl 


89. 

-2. 

40. 2. 

41, 

. 20. 

42. 3. 

48. 

3. 

44. 

•01. 


45. 

•03. 

46. - 03. 









VII. Tj. 

(p. 49). 




1. 

2. 


2. 

12. 


3. 

7. 

4. 

1. 

5. 3. 

6. 

12. 


7. 

Ij. 


8. 

-3. 

9. 

0. 

10. 0. 

11. 

2. 


12. 

2. 


13. 

5. 

14. 

-3. 

15. 5. 

16. 

4. 


17. 

-1. 


18. 

0. 

19. 

3. 

20. -2. 

21. 

1^. 


22. 

li 


23. 

-27. 

24. 

li 

25. -6. 

26. 

1#T7- 


27. 

-9. 


28. 

— 8^. 

29. 

0. 

80. 3. 

81. 

86. 

2^. 

Ih 


82. 

87. 

2. 

3. 


33. 

88. 

5. 

-6. 

34. 

39. 

5. 

10. 

85. 3. 
40. si 

41. 

-2i 


42. 

2h 


48. 

0. 

44. 

2. 







VIL c. 

(p. 51). 




1. 

3. 

2. 

10. 


8. 

14. 

4. 22. 

1 

1 3. 

6. 28. 

7. 

-11. 

8. 

. -a 

t. 

9. 

7. 

10. 28. 

11. 2. 

12. 3. 

18. 

9. 

14 

. -20. 

15. 

1. 

•16. 2. 

17. 2j. 

18. -6. 

19. 

28. 

-li 

1. 



20. ^ 
24. 7 

L 

r* 

21. 
25. i 

-2. 

5. 


22. 3. 

26. 9. 
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m 

d. 

(P- 

53). 






1. 

18. 

2. 12. 

8. 

15. 


4. 

4. 

6. 

70. 


6. 

12. 

7. 

4. 

8. 14. 

9. 

19. 


10. 

7. 

11. 

2. 


12. 

3i 

18. 

5. 

14. 2. 

16. 

-1, 


16. 

1. 

17. 

4. 


18. 

11. 

19. 

7. 80. 11. 

21. 

-6. 


22. 

-li 

28. 

12. 


24. 

8. 

26. 

4. ! 

86. 8. 

27. 

12. 


28. 

12. 

29. 

-7 

\ 

80. 

8. 

81. 

2. 1 

88. 10. 

83. 

-1. 


84. 

1 

“IT* 

86. 



86. 

-7. 

87. 

0. J 

86. -2. 

89. 

2. 


40. 

2. 

41. 

15. 


42. 

17. 

48. 

44. 9. 

46. 

2. 


46. 

3. 

47. 

2. 


48. 

7. 

49. 

i 80. 3. 

61. 

1. 


62. 

5. 

68. 

14. 


64. 

14. 

66. 

7. 86. 30^7. 

67. 

3. 


68. 

15*5. 

69. 

1. 


60. 

1-5. 

61. 

140. 

62. 

•69. 



C 

18. 3. 



64. 

1*95. 

66. 

2. 

66. 

M. 



67. 1. 



68. 

ItV* 

69. 

When a; 

= -4f. 70. 1 

. The equation has no root. 

71. 

No 

root. 




m 

6. 

(P- 

55). 






1. 

10. 

8. 4-7. 

8. 

-•78. 

4 

. 4-33. 

6. 

5 

•71. 

6. 

26. 

7. 

2-53. 

6. 46-83. 

9. 

-1* 

43. 

10 

. -46. 

11. 

3 

03. 

12. 

2 04. 




VIIL 

a. 

(P. 

67). 






1. 

a;-‘20. 

8. 35- 

y- 

8. 

X- 

20. 

4. 34 

-a7. 


6. 

56 

as 


6. 

35a7. 

7. 21. 


8. 

a?- 

23. 

9. y- 

■X. 


10. 

a;-13. 

11. 

7S 

x' 

12. f. 
y 


13. 

56 

3a 


14. 20a;-y 


16. 

96- 

a;-y. 

16 

a'^2b. 

17. 2y- 

X, 

18. 

y 


19. 


20. 

32a? 






X 


X 




y * 


21. 

aoy-j. 

22. a;+4. 

28. 

4 + 

a?. 

24. 20 

-a;. 


26. 

40- 

a. 


26. 25. 
86 . ^ 
88 . * 


87. - pence. 

•C 


80. 5 miles, ^ miles, ? hours, hours. 
D o 07 a; 


88. a?+7, a?+y, a? -11 years old. 
-hours, 5?^hours. 81. 26. 


jg pence, — 

n, » + l, n+2. 
n, «-f 1, n+2. 

2x-2y, 

8807 

"T* 


88. 8o 7pence. 84. Spence. 86. 2. 

4 

=4 14^ ^ pence. 88. pence. 

X 3 a? 

40. n-2, n-1, n. 41. n-1, n, n + 1. 

48. n-2, n-1, n, n + 1, n+2. 44. ^ 

46. 46. ^ 47. 240a + 126 + c. 

tt. ItomUes. 80. ^days, ^dayi. 

X xy 


49. 10a; miles. 



ANSWERS TO EXAMPLES 


xiii 


91. 1+26. 62. 2n-l, 2»-2, 2«-3, 2n-4, 2n-S. 

68. 2»-6, 2«-3, 2n-l, 2n+l, 2jt+3. 64. a& sq.ft. 66. 5 feet. 

66. ar*sq.ft. 67. a:-20=y. 68. 3x-y=2S. ^ 

69. 60. 3(a:-4)=5(*-l). 61. 20y+2z=*. 

62. 2405+30c+12£f=a. 68. a:(a:-l)=y. 64. (x-l)a:(a:+l)=a». 

66. 2aj + 6=y. 66. 2x-y=ia, 67. a;+a=y-a. 

68. a:=15y + 7. 69. a=hx-{-y, 70. xy—a, 

71. ab=^^x. 72. xy=Z{a-h), 78, a?-y=5(a-6). 


VIII. be (p. 61). 

1. 3 ft. 8 in. 2. 4 ft. Sf in. 3. 17^ ft. 4. ft. 

6. 31'4 in. 6. 2'6 in. 7. 3'2in. 8. 60‘3 sq. in. 

0. 7 in. 10. 186 sq. ft. 11. 22 ft. 12. 12 ft. 6 in. 

13. 560 sq. ft. 14. 12 ft. 6 in. 15. 10 ft. 10 in. 16. 198 cub. ft. 

17. 4^ ft. 18. 3t sq. ft. 19. 7 ft. 2 in. 20. 576 ft. 

21. 3 sees. 22. 31 ft. per see. 28. 41. 24. 68. 25. 325* 

26. 460. 27. 264. 28. 336. 29. 1500. 30. 1892. 31. 441. 

32. 644. 83. 1625. 34. 612. 85. 693. 36. 124a 87. 322a 

88. 13035. 39. 11314. 40. 10? ft. 41. £200. 42. 334. 

43. Right-angled. 44. Not right-angled. 45. and 46. Right-angled. 
47. Not right-angled. 48. Right-angled. 

VIII. C. (p. 64). 

1. (i)13, (ii)5, (iii)l, (iv) 3. 2. (i) 12, (ii) 17. 3. a*-6®. 4. -1. 

7. (i) 11, (ii) 24. 8. (i)9x*-25, (ii) 875. 9. When x=3. 10. -3f. 


VIII. d. (p. 65). 

1. 1, 3, 7. 2. 15, 28, 3, + 

3. -6, 0, 0, 24, -60. 

4. 0, 33, 16n‘*-2n, 16»2 + 14» + 3, 4»»+7n+3, ?. 6. 2, 2, 14. 

7. x®+5x+4. 8. 26(x+l). 9. c-o, 26, 3(i + 46-3c, 8o + 56-3c. 

10. 0(x-l)=x’. 11. (i) (3x'*-2ic+2) miles, (ii) (3x“ + 2x+6) miles. 

12. (i)0(3)-^(2), (ii) 80 feet. 


IX. a. (p. 68). 

1. £10, £20. 2. 10. 3. 27. 4. £15, £25. 5. 20. 6. 21. 

7. 10 miles. 8. 3. 9. 12. 10. 38, 10 years old. 11. 36. 12. 20. 
13. £48, £58, £38. 14. 30, 12. 15. 20. 16. 90. 17. 75 gallons. 

18. 31, 32, 33. 19. 9. 20. *18 pennies, 9 shillings, 6 florins. 

21. £42, £7- 22. £19, £22. 28. £336, £164. 24. £8. 88. 

25. 45, 20. 26. 63, 40. 27. 63, 21. 28. 72, 12. 29. 57. 
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80. -4. 81. 20. 82. £420. 

84. 43, 45, 47. 86. 38 shillings, 19 shillings. 

87. £23. 5s., £16. 15s. 

89. £13. 10s., £22. 10s. 

41. 29 men, 46 women, 76 children. 

48. 4y miles an hour, 3 miles an hour. 

44. 36 miles an hour, 24 miles an hour. < 

46. 24 miles. 47. 44|- miles. 

49. 36 miles. I 


88. 34,35,36. 

I. 86. 2 miles. 

88. £3600, £720. 
40. 15, 42. 

42. 56. 

45. 150 yards a minute. 
48. 30 miles. 

60. 15 miles an hour. 


1. 12 miles, nearly. 
4. 3.7 miles an hour. 


rX. b. (p. 75). 

2. 13 miles, nearly. 

6. 5 feet. 


3. 17 miles, nearly. 

7. 361 feet. 


8. 2'39 feet. 9. 4*6 miles. 10. 35*4 miles. 11. 4*5 miles. 

12. 4*1 miles. 13. 6*55 metres. 14. 3*9 in. 16. 4*24 in. 

16. 3*6 feet. 17. 2*6 in. 18. 2*2 in. 19. 3*3 in. 

20. 6*4 miles. 21. 2*83 miles. 22. 8*05. 

23. 15*98. 24. 3*7 miles. 26. 14, 29, 43 miles. 

26. 2*6 miles. 27. 34 feet. 28. 2*8 miles. 


IX. C. (p. 79). 

1. £24, £35. 2. 15*1 milUons, 1875. 8. 67•l^ 

6. 3 oz. 8. 4475 feet nearly, 205®. 

9. 26*8 in., 23*4 in., 10,600 ft., 5,300 ft. 

10. 107'5 sq. in., 162*9 sq. ft., 13*2 in. 


1. 2y=:4. 2. 

6. 3y = l4. 6. 

9. 3y= -11. 10. 

13. 3. 14. 

17. a?=8, y=2. 

20. «=!, y=2. 

23. x= -3, y=s -5. 
26. a;=15, y=l. 

29. xssO, y=2. 

82. aj=5, y= -2. 

86. a?=l|, y=-2j. 
68. »=|-, y=l|-. 

41. aj=7, y=5. 

44. xs;16, y= -24. 


X. a. (p. 83). 

lly=22. 8. 4y=12. 

y=46. 7. 17y=17. 

3y=-17. 11. 2. 

4. 16. 11. 

18. a;=9, y=l. 1 

21. x=3, y=2. 2 

24. x=2j, y=:f. 2 

27. a;=5, y=6. 2 

80. a:=4, y=0. 3 

88. y=|^, 8 

86. x^S^t 3 

89. x=2^ y=3. 4 

42. x=6, y=8. 4 

46. x=-6, y=2. 4 


4. 21y=-13. 
8. 58y=87. 
12. 5. 

16. 2i 

x=2, y = l. 
a?=4, y = -1. 
X=r4^, y=0. 
x=8, y=6. 
x=l, y=6. 
x=13, y=7. 
*=5, y=3|. 
*=li y=-i. 
y=-J. 

*=2, y=-l. 



ANSWERS TO EXAMPLES Xf 


1. a;=12, y=20. 

4. aj=40, y= -20. 

7. a?=2, y=3. 

10. a:=45, y=10. 

18. a:=ll, y=l. 

16. x=7, y=2. 

19. a;=48, y=7. 

22. 05= *3, y='4. 

25. a? =*02, y=2*9. 
28. 2, 6. 

81. a;=|, y=l. 

84. 0?=^, 

87. a:=3, y=4. 


X. b. (p. 85). 

2. *=20, y=12. 

5. aj= -20, y = 6. 

8. x= -2, y= -3. 

11. a;=7, y=io. 

14. a;=3, y=6. 

17. *=8f, y=-ll. 

20. *=3, y=2. 

23. x=-2'6, y=-3'6. 

26. a: = 1-5, y=^2-4. 
29. 1. 

82. x=l, y=| . 

35. x=\, t/=-h 

88. x=|. y=-f 


3. x=:18, y=48. 

6. x= -20, y= -40. 

9. x=-ll|. y=f 
12. x=5, y=2. 

15. »=2, y=l. 

18. x=13, y=9j. 

21. x=10, y=2. 

24. ar=f, y = f. 

27. 6. 

80. 5, 1. 

88. a:=iy=l. 

86. a:=l, y=lj. 

89. aj=^, y= 


X. C. (p. 89). 


1. x=2, 

2. x=2, 

ii 

CO 

II 

1 

y=3, 

y=4, 

y--3, 

y=6, 

z=-l. 

2 = 6. 

2 = 4. 

z=8. 

6. a;=-2, 

6. a;=12, 

7. a?=3, 

8. *=9, 

y= -3, 

y=-24, 

y= -i;, 

y=3. 

z= -1. 

2=12. 

2= -10. 

2 = 6. 

9. a:=6, 

p 

II 

00 

\ 

II 

12. a; = 12, 

y= -2, 

y=4, 

y=18. 

y=24, 

z= -5. 

2= -3. 

z=6j. 

2 = 36. 

CD 

II 

II 

3 

16. *=Y, . 

16. x^l 

y=6, 

y=6, 

y=h 

y=h 

2 = 4. 

z=8. 

z=i. 

2=i« 

60 

11 

18. *=40, 



y=il, 

y=45. 



a=17. 

z=48. 




XI. a. 

(p. 90). 



21. 4a:-2. 

26, 18-2*. 

29. 100+ 76. 

83. -24X+45. 
27. So-16. 


22. 4-x. 28. 2 - 2*. 21 4*+ia 

26. o+6+e-d. 27. 4o-8. 28. 6y+*. 

80. 8c. 81. 0 - 25. 82. 12x-6. 

84. 21X-42. * 86. 3a+16. 86. 171-9o. 

88. 10. 89. 30X-66. 40. 30x-6y* 



wA 
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1 . 

6 . 

10 . 

23. 

28. 

81. 

84. 

87. 


1 . 

8 . 

4. 

6. 

7. 

8 . 
9 . 

11 . 

18. 

14. 

16. 


XL b. 

2. c. 8. &. 

7. 262-206. 8. 


(p. 92). 
4. lx, 
5 X 
8 ” 8 ' 

12. y, 18. 0. 
25. 2a-66. 

29. -a+66 + 72c+24ci. 
82. 12a ~ +4a26. 


6 . 15 - 627 . 

9. 2a-46+24c+72d 


14. 2x+y, 
26. 3a. 

80. 3a-7. 
83. a;2+3a?. 
36. 26a-84. 
88. a?-2a:*. 


2a. 

12-11a. 

-2a:-2. 11. x. 

8a-36. 24. c. 25. ^-66. 26. 3a. 27. 2a. 

2a - 36 - 6c. 

6a;y+4y2. 
a+106. 

18a? - 9a:y - 9a:V|,--^^r 

XI. C. (p. 94). 

a:*+a:2(a+2)-a:(6+2a) + a-7. 2. 3ac2-2a:(a+6+c)+a*+62+c^. 

a;"* + a:2(y + «) - a: (y2+ 2 *) - y*. 

- 2a;*+3a;2 (a + 6) - 3a; (a*+6*)+a*+6*. 

6a;*+a;2(a-6)-a;(a + 6) + a + c. 6. a;2(p2-g2) + 2a;(p~g)+/?*-g2, 

a;*(a - 6)+a;2(c - 6)+ a;(c - a)+d - c. 
a;^(2 - a) + a;*(6 - a) + a;2(6 - 3)+a;( - a - 7). 

a;*+3a;2(y-z) + 3a;(22-y2)+y*. 10, a;*(a-c) + a;2(a-6) + a;(c-6)+c. 

a;*(a-ir; + a;*(g-6) + a;2(r-c). 12. a;V(m+6n) + 2a;y2(w-m). 

- a;*(6 - a) - a:*(c -p) - x{d + q) - (p - c). 

- a;*(a + 6) - x2{6 - a) - x(6 - c>- (c - d). 

- a;*(6 - a) - x(3a - 4)+2a. 

XI. d. (p. 96). 


17. 

3. 

18. 7. 

19. 1, 

20. 9. 

21. 

7x+5 

6 * 

22. 

12 

23 7*-16 

10 • 

5^ 2x+6 
35 ■ 

25. 

7x+16 

20 • 

12 


28. A- 

29. 

35 + 49 

30 ‘ 

9x+8 
’ 12 ‘ 

9x+20 

86 

82 

40 


2. 15a;«-4a;y-35y*, 
4. x=2, y=-2. 

6. 4 inches. 


t 91x-30 
60 • 


8 - 1 . 


606, 


5. Smiles, ^minutesi — hours, 
o a a 


XII. a. (p. 97). 

-3y* 8. 4. 

6. 240»+306+24c, |+|+^ 

7. 48. 

XII. b. (p. 97). 

8. 30+26, 9o*-46». 

4. »=3, y=4. 

6. 3'3S miles. 7. 96. 


to 
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t. 8. 3. 

6, x+Vi, *—16, 16, 40 —* years. 

ZII. d. 

1 . 46*-1. 8. -7. 

6. -pence, — pence, If^lbs. 
a a b 

zn. e. 

1 . ap+q. 8. 1. 

6. 1+14, 13+*, 2*, 

ZII. f. 

1 . *-2, 2. 8. -3j. 

K c 3a 240 

5. 5a pence, — pence, —^ eggs. 


4. *=13, ys2. 
6. 3‘4 miles. 7. 51. 

(p. 98). 

4. *=2,4,6. 
y=l,2,3. 

« 36 feet. 7. 60, 47. 

*'ii> 

(p.98). 

4. *=2, y= -3. 

6. Half-a-mile, 9’04 miles. 

7. 42, 32. 

(p. 99). 

4. 0=5, y = 10. 

6. 11-65 miles. 7 . BOl 


ZII. c. (p. 98). 

8. o. 


XII. g. (p. 99). 

1. -44, -21, -6, 1, 0, -9, -26. 2. 225 lbs., 300 lbs. 

8. 4. 107, 117. 5. *=5, y=-3. 

6. *=-l, y=2, z=l. 7. 62*5 feet nearly. 

XII. h. (p. 100). 

1. 46, 27, 14, 7, 6, 11, 22. 2. 570 sq. ft. 

8. l|. 4. 7,-2. 5. 51, 53, 55, 57, 59. 

6. 2‘4 miles. 7. *=-4, y=0, z=4. 

XIII. a. (p. 106). 

1. i‘i(5, 4), Pain, 8), Pi{-5, 5), P^C-S, 9). P,(-9, -5). 

P,(-6, -3), P,(3, -5), P.(8, -7). 

8. (i) (0, 0), (ii) (3, 0), (iii) (2, 2), (iv) (-4, 4). 

4. They all lie on a straight line parallel to OP. 


6. 

12. 

6. 

48. 

7. 

0, 12, 1-5, 

3-5. 

8. 

9. 

36. 

10. 

74*6. 

11. 

180. 

12. 

3‘5 sq. in. 

18. 

15. 

14. 

25. 

16. 

22. 

16. 

25 nearly. 

17. 

34. 

18. 

2*73 in. 

19. 

3 71 in. 

20. 

411 in. 

91. 

3 *49 in. 

22. 

30. 

23. 

^2. 

24. 

99. 

26. 

70. 

26. 

128. 

27. 

102. 

28. 

52. 

29. 

96. 

80. 

150. 

81. 

68. 

82. 

95. 


B.B.S.4. b 
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30. 

a?=8, 

y=2. 

xni. b. (p. 116 ). 

31. x=3, y=2. 

32. 

af=8, y=<)L 

33. 

a:=4. 

y=0. 

H 

II 

il 

00 

36. 

*=4, y=3. 

36. 

a?=2*8. 

y=4*2. 

87. a:=4, y=5. 

38. 

x=12, y=4. 

89. 

a:=7. 

y=l7. 

40. a;=9, y=12. 

41. 

y=2. 

42. 

a?=10. 

y=6. 

43. y=3a?. 

44. 

a!-y=4. 


45. 2x+y=7. 46. y + 5a?=0. 47. y + 5=2a?. 

48. y=3a;+4. 49. 2y=3a?+12. 60. 3y-aj=6. 


XIV. a. (p. 119). 

1. 17, 12. 2. 12, 6. 3. 6, 8. 4. 13, 9. 

5. 4 pence, 9 pence. 6. 7 half-crowns, 3 florins. 

7. 44 for, 31 against. 8. 24, 12. 9. 3s. 6(f., Is. 10. 20, 64. 

11. 14, 38. 12. £450, £200. 13. 45, 15. 14. 7. 

16. 14 florins, 11 half-crowns. 16. 63. 

17. 72 miles, 5 miles an hour. 18. 2^^, 7^^ miles an hour. 

19. 32s., 28s. 20. 57, 19. 21. 165. 

22. 56, 67. 23. 17 florins, 7 half-crowns. 24. 93. 

26. 9, 11 miles an hour. 26. 10, 30 gallons. 27. 100. 

28. 15 miles, 2 miles an hour. 29. 24, 12, 4. 30. £51. 

31. 24 bales, or 72 casks. 32. 12. 33. 24 feet long, 18 feet wide. 

34. 5 teachers and 99 children at first, 7 teachers and 132 children at 
last. 

36. £13. 15s. 36. 81, 49 sq. yds. 

38. 21 crowns, 40 half-guineas. 39. 3. 40. 3 miles an hour. 

41. 15 miles an hour, 90 miles. 42. 3 miles an hour, 8|^ miles. 

43. 4 miles an hour, 24 miles. 44. 3000ft. from the starting point. 

46. £400, 5 pence in the £. 46. 3, 4, 5 miles an hour. 

47. 300 miles; 150, 100 miles a day. 

XrV. b. (p. 130). 

1. 44 francs, 28 shillings. 2. 3 shillings, 20. 3. 38 minutes, 5 miles. 
4. 13 ft. per sec., 17'5 ft. per sec., 2*5 secs. 

6. 55 lbs., 84 lbs., 14'8 kilogrammes, 17*3 kilogrammes. 

6. 4*9 c. in., 2*45 c. in., 41c. cms. 7. 167% 5^ 

8. They meet at 3.30 p.m. 14 miles from Cambridge; 10 miles apart 

at 2.48 p.m., and 4.12 p.m. 

9. In 10 secs, from A’s start, 33*3 yds. from the starting point. 

10. June, 1887. 11. 58, 38, 29. 

12. 2*2 in., 12*45 cms. 18. 9*23 cms., 3*35 in. 

14. 87, 78, 87, 61, 46, 42, 30,^38, 36, 17. 16. 2s.2^d., 31 article.. 

16. £1. 15«. 1<1. approx.; 616 copies to the nearest 6. 17. £63. 

15. 2-60, 6-68, 4*16, 6*77. IS. £360 ; 4260 copies. 
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20. In half an hour from A*b atart, A having travelled 2 miles. 

21. In 4 hours. 22. - 7 miles per hour. 

23. -25 oU mile per hour. 24. miles per hour. 

25. In 2‘5' hours, 20 miles from A *s starting point; 2 hours, 3 hours. 

26. In 3*1 hours, 24*8 miles from A*b starting point; 2*6 hours, 3*6 hours 

from ^*8 start. 

27. 13^ miles an hour. 28. 35 miles, 45 miles. 

XV. a. (p. 133). 

I. x^ + 2ax-2bx+a^-2ah-hh\ 2. a:®-2aaj-26a: + a® + 2a6 + 6*. 

8. a®+2a6+6®+4a + 46+4. 4. a® + 6® + c®+2a6 + 26c + 2ca. 

6. a®+6®+c®-2a6+26c-2ca. 6. a®+6®+c®-2a6 + 2ac-26c. 

7. a®-2a6 + 6®-4a4-46 + 4. 8. 4a;®4-y® + 2® + 4a:y + 2yz + 4a:2. 

9. a;®+4y®+z®-4a:y + 4yz-22a;. 10. a® + 46® + 9c® + 4a6 + 126c + 6ca. 

11. a®+46® + 9c®-4a6-126c + 6ca. 12. 9a:® + 6aa,-66a:+a®-2a6 + 6®. 
13. 4a:®4-12aa;-46a: + 9a®~6a6 + 6®. 14. 4a;* + 4a:® + 5a:®+2a:+1. 

15. 9a:^-6a:^ + 7a;®-2a: + l. 16. a:* + 2a;®-15a:®-16a: + 64. 

17. a;* + 4a:®f6a:®+4a: + l. 18. a;^-2a:®-7ar®+8a: + 16. 

19. 4a:^-4a;®-19a:®+10a:+25. 20. a:® + 2a;y+y®-6a:-6y + 9. 

21. 4a:®-4a:y + y®+16a:-8y+16. 22. 1 - 2a: + 3a:® - 2a;® + a:*, 

23. 4+4a:-3a:®-2a:®+a:^. 24. 9-6a: + 13a:®-4a:®+4a:*. 

25. 25 - 20a: + 34a:®-12a:8 + 9a:*. 

26. a®+6® + c® + c2® + 2a6 + 2ac+2acf+26c + 26rf + 2cd, 

27. a® + 6® + c® + d!® + 2a6+2ac - 2ad+26c - 26cf - 2cd. 

28. a® + 6® + c® + d® - 2a6 + 2ac - 2ad - 26c + 2bd - 2cd, 

29. a® + 6®+4c® + d® + 2a6 + 4ac + 2ad +46c 2bd +4cc?. 

30. a® + 6® + 4c®+4cP + 2a6 + 4ac - 4ad + 46c - 46c? - 8ccf. 

31. x®+y®+2®+9 + 2a;y+2y2+22a;-6a:-6y -6z. 

32. a:®+y®+ 2 ®+9 - 2xy + 2yz - 22a:+6a: - 6y - 6z. 

33. 4a:®+y® + 4z® +1 - 4a:y - 4yz + 8az: - 4a: + 2y - 4z. 

34. 9a®+46® + 4c® + d® - 12a6 +12ac - 6ac? - 86c + 46c? - ML 
85. a:*+2a:®+3a:* + 4a;®+3a:®+2a:+1. 

36. a:6 + 4a:®-6a;® + 8a;®-4a:+l. 

37. a:6-2a:» + 3a:*-4a:»+3a:®-2a: + l. 

88. a;«~6x» + 15a:*-20a;®+15x®-6a: + l. 

XV. b. (p. 133). 

1. a®-2a6 + 6®-c®. 2. a®+2a6 + 6®-4c®. 

8. a:® + 2a;y + y®-1. 4. a:®+4a:y+4y®-6®. 

5. a®-6*-26a;-a:® 6. a®-46®+46c-c*. 

7. 4a:®+4aa;+a®-6®. 8. 9y®-a®-2a6-6® 

9. a®-16x® + 8a:y-y®. 10. l-a®-2o6-6». 

II. 16-a®+2a6-6*. 12. a*+a®6®+6*. 
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18. l-2a + aa-6* 

15. ;)*-4g*+12gr-9r*. 

17. a5*+6a:y+9y*-16. 

19. l-4a:+4a» - 49y*. 

21. 9a;*-a?*+ 4®-4. 

23. 25a«+30a+9-46* 

25. l + 2a;a + 9a?*. 

27. 4a;®+4a;y + y*-a®-2a6'-5*. 
29. 4a;®-4aa; + a*-y^+46y-46*. 

80. 9a;® - 12aa; + 4a® - 4y® + 126y - 

81. 1-2a? + af*~y®+ 2 y 2 -z®. 


14. a;®+4a;y+4y*-6*. 

16. l-<4a;®+12a;y-9y®. 

18. a;*+a;®+l. 

20. 4a;2+12a;y4-9y®~25. 

22. 4a;»-16ya-4Qy-25. 

24. a*-2a®6®+b*. 

26. a®-2a6 + 6®-c®+2cc?-cP. 

28. a;® + 2aa; + a®-y®+26y-6®. 


82. 4-4a+a®-96* + 66c-c®. 


XV. c. 

1. a;*-3a;®-6a;+8. 

8. a;®-y®. 

5. a;* - a;® - 5a;®+27a;-30. 

7. a»-8a*6 + 14a®6®+9a®5*-6a6* 

9. 2a*-7a36-4a®6® + 23a6*-66*. 

11. a;a + 8. 12. 8a;®-1. 

15. a;» + l. 

17. a.'®-8. 

19. a;*-6a;»+10a;®-7a;-15. 

21. c*-25cW-50cd®-25d* 

28. a®6® + c®d®-a®c®-W. 

25. a;*-2a;®-12a;®+a; + 2. 

27. 20+lla;-21a;®+7a;*-2a;®. 28. 

29. a;®+3a;®y + 3a;y®+y®- 1 . 80. 

81. 4a;®+3a;* - 23a;®+25a;®-14a;+ 4. 


(p. 136). 

2. o®+a®6-a6®-6®. 

4. a;»+3a;®y-4a;y®-12y®. 

6. a;*-6a;®-16a;-15. 

8. - a;* - a;®y® - y*. 

10. a;®-!. 

18. a:®-8y®. 14. 27a®+86». 

16. a®+ 6®. 

18. a;® - 4a;®y + 3a;y® - 12y®. 

20. a;*-13a;®-2a;+35. 

22. ar* + a;®y®+y*. 

24. -10a*+21a®6-21a®6®+166*. 

26. 12a;* - 34a;®+37a;®-17a;+5. 

6 + a; - 2a;® + 7a;®y + 7a;®y - 3a;*y®. 
a;® + 3a;® - a;* -15a;® - 14a;® + 18a?+24. 


82. -5 + 8a-lla®+4a® + 19a*-9a®-6a®. 


88. 21a;*y-29a;®y®+3a;®y®+5a;y*. 34. 6a;*-12a;®y®+6y*. 

85. a*+a®5+ab^+6*. 86. a®+&* + c®-3a6c. 


XVI. a. <p. 138). 


1. a;®-5a;+14. 

4. 2a;®+2a; + 5. 

7. ar+1. 

10. 2a;+l. 

18. 3a;®-2a;+6. 

16. a;- 3. 

19. a;®+a;®+a?+l. 
22. a;®+l. 

25. a;®+a?+l. 

28. 2a;-4. 

81. 2a;®-3a;»+4a;- 


2. .a;®-6a;-5. 

5. 3a;®-4a?-6. 

8. a;-y. 

11. 3a-26. 

14. a?-l. 

17. 9a;®+3a;+l. 

20. a;*-a;®+a?-l. 

28. 27a;® - 18a;® + 12a;-8. 
26. a^+2a;Vl. 

29. a®-a. 80. 

5. 82. 


8. a;®-a; + 3. 

6. 5 +6a;+4.1;*. 

9. a;-2. 

12. 5x - 3y. 

15. a;®+a;y+y*. 

18. a®-a6+6® 

21. a;®+l. 

24. a;®-a; + l. 

27. a:*-4a;+4. 

12a;* -1 la;®+10a;®+39a;+a 
a;*-5a;®+13a;®-40a?+119. 
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ZVI. b. (p.l40). 

1. «+26+c. *. a=*+2o6+2B“. 

3. a+h + e. 4. 3o+26+c. 

5. }i^-aa?+a^x-a\ 6. a-b+c. 

7. a?+^x- 5. 8. a^+xy-Zx+y^-iy+As 

8. o*-a’ + o'-a‘+o*-o+l. 10. 2a:®-3*y+5y®. 

11.^ a‘+V‘+c^-ah-ae-bc. 12. a*+6*+c’-oi6+a«+6e. 

18. **+y“+4+a:y + 2y-ar. 14. afi-x*+x^-3i?+x-l. 


16. 

x^ + xy + y^. 




16. 

a -f- 5 4" c. 


17. 

ab-\-bc + ac. 




18. 

a:® + arV*- 

l-07®y^+y®. 

19. 

32a® + 16a^ + 8a® -1- 4a^+2a +1. 

20. 

ah -ac- 

6c + c®. 

21. 

a^+ax+3a\ 




22. 

a;*-f 2007- 

-40®. 

28. 


24. 


ah 

6^ 

25. 

37® aTy y* 


4^ 2 


4 ^ 


9‘ 


16“ 20 26' 

26. 

a® ah 6® 

27. 


2a6 

5* 

4-—. 

28. 

a 6 


4 ' 6 ^ 9' 

9 

21 

^49 


5"4' 


XVI. C. (p. 142). 

2. 28. 8. -6. 4. -3427. 6. 

7. 11. 8. 10. 8. -9. 

11. -S&\. 12. 44. 18. Ilf. 

XVII. a. (p. 143). 

1. i^-2x{p+q+r) + {pq-qr+pr). 2. 127f' 

8. ir=5, y=6. 4. 9 half-crowns, 3 threepenny pieces. 

5. a?* + 3a;2+4. 6. ar^+Sy*. 7. 3. 

XVII. b. (p. 143). 

1. 2a:~y, 2a?~y+20, 2ar-y-20, y. 

8. Common roots, 07=6, y = 8. 

5. -f 4a^6 + 4a*6® - 6^. 6. 

XVII. C. (p. 144). 

2. 4. 

4. a7® + 4o7® + 6a;* + 4a7*+l. 

6. 60a:+18y-f9z=480a. 

0. a:8-81y8. 

7. 3a^-2a:+3. 

XVII. d. (p. 144). 

1. 5 ^ yards, min. 2» ISO. 

y a: 

8. «=4*07, y=*56. 4. 

4. 72, 74. e. 4aa;*+4a6a:. 7. a-36-2. 



2. 153. 

4. 37. 

7. 2a®-3aa;+«*. 


1 . - 8 . 
6 . 35. 
10. -53. 
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xvn. e. (p. 144). 

1 . xy miles, GOrey miles, ^ miles. 2 . 226. 

60 

$. 162. 4. 12-57,34-57, 62-86, 15, 10 incheB. 

6 . afi-3!>fi+6x^-7a?+6a?-3x+l. 7. 3a-6 + 4. 


XVII. f. (p. 145). 

« XX 3^ A 1 

1 . xy pence, ~ pence, ~ pence, pence. 2 . 

8 . 4 y-ll 9 != 3 . 4. 26-7 miles. 5. 2**-11*®+20a:®-14*+3. 

6 . 4**+o6-ac-6c. 7. a-36+4c. 


xvn. g. (p. 145). 


1. a+6. 8. *®+2*y+y®-z®. 

4 . 27 m. from one end, IS m. from the other. 
6. 3*»-2»+l. 

XVII. h. (p. 146). 

1. x-a?. 2. aa::®-2a* + a. 

6. 3*-7y. 7. 21 . 

XVII. k. (p. 146). 


8. 7. 

6. *=5, y^ll. 

7. 56, 48. 


6 . 11 , 7 . 


1 . **+7. 2. -39, -20, -7, 0 , 1 , -4, -15. 8 . -2f 

4 . 22 miles, 48 minutes. 5. *=2f, y=:12. 

6 . 2»®+3*+l. 7. *=2, £5. 5«. 


xvn. 1. (p. 146). 

1 . **-y*. 2. *+y+z-3a. 3. - 65 . 

4 . 1*69 in., 2*25 in., 3*8 cms., 5*58 cms. 6 . 

6 . 180. 7. x=3, y=l, 2 = 5 , w=9. 


1 , a (a;+ 6 ). 

4. a^{x-5a). 

7. 5x^{x-Sy), 

10. 6x(5x-4y), 

13. - y(a-h-c), 

16. S{p^x^-3px-i-4). 
12. 7a?(2x*-ajy + 8y*). 


XVIIL a. (p. 147). 

2. a (a;-a). 

5. a(a::®-aa? + a*). 

8. a;(a:-y). 

11. a;(a-6 + c). 

14. pa:(pa?-ay+6y). 
17. xyz{X'^y-z). 


3. a;(aj~3a). 

6 . 3a (a - 6 ). 

9. 7(3-8a;). 

12. -2a;(a;2-2). 

15. 19a2a?*(4a;-3a). 

13. 7b{a-c-Sx)» 


20. 6a:yz(6a:-9y + 82 - 3 a?y 2 ). 


XVin^b. (p. 149). 

1. (x+4)(a;+5). 2. (x-3)(a:-7). 3. (ar+4)(a? + 6 ). 

4 . {»+3)(a:+7). 5 . (a?-4)(x~6). 6 . (a?-1)(a:-7). 



ANSWERS TO EXAMPLES 


7. 

{x+l){x+2). 

8. 

(a:-2)*. 

10. 

(a:+2)(a;~l). 

11. 

(a? + l)2. 

18. 

(a:-5)(a; + l). 

14. 

(a: + 5)(a;+7). 

16. 

(a;-10)(a:~l). 

17. 

(a:-3)(a;-9). 

19. 

(a;-5)(x-13). 

20. 

(a?-5)2. 

22. 

(a?-7) (a?+ 6). 

28. 

(a? + 9)(ar-5). 

25. 

{x+lf. 

26. 

(a;+ 9) (a;-7). 

28. 

(a:-13) (a:+10). 

29. 

(a;+ 9) (a;-8). 

81. 

(7+ir)(3 + a:). 

82. 

(a; + p)(a; + gr). 

84. 

(a? + m)(a?-n). 

85. 

(a?-m)(a; + w). 

87. 

(a?-a) (a:-36). 

88. 

(a:-2a) (a?+36). 

40. 

(a:-5a) (a?+36). 

41. 

(a;-2) (a;+ 9). 

48. 

{1 -3a?){l-2a:). 

44. 

(5 + ar)(l-ar). 

46. 

00 

1 

1 

47. 

(l + 10a;)(l-13a:). 

49. 

(8 +a:) (5-a;). 

50. 

(aj+ll)(a;-10). 

52. 

(6 +a:) (11-a:). 

58. 

(1 -6a;)(l-a;). 

55. 

(a;-8) (a;-27). 

56. 

(a;+10y)(a:-y). 

58. 

(a;-ll)(a?-12). 

59. 

(5a?+y)(a?-y). 

61. 


62. 

(a;-15)2 

64. 

(a?-13y)l 

65. 

(a?-102) (a;-l). 

67. 

(a? - 9a) (a? - 5a). 

68. 

(9a;+y)(6a:-y). 

70. 

(16a;-l)(15a; + l). 

71. 

(43a;+1) (a?-1). 

78. 

(a!y-8)(a:y+4). 

74. 

(13a; + l)(12a;-l). 

76. 

(17a:y-l)(3ary-l). 

77. 

(7a6+l)(6a6-l). 

79. 

(18a; + y)(3a; + y). 

80. 

(18a;+y)(3a;-y). 

82. 

(ary-5) (a:y-ll). 

83. 

(a:y-16)(a;y + 3). 

85. 

(167 + a;)(l-a;). 

86. 

(a;-17)2 

88. 

(81a;+l)(a?+l). 

89. 

(a;-13y)(a;+3y). 


1. (a+6)(!r+y). 

4. (ar-y)(6-o). 

7. (ac + 6)(oc-d). 

10. (a-e){a-b). 
13. (a«+6»)(c + d). 

16. (*-2)(a^'-y). 

19. (a:-l)(y=+l). 
23. (o+m) («+»»*). 
26. (2*-!)(»»+1). 

28. (3x-l)(»®+4). 
81. (*+7)(2a?-3). 
84. (a+l)(*-a*). 


XVIII. C. (p. 150). 

2. {a-b){x-y). 

5. (x + z)(x+y). 

8. (x+y)(x-’2,). 

11. (b + a){c-a). 

14. (a’ + 6®)(c-rf). 

17. (x+5)(x*-3). 

20. {ax-b){bx-a). 
23. (a: + l)(x»+l). 

26. (a-6)(a®+l). 

29. (7a!-3)(#-3). 
83. (a+5) (11a®+7). 

86. (2+a)(a-a»). 


xxifi 

9. (a-2)(a+l). 

12. (a+5)(a-l). 

16. (a-3)®. 

18. (a+3) (a+17). 

21. (a+7) (a-6). 

24. (a-7)(a-+6). 

27. (a-12) (a-10). 

30. (l-2a)(l-a). 

88. (a-«i)(a-n). 

86. (a+2o)(a + 5). 

89. (a + 4o) (a - 56). 

42. (a-ll)(a+10). 

46. (a+17)(a-l). 

48. (a-15)(a+l). 

61. (7 +a)(6-a). 

64. (9-a)(8+a). 

67. (a+ 165) (a+6). 

60. (a-66) (a+46). 

68. (a-72)(a-l). 

66. (73a-1) (a-1). 

69. (13a-l)(2a + l). 
72. (l-3o5)(l-2a6). 
76. (l-5ay)®. 

78. (17a-y)(a+y). 

81. (19-a)(3-a). 

84. (a-92)(a-l). 

87. (l-15a)». 


8. (a-y)(o-2). 

6. (a-y)(a+*). 

8. (a-y)(3-a). 

12. (oc + d)(ac + 5). 

16. (a-3) (a®+ 2). 

18. (a®+l)(y® + l). 
21. (a-y)(a+y-4). 
24. (a + l)(a‘+l). 

27. (2a-3)(a®+2). 
80. (2a-l)(a®-6). 

88. (o®-6)(c + l). 

86. (a+3)(2a*-e). 



ELEMENTARY ALGEBRA 


zxiv 


xvm. d. (p. 161 ). 


1. 

(l-a?)(l+a?). 

2. 

(l-2a!)(l+2»). 

8. 

(a?-2a) (a?+2a). 

4. 

(a-7) (a+7). 

6. 

(3a + a:) {3a-a?). 

6. 

(3x+l)(3*-l). 

7. 

(5a;-4) (6a?+4). 

8. 

(x+3)(*-3). 

9. 

(5a;-7) (5a;+ 7). 

10. 

(a-5) (a+5). 

11. 

(ll-6)(ll + 6). 

12. 

(0-3) (a+3). 

18. 

(a?-13) (a? 4-13). 

14. 

(2-0) (2+0). 

16. 

(4-11a?) (4+11a;). 

16. 

(<ib+cd)(<id>-cd). 

17. 

(3a;^ + 4a&) (3a;y - 4a&). 

18. 

100x102. 

19. 

8x14. 

20. 

(3!y+l)(iBy-l). 

21. 

(8-<;d)(8 + cd). 

22. 

(l-3i)(l+31:). 

28. 

(3-2a) (3+2a). 

24. 

(3a6-4)(3a6+4). 

25. 

1x305. 

26. 

(*-100) (*+100). 

27. 

(100a?+l)(100a?-l). 

28. 

(xy - 9a*)(*y+9o®). 

29. 

(a8-6«)(as + 6a). 

80. 

(*®+5)(6»-6). 

81. 

(a;^ + a)(a;^-a). 

82. 

(6*«-y‘)(6a^+y«). 

83. 

1 

1 

1 

+ 

84. 

(1-10*)(1 + 10*). 

85. 

{abe+d){abc-d). 

86. 

(l-llo»)(l + lla*). 

87. 

(7a!-6y)(7a!+6y). 

88. 

<P9-2)(p?+2). 

89. 

(iat«+yV)(12ar>-y*2!»). 

40. 

(0-165) (0 + 155), 

41. 

(9a!-8)(9x+8). 

42. 

(2mn +1) (2>»n -1), 

48. 

{Sp-lq)(3p + 7q). 

44. 

(*-13y)(*+13y). 

45. 

(gab + lXOab-l). 

46. 

(x»_y»)(a:“+y«). 

47. 

(o-175)(o+176). 

48. 

(llo+125)(llo-I25). 

49. 

(&e«-13a*)(5»>+13a"). 

50. 

(*V-10)(*V+10). 

51. 

{xy* - 12p) {xy* + \2p). 

52. 

(l-10*»yV)(l + 10*^). 

58. 

(ll*V-l)(ll*V+n. 

54. 

67,000. 

55. 

1800. 66. 

998,000. 

67. 640. 

58. 

1002,000. 69. 

54,800. 

60. 33,096. 

61. 

136. 62. 

650,000. 

63. 673. 

64. 

313,800. 66. 

996,000. 

66. 1.6,162. 

67. 

9,400. 66. 

43,984. 

69. 11,800. 

70. 

9.999,800,000. 71. 

13,440. 

72. 16,000. 

78. 

16,600. 74. 

69,600. 

76. 128,400. 


XVin. 6. (p. 162). 

1. 

3(«-2a)(«+2a). 

2. 

7(1-*)(!+*), 

8. 

2(*-12)(!e + 12). 

4. 

8a:*(3y - 4o)(3y+4o). 

5. 

3(a«+*)(a<-a!). 

t 6. 

7oV{4*y-6)(4*y+6). 

7. 

6(3a6+2(Mi)(3a6-2ed). 

8. 

141o»5»(o»6*-2)(o*5*+2). 

9. 

7(a-76)(a+76). 

10. 

3(6*-4)(6«+4). 
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11. ll(l-36)(l+36). 

18. 13(a8-.6)(a8+6). 

16. 3(a:»-10)(a:8 + 10). 

17. 5c(lla:+126)(lla;-126). 

19. 17(l-2i9g)(l+2/?g). 


12. 6(3a&-4)(3a&+4). 
14. :'T-15a)(ar+15«). 
16. 3a(3/)-7g)(3/) + 7g). 

18. 13a6(c-2d)(c + 2rf). 

20. 7a:V(l-2y)(l+2y). 


XVin. f. (p. 153 ). 


1. (a-6 + c)(a-6~c). 

8. (aj-y+2a)(a;-y-2a). 

5. (a; + 2a-6) (as-2a+ 6). 

7. (3a? + 4y)(a; + 2y). 

9. {5x + a-h)(5x-a + b). 

11. 4a;. 12. Sao;. 

14. (a+6 + c + a?+y+ z)(a + 6 + c-; 

16. (4a; + y)(2a;-3y). 

17. 20pq. 

19. (2a;+2a + 3y + 35)(2a;+2a-3j 

21. 3(a + 6 + 2c+2d)(a + 6-2c-2 
28. 4a5. 


2. (a + 6 + c)(a-6-c). 

4. (a:+2y + 46)(a; + 2y-46). 

6 . (a;+y + a + 6)(a? + y-a-6). 
0. (a+4a;-y)(a-4a:+y). 

10. (4a + 5a; + 6y)(4a-5a;-5y). 
18. {a-2b+c + d){a-2b-c-d), 
-y-z), 

16. 16(2a: + l). 

18. y(6ar-y). 

-3b). 20. (5a; + y)(a;+5y). 

1). 22. (8/> + gr-.4)(8p-g + 4). 

24. (3a? + 2y+2a)(a?+4y). 


26. 6(a;+y)(a?-y). 26. -48aa?. 

27. (l+3a?-2y)(l-3a?+2y). 28. (l+2a?-2y)(l-2a;+2y). 

29. (10 + 2a-36)(10-2a + 3b). 80. 6(8a-b). 

81. (a-6)2(a + 6)2. 82. (a2 + 2a6+262)(a2-2a6+26*). 

88. 2a6-l. 84. 6(a-l)(a+l). 86 (2»*+l)(6-4ar). 


XVin. g. (p. 153 ). 


1. (a-6 + c)(a-6-c). 

8. (a; + a + 6)(a: + a-6). 

6 . (a + 6-c)(a-6 + c), 

7. (a; + a-y)(a7 + a4-y). 

9. (a?-y + 3)(a;-y-3). 

11. (l+2a-b)(l-2a + b). 

18. (2a-b + x-i-c)(2a-b-x-c). 

16. (a-c + b-hd)(a-c-b-d). 

17. (a4-c + 6)(a + c~b). 

19. 6(a-6 + 2c)(a-6-2c). 


2. (c + a + 6)(c-a-6). 

4. (y + a-x)(y-a + x), 

6. (l+a-b)(l-a + 6). 

8. {x-2y + 3ab}{x-2y-3ab). 

10. (4-f-a-6){4-a + 6). 

12. (a + x+b+y)(a-hx-b-y), 

14. (a'-b-hc-d)(a-b-c-hd), 

16. (a,’® + a;+l)(a:*-a;-1). 

18. (3a-6 + a; + 2c)(3a-6-a;-2c). 


1. (5x-2)(x-2). 
4. (a; + 7)(2a;-3). 

7. (a:+9)(2a; + l). 
10. (3x-2)(3ar-4). 


XVIII, h. (p. 156). 

2. (a;+3) (3a;+5). 

6. (a;-6)(3a?+i). 

8. (»-7)(3a;-l). 

11. (4a;+3) (4a;-5). 


8. (a;-2)(3a;-l). 
6. (a?+ 9) (5a;-3). 

9. (2a;-6) (2a;-3). 
12. (7a;+l)(7a;+2). 
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ELEMENTARY ALGEBRA 


IS. {3x-2){3x+i). 
Xe. (2a!-3)(3»-l). 
X9. (5*+4) (4*+5). 

28. (4a!-6)(&e-6). 

26. (2a!+3y)(i»+y). 

28. (7*-3) (2*+6). 
8X. (5a:-9y)(2*+y). 
84. (13a!-l)(2x-3). 


14. (2x-7)(2x+9). 

17. (3*-2)(2a!+l). 

20. (3*-4)(4a!+3). 

28. (1-2*) (3-2*), 

26. (2*-y)(ar+2y). 

29. (3*-7) (3*+4). 
82. (7*-3y)(*+y). 
85. (13*+2 )(!b+3). 


15. (2x+3)(3«-(-l). 

18. (4a!-3)(3»-4). 
81. (6aj+l)(3*-2). 
24. (6-*)(l+2a:). 

27. (8a;-6y)(2a;+3y). 

30. (7a!-4)(2»-3). 
88. (12x;+6y)(x+y). 


XVni. k, (p. 167). 


1. (a!+y)(a;*-!By+y®). 

8. (l-»)(l+x+x*). 

6 . (a!*+y)(x«-x*^+y®). 

7. (2»-l)(4x»+2x+l). 

9. (2o+6)(4a«-2a6+6*). 

11. (*+3)(x>-3x+9). 

13. (<» + 5)(a»-6o+25). 

16. (2x-3y)(4x’+6*y+9y’). 

17. (o-6)(o«+6a+36). 

19. (y-4)(y«+4y+16). 

21. (lOx+lXlOOx'-Kte+l). 
23. (l+o6)(l-o6+a»6=). 

26. (2xy-l)(4*’y*+2*y + l). 

27. (4a-56)(16a>+20o6+256>). 

29. (6«-6)(36o»+6o6 + 6*). 

81. {9a-2x)(81aa+18ax+4x»). 


8. (x-y)(a!®+xy+y®). 

4. (1+*)(1-*+»*). 

6. (x*-y)(**+a%+y*). 

8. (l+2y)(l-2y+4y»). 

10. (l+3x)(l-3x+9x®). 

12. (y-3)(y®+3y+9). 

14. (5o-l)(25a*+6a + l). 

16. (2a + 36)(4o>-6o5 + 96»). 

18. (7*-l)(49a!»+7x+l). 

20. (4+y)(16-4y+y’). 

28. (o6-l)(a®5®+o6 + l). 

24. (a6a-4)(o»6‘ + 4o6’‘ + 16), 
26. (x®+l)(a:*-*®+l). 

28. (3x+pg')(9x®-3p5’x+p*g*), 


30. (8w + l)(64**-8x+l). 
82. (l+9x)(l-9x+81a!»). 


88. (o - 6)(a+6) (o’+o5+6’) (a* - a6+6*). 

84. («-2)(*+2){x’+2*+4){x’-2x + 4). ^ 


XVIII. 1. (p. 167). 


1. -8x(a!»-2). 

8. 3(*-l)(x+l). 

6. 3(o-3)(o+3). 

7. (10a-6)(o+6), 

9. xy(iB*-3y‘). 

11. -(l+x)(l+»’), 

18. 3(l-6a!)(l-*). 

16. 3(2+x)(2-x). 

17. 3xl4x8=3x7x2‘. 

19. (x-p){x+g). 

81. 5(l-3y)(l+3y). 

' 28. ll(x-lly){*-12y), 

26 . ( 6 -»)(»-!). 


2. (0-65) (0-66). 

4. 3a’6’c’(a’-75c+6o5). 

6. 5(o-2)(o’+2o+4). 

8. 3(20-3). 

10 . 7(0-6) (0+5). 

12. lloo(c-3a). 

14. 3(o-l)(o+l)(5-l)(5+4 
16. y*gr*r*(p’5*-3jr‘+2p'). 

18. 3(6*-2)(*-2). 

SO. 4(x-10y)(*+y). 

22. 10(2!B-y)(x+2y). 

84. 3(l-3»)(l+3»+9a!*). 

26 . (»-y)(»-y-6). 
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xxvil 


87. 15(a;-y)(a;+y)(a^+2r*). 
39. 3(a-2)(5-c). 

81. 2(ar-6){**+5a!+26). 

88. 2(a!-l)(*-7). 

86. 2(o-6)(o+6). 

87. 2(3*+2y)(3!e-2y). 

89. 3(H+a:)(ll-ar). 

41. (4a!-l)(6» + l), 

48. 5(x-y){3i? + xy+i/‘). 

46. 3(!ey-l)(x>y*+ay + l). 

47. o(26c-l)(46Sc’‘+26c + l). 

49. (6o-36-2c)(a-36+2c). 
61. 2(a!-y + l)(a!-y-l). 

68. (1-2®) (1-3*). 

66. 3(a-6)(a+6). 

67. 13®(3®-2). 

69. 12®(1-®). 

61. ®(6®+l)(3®-2). 

68. ®(5-®)(l + 2®). 

66. ®»(3®-2)(2®+l). 

67. 5 (8+®) (5-®). 

69. 7(*+l)(®-l). 

71. (®+7y)(®-6y). 

78. ®(o - 5) (a* + 5a + 26). 

76. (2a + 6)». 

77. ®»(13® + 2)(®+3). 


28. 3(*-l)*. 

80. i:r(3® + l)(3»-l). 

82. (p*+l)(g®+l). 

84. 7(*+y)(»-2). 

86. (a+76)(a-66). 

88. 3pV(5?-4p+6). 

40. 9(®+6)(®-l). 

42. (l+®)(l-®)(2+*). 

44. 3(.r+6)(®+4). 

46. 5(2y?+l)(2pg-l). 

48. 17(®+l)(® + 2). 

60. 7(®y“+10)(®y»-10). 

62. 3(l+®-y)(l-®+y). 

64. (®-6y)(®-4y). 

66. (l+2®-2y)(l-2®+%y, 

68. 2(®+5y)(®+7y). 

60. (®-15)». 

62. 3(®-2)(® + 2). 

64. 15a6(a-26). 

66. (7®-l)(®-l). 

68. 2a&c(2a-3&+4c). 

70. ®(®-3)(®“+3®+9). 

72. 9(®-7)(®+5). 

74. ®(l-2®)(3-2®). 

76. 7(o+ll)(a-10). 

78. (x+p){x-q). 


XvlII. m. (p. 159). 

1. (a-5)(a+6)(a»+5»). 2. (2a-l)(2a+l)(4a*+l). 

8. 2(2®-y)(2®+y)(4®’ + y*). A (®*+®-l)(®®-®+l). 

5. 3a(®-a)(® + a)(®® + a®-l-a*)(®®-a® + o^). 6. 28a&. 

7. (a-5+2c-2rf)(a-6-2c+2d). 8. 4a5(a-6)». 


8. (»-y)(*-y+i)(»-y-i)- 

11. (®-3)(® + 3)(2®+l). 

18. (a+c)(6-d). 

16. (®-2)(®+2){®+3)(®-3). 

17. a(a-6+c)(a-6-c). 

19. (6*-l)(14®+l). 

21. (l+® + ®“)(l+®-*®). 

28. (a»+45»)(a-26)(o + 26). 

26. (®-l)(» + l)(®-2)(®+2), 
87. (® + l)(®-a). 

89. (a+3a+6)(*-6). 80. 


10. (®-3)(2®-l)(2®+l). 

12. (a®-6y)(5®-oy). 
lA (2®®+3y*)(2®-3y)(®+y). 

16. a*y(l+a6)(l-a5+o*5»). 

18. (® - a)®(»+2a). 

20. (7®-3)(®+15). 

22. 6(o+6-c)(a-6+c). 

24. (a-l)(a+l)(a*+a + l)(a>-o + 4 
26. (®+y)*(a!-y). 

28. (®+3a+6)(®-a). 

[®(a+6) +y(a-fr)][»(a-*)-y(«+6)J 



XXTUi 
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81. 


a!*+l). 

82. 

(20a;+7) (10a?-3). 

88. 

(a?+y+z)(a?- 

-y-*)(a5-y+2)(ar+y-z). 

84. 


ay+y»). 

86. 

a;(ar+l)(a!-2)(a?+6). 

86. 

(a; + 6)(6aj+a®). 


87. 

(a;+l)(2a;-6)(a;-3). 

38. 

(a!»+y*)(o*+6»+e*). 

89. 

(3a?-6) (5a;+7). 

40. 

(ri?~6)(6a?+a®). 


41. 

4a6(l+a)(l-a)(l+D)(l-6). 

42. 

[cw; - (a -1) ][ (a +1)a;+a]. 

48. 

(a;-l)(a;-2)®(a? + 2). 

44. 

(a?-l)®(a:+l)(5a:+l). 

46. 

(a?+y) (3a; - 2y) (2a? - 5y). 

46. 

(aj-3)(a®~a: + l). 


47. 

[(a+2)a?+a + l][aa?- (a- 1)]. 

48. 

(a-6) {a+ab + b). 

49. 

(2a + 6-c)(2a-6 + c) (4a® + 6-c|®).. 

60. 

3(a + 6+c)(6 

-c). 


61. 

(a; + y) (5a; - 3y) (3a; - 2y). 

62. 

(a:-2) (**+2*-2). 


68. 

(a;-y)®(a;+y). 

64. 

(a:+ay)(as-6y). 


66. 

(5p-4g)(p-3?). 

66. 

a?(l + 2ay)(l 

-2ay+4aV)‘ 

67. 

3(3a;® - 4y) (3a;®+4y). 

68. 

(a:-2)(a^+a; 

+2). 


69. 

(2a?-5) (a;+ 6). 

60. 

(a-a?)(l + aaf). 


61. 

xy (y + a;) (y - a?) (y®+a?®). 

62. 

4 (a?-12) (a;+9). 


68. 

(6-l + a)(6-l-a). 

64. 

(a? - l)(a: + l)(ar+3)(a?-3). 

66. 

(5a;-l)(ll-a;). 

66. 

(a; - 3) (as+2) (a; - 2) (a? +1). 






XIX. a. 

(p. 161). 

1. 

5ab. 

2. 

arV- 

3. 

db. 4. 2xt/z, 

6. 

3a*6c*. 

6. 

3a!®. 

7. 

Zxy, 8. y. 

9. 

3a®c*. 

10. 

13a:®. 

11. 

5aH, 12. abc. 




XIX. b. 

(p. 162). 

1. 

a. 

2. 

ar-2. 

8. 

a?+y. 4. a;-2. 

6. 

a+ 26. 

6. 

a7+y. 

7. 

a;-2y. 8. a;+y. 

9. 

a?(aj-3a). 

10. 

3(a!-3). 

11. 

a?+4y. 12. a?-2y. 

18. 

a?+l. 

14. 

1 - a:. 

16. 

1+a?. 16. a?-3. 

17. 

a:+y. 

18. 

a!+4. 

19. 

as + ll. 20. x + 5. 

21. 

x+a. 

22. 

a® - a6 + 6®. 

28. 

37-6. 24. a;-3. 

26. 

3a36®(a+6). 

26. 

3a;-1. 

27. 

a;+3. 28. (a;-l)(a?-2). 

29. 

a+6 + c. 

80. 

6a?-1. 

81. 

a?-2. 32. (o-6 + c). 

88. 

a;-5. 

84. 

a;-a. 

36. 

2a?-1. 86. 4a?®-6a; + 9. 

87. 

a:-l. 

38. 

a?-l. 89 

. {X 

-l)(3a?-2). 40. a?-5. 




XIX. c. 

(p. 166). 

1. 

a(3x®-2aa;+a*). 

2. a^+xy+y\ 

8. 2a!® - a? - 3. 

4. 

a?-2. 


6. ar+2. 


6. a; + 4. 

7. 

a:*+6a:+l. 


8. 4a;+3. 


9. 2a? - 5. 

10. 

as*-6a?+l. 


11. 2a;+7. 


12. a;+2. 

18. 

a?-4. 


14. 2a;®+7a;+3. 

16. a?®-3. 

16. 

3a:®+y*. 


17. a.’*-3a;®y + 3a!y®-y®. 

18. 

6aj»-l. 


19. a!*+a?+2. 

90. a?+8as-a. 





ANSWERS TO EXAMPLES 


xxix 



XIX. d 

. (P* 

167). 



1. 

•• 

» ^ 8 

5a 

4 3A* 


6 36» 


2* 

a 

I2e 

*• ip' 


’ 2a** 

6. 


7. ° 8 

X 

0. 

_ 10 1 



a + 5 

x-y 

4»-5 

fy 

x-y 

11. 

3a 

46* 

i« 2(2x-3y) 

' 3a;-2y 

13. 

3 

T* 

14. 

6 

c 

15. 

ocy 

le. 

17. 

X 

18. 

x + 2 


Sbz 

a;- 3 

2-x 

a: + 3* 

19. 

l+2x 

80. 

21. 

a + 6 

22. 

x-y 


l-Zx 

x + c 


a® + a6 + 6*' 


x + y 

23. 

h-a 

M l+6a; 

25. 

2(a;-.3) 

26. 

a;* -1 


6 + 0 

1 + car* 


3(x-2)' 


a;*+r 

27. 

aj + 6 

x-c 

88. 

29. 

x-5 

2a;+ 3* 

80. 

a + 6-c 
a-b-c 

81. 

Sx-l 

32 a + b-c-d 

88. 

x~5 

34. 

x^-x + l. 


~ 1' 

a-b+c-d 


a;-3* 


86. 

a;^+5a:+6 

86 

37. 

a;2 + 3a 

88. 

x{x + 5) 


a;^+a;-2* 

3a;'*+3a;+ 10 

x^-Za 


x^+x-6’ 

89. 

a:+y-l 

40. ?::4. 

41. 

3a-46 

42. 

2-x-y 


x+y+r 

0+1 


3a+25’ 


2 + x-y 

48. 

3a-25 

^ 2a + 6-c 

46. 

9-.Sa+a* 

46. 

3a;+ 2 

3o+26’ 

■ 2a-b-e 

3 

3x-2‘ 



XIX. e. 

(p. 169). 



1. 

y 

8. 8. 

1. 

4. 

-1 

6. ^±1. 


X 

®-3 


2y- 

f r 

a;+2 

6. 

a:+6 

7. 8. 

a(a;+a). 9. 1. 


10. 1. 


a;+c' 

a; + 6 





11. 

x-5 

12. X, 

13. - 

t®. 

14. - 

3a; 

a?-6’ 


a;+3 

a?+b 

16. 

a-h + c 

4a;(a;-3) 

17. 

18. ? 

*+aa;+a? 


a + 6 + c* 

* a?+5 ’ 

3a;~l 

a 

*-aa;+*®’ 

19. 

6 

on a-b + c 

81. £< 

;i+6x) 

oo 2(a: + 7) 


a;-3* 

ab ■ 

1 -6a; 


x+5 

28. 

ar®-a:+l 

84 — 

as ^ 

-aa;+a* 

26. - 

7x-3y 


a;(aj + 9) 

*+l 

x*+aw+a* 

3(3a;-7y) 



XX. a. 

(p. 170). 



1. 

a%^c. 

8. 4a^. 

8. 

12a». 

4. 

30a;V. 

6. 

29iix^h. 

e. 2o»5*. 

•7. 

60xV- 

8. 

xyz. 

9. 

24a*6^ 

10. l2aH>*. 

11. 

108^. 

12. 

a*y*!s*. 

18. 

60a. 

14. a»6‘. 

15. 

36aW. 

16. 

240a^/A 



ELEMENTARY ALGEBRA 


XX. b. (p. 171). 

8. a*(a-6). 3. 6(a-x)(a+«). 

6. aH^{a-b). 6. a^(*-y). 

8. 6(*-l)(a;+l). 9. a*{a-sc). 

11. 16(o-&). 18. 12(a!-y){a!+y). 

lA \i(ax-hy)(aat+by). 

16. 8(l-a!)(l+a!)(l+a:*)=8(l-»‘). 


1 ). 


1 . i»(a~x), 

A 21(a+&). 

7. 4a^(x+y). 

10. 4a%E(a+a;). 

18 . 6arV+l)*- 

16. 3y(x+y)(*-y). 

17. 12(*-1)(x»+*+1)=12(!B» 

19. (x-l)*(x+2). 

81. {x+l)(x-4)(*+6). 

88. 18(x+y)». 

86. (3x-l)(*-2)(x+3). 

87. (x+6y)(x-6y)(x+y)(x-y). 

89. 12**(x+y)(x-y). 

81. a(a-5)(2(»-6)(o*+a6+6*). 

33. (x+l)(x-2)(x-3). 

86. 18a®5®(<» - 6) (a + 5) (a®+o6+5®) (a® - o6 + 6®). 

36. 36x (x - y) (x+y) (a?+xy+y®) (x® - xy+y®). 

87. (x-2a)(x+2a)(a?+4a®). 88. (x-a)(x-&)(x+3a+6). 

89. (x-3)(x+3)(2x-l)(2x+l). 40. (o-6)(6-c)(c-a). 


18. {x+l)(x+2)(x+3). 

80. (x-2)(x-3)(x-7). 

88. (o+6+c)(a+5-c)(o-6+c). 
84. (2x-l)(x-3)(x+3). 

86. (x®-y®)®. 

88. 106ai(a+5)(6-a). 

80. 72xV(a!-l){*-2)®. 

38. (2x-l)(x-3)(3x+2). 

34. (x-2)(x+2)(x-l)(x+iy. 


XXI. a. (p. 172). 


1. 

n 

6z‘ 

a 

5a g 6c + ca+a6 

6a;* * ahc 

^ 6c+ca~a5 
a6a; 

5. 

aa+fe*+c* 
abc • 

6. 

X - a;-6 

12* ^* 42 * 


8. 1. 

a 

bx-ax 

10. 

-2+2a; «« 2 

-— 11. 

xz 


12. 2^+3;. 

ab 


6pr 

18. 

\Zx+2 

14. 

10a; - 3y 3a 


16. 0. 

12 ^ 


30 ■ '26’ 



17. 

2ac - 4a*+156c 
12ac 

!«• 



80. 

22a:-7 

105x ' 


21. 0. 


88. -3yi 




XXI. b. (p. 174). 



1. 

2x 


2. ^ . 

3. 

2x+7 

(x-l)(x+l)’ 


a;~l 

(a;+3)(a;+4)^ 

A 

1 


A ^ 

*• 

6. 

2a; 


(aj+3)(a;+4) 


(a;+6) (a;+3)* 

7. 

11 



9. 

3a; 

(8*-.l)(2a?+3) 

(x+y)(x-y)’ 

(a;+4) (a;+10)* 



ANSWERS TO EXAMPLES 


xxxi 


10 . 


14. 


18. 


21 . 


24. 


27. 


33. 


36. 

39. 


2a: 

11. 

12a: 

12 

-3a; 

,9 2(1-2*) 

a:-2' 

(a!-3)(x+3)‘ 

(1 


* (a; + l)(a7-l)* 

3a: 

16. 

-4y 

18 

1 

17 ^ 



(x+yf 

• r- 

- 4a:®’ 

9a®-46®* 


X 

19. _i_ 

20 . 

(x-2yf 

x+y 

* a;®-16* 

.3x + 4y. 

22. —y—. 

23. 0. 

(a: + y)(2a: + 3y)* 

(*-y)»' 


Sa-^b 

25 - 

26 4a: - a 

c-d * 

a6(a-6)(a + 6) 

a®-4a;®- 


1 

9& (a+ .36) 

(a-26) (2a+66)* 
6 

27a3+68* 

4. 

14 

(a;-7)(ar+7)‘ 


28. 

X /a + x\ 

29. 

36 


a \a:-a/' 


1 

1 

CD 

31. 

a® 

32. 

2*y 

(a-l)(a®+a + l)* 

a:®-8y*‘ 

34. 

66. 

36. 

2a:. 

37. 

4xy 

38. 

2a: 

{x-yf 

(*-i)(*+i)‘ 

40. 

0. 

41. 

7y 

4 


1 . 


4a 

a2-62* 


11 . 


3(a2-6’) 

3a3-a6 

a3+63’ 

3 

(a;-l)ia;-3)‘ 


26 

a«-62' 

6 . 


XXI. c. (p. 176). 

o 

3. 




21 - a; 
6(a:*-9)’ 


9. 


aJi-27 

12. 3(5-y l_ 


(a;-2y)(2a;-y) 


14. 


17. 


21 . 

24. 


27. 


32. 


7 

(a;-l)(a;-2)* 

3a: 

(a:-2)(a;-3)(a;+ 3)* ’’’ " 

^ 22 ^ 

(a:®-4)(a;'"+ 4)* (a;-l)(a:+l)® 

13 25 

(a;-l)(a:-2)(a:-3)' ’ 

3.V^ _ 

(a: - 2y) (a? + 3y) (a? - 3y) 

1 ~ 5a: jin 3 ( a — 3a;®) 

(a:+3)(ar+4)(a: + 7) ’ 20(9a®ira^)* 

2(ag®+4a:y + 6y®) 33^ 

(a:+3y)(a:+2y)‘ 


16. 


2(a;-4) 

18 9.(n^hV 


(a:-1) (a:-3) (a:-4)' 

7. _?_. 

(a;- l)(a:-2)(a:-3) 

10 . _ 

(a-6)(a-c) 

13. 0. 


16. 

19. 


_4 

a:+2y’ 

2a® 

a®+ 6®’ 


20 . 0 . 


(ar‘-l)(a>-4)‘ 

23 _ 17a: __ 

(a;-7) (a:+4) (a:-3)’ 
5a:® + 6a;+13 
* 12(a:-l)®(a:+l)®* 

3. 24a:(7a:+2) 

’ (9a;®+4)(9a:®-4)‘ 



xzzu 


ELEMENTARY ALGEBRA 


86 

“ (a^ J)(a-26)(a-36)' 


40. 

x*-y* 
43 ^ 


12 

(o«-4)(o«-l)’ 

4a» 


(x4-3y)(3a 

83. -iiS' 
y»-l^ 

43. 3a-56. 


44_ ^ _ 

(.v-y-2)(a? + y + z) 

47. 

(a + 6)(a«+6V 


r * (a*-9)(a»-2^' 

20a:» 

‘ (3-2a:)*' 


49. 

60. . 

61. 

2 

62. 

-4(a:-2) 

1 — a* 



a:(a:-2)‘ 


a:*-1 

68. 0. 

64. ® 

a:(a:*-l)* 

66. 

(^)- 

66. 

xy* 

y»-8a:* 


*' (a:+4)(aj+3)(a:+2)(a:+l)* 

9._1_60. — 

(a:-l)(a:-2)(a;-3) a:* 

“A- « 

6 3 AM CL + bX 

(a:+l)(a:+4)‘ * STax 


Kft 2(2a:+6)(a^»+2) 

* (a:+l)*(a?-2a:+3)’ 
^16a: 
cy+y^* * (a:^-l)(a:®-9)* 

4 + 2tt-a* gg 3 

2a * ' a:(a:+l)* 

18a:®-18a:+2 
(^-2)(2a:-l)(3a:-4)’ 


69. 

36 

(2a-36) (a-46)* 

TO. 1 

X 

71. 

2a:y 

72. 

a 

"6* 

TO E±i. 

74. 

Saiy 


a;-1 

a:® + y®’ 

76. 

6 

TO. * 

*-2 

rt. 

a:* 

a** 


VO. 


(a:+l)(ar+2)(x-3)* 
89. a:®+y®. 

HQ a^-a*6*+6* 

a^+aa6a+6*’ 

OK 276» 


80. 1. 

HA 5(a + x) 

’ (^-a:)®' 

87 

2 ’ 

90. 


M **-oaf+o* f|H 2(a-&)» 

8?+W • *»-a» • ”• {ir+xnh+x)‘ 

3. 99. 2*; 100. -1. 101. -L. 108. 

i l+a: a?®-jr 

(«+^)(«+<*)* 106 . 

(a+6)(a-6) 


81. a*+6® 


86, ^(<*+26) 

a - 66 * 

88. (^-5)^ 

(a:-8)(3a:-8)‘ 

91 (^’•4)® 

’ (i-7)(3a:-6y 

2 


108. 2(a6+6c+ca) 
o&c 



ANSWEBS TO RXAM BT.BR 


xxxiU 


106. lOT. 108. Z(x+y+z). 

106. 110. 111. 1. 118. -A.. 

118. llA 1. 115. 2. 116. 1. 

117. »(« . +y+») 11, 119 2. 120. 1. 121. l+o-o». 

%(x-y + z) ' * 


XXIL (p. 182). 


1. 

8. 

2 . 

3. 

3. 

-2. 

4. 4i 

6. 2. 

6. 

1. 


7. 

7. 

8 . 

1. 

9. 

2. 

10. 3. 

11. 12. 

12. 

2. 


13. 

7. 

14. 

3. 

15. 

7. 

16. 7. 

17. -107. 

18. 1 

= 

•63. 

19. 


=4-67. 

20. 

16. 21. 6. 

22 - xV= 

•35. 23. 2. 

24. 1 

== 

•4. 


26. 2. 26. x*y= '31- 87. 1^15=108. 28. 4. 29. l^=l-39. 

80. -1. 81. 4. 82. 4=4-71. 38. 0. 84. 6. 

86. 86. 7. 37. 6j=6-33. 88. 6. 89. 2. 

40. 6. 41. 8. 42. 4=-71 


xzm. 

1. x(ax-h). 

8. 3(»-l)(a!+l). 

6. (a-6)(a:+a+5). 

7. 4 (0-6) (a* +06+ 6*). 

9. (4*-3) (2a:+5). 

11. 5y(4a:-3y). 

18. (a:-l)(a:-51). 

16. (a;+a)(a:®+a®). 

17. (o + 5)(a + 5-1). 

19. (o+6-c)(o-6+c). 

21. 3(1-a:)*. 

88. 5(2o-3)(2a + 3). 

86. 3(a-3)(o»+3a+9). 

87. (6a:-4) (7a:+8). 

89. (l-»)(2 + a:)(3-*). 


(p. 183). 

2. (a: + l)(a:+10). 

4. 2(a:-l)(z-3). 

6. (l-3x)(l+a:). 

8 . 6(3a:+!)(*+!). 

10. (a:-l)(a; + l)(a:+2). 

12. o(a:-6)(a:+6). 

14. (2o + l)(2a-l). 

16. (9+a:)(8-a:). 

18. (2a:-7)(8x + 3). 

80. (aa:-3)(6x-4). 

22. (3a:-l)(9x-l). 

24. (3a-26)(x-y). 

26. (3-a^*)(2+x). 

28. (x-l)(x+l)(y-l)(y+l). 

80. (x+y)(x-y)(o-6)(a*+o6+M). 


81. 75(9o-3«-356). 82. (18a:-y)(3a:+y). 

88. (x+y)(6-a). 84. ■5(3*-l)(3a:+l). 

86. (3a:-2)(9x+4). 86. 7{7«-y)(7x+y). 

87. (a:»+l)(y-l)(y+l). 88# (a-6)(a-6+l)(o-6-l). 

89. (x-2y)(x+2y)(a:®+2a:y+4y*)(a:*-2ay+4j/*). 

40. (a+6-2)(a+6-3). 

B.B. S.A. 


6 
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41. pipit-1)*. 

48. (»+4)(»+12). 

46. {«+2a)ix-7b). 

47. (3x-o)(5a! + 26). 48. 

49. (a!+l)(2a!+l)(aB-3). 

61. (*-8)». 

68. {a!-7)(»+21). 

66. (3*+2a) (4*-76). 

67. (9a!-5)(!te+2S). 

69. (a-25+2c)(a+25-2c)[a*+4(5 

61. (a+6)(a+6+2). 

68. (a:-y)(3»+3y-4). 

66. (»’+y*)*. 

67. 3ae(a:+10)(a!+l). 

69. (a+6-c)(a-5+c)(a+5+c)(6+ 

70. 3(a-6)(a+5)(5a»-8a6+66>). 

71. (a-6)(6a+66-l). 

78. (2a:-l)(2a:+l)(4aa+l). 

76. {a;-l)(a!+l)(a;-2)(ar+2). 

77. 16(a-6)(a+6)(6a*-6a5+55»). 

79. &c(13*«+18a:y+12y»). 


43. (as-12)(*-13). 

44. (lla!-8y)(3*+4^). 

46. 26(3a»+6»). 

2(a: - 2) (*+2) (** - 2*+4) (**+2*+4). 
60. (**+y®)(a®+6®-c*). 

62. (a-6)(a+5+l). 

64. 3(o-6)(o-6-l). 

66. (*+3)(a;®-a!+l). 

68. (a;-a )(a!+ a+3y). 
c)®]. 60. (a-1.*+a)(aa-a+1). 

62. (5x-12y)(7»+2y). 

64. 6M*-6)(*+5)(*®+6»). 

66. (4*-a)(4*+a). 

68. 2y(a!+y)(*-y). 

-a). 


73. (13*-4)(3*+2). 

74. (*-y)(a-6-c). 

76. (*+y-6a)(*+y-7a). 

78. (a-6)(oa:+6y+c). 

80. (4i**+2a!y+y®)(4*®-2a^+y®). 


XXm. b. (p. 184). 

1. aix-a)(x+a), (a:+9y)(*-lly), (76*-l)(*-l), (*+y)(a:-6). 

8. *-a 8. ,--^,4. 4. *«-a»*»-6«**+oV. 

5. ±2'6. :k3‘6, 3*2, 5*8. 6. t* 7. 30 miles an hour. 


XZIII. a (p. 184). 

1. 2(a?-2)(a:+2), (2a;-!)(«-2), (a+6-c)(a+6+c), (a;-y)(a;+y-3). 

2. 1. 8. 12a»6*(a-5). 4. 3a?-2. 

5. 22*4 acres. 2 . a;=3, y=-6. 7. 25 miles an hour. 

XXIIL d. (p. 185). 

1. (2a;+l)(a;+3), (a+5+a?)(a-6-a?), (6-c)(a-c), 3(1-6)(l+5+6*). 

2 . a;-a. 3. C. 4. a?=6, 4, 2,\ 

y=l, 2, 3.j 

7. 2 stumped, 3 caught, 5 bowled 


6 . 6. 5. 





ANSWERS TO EXAMPLES 


XXXV 


XXIII. e. (p. 18S). 

1. («-32)(»+4), (a!+y)(a-2), (ce-l)«(a!-'^), 4a+3a)(l-3cH-9o*). 
j. 8. (j: + l)(a:-2)(a:-3). A 25-7 miles from the »tart. 

6. ar'-2B+3. 6. -16. 7. 21- 

XXIIL f. (p. 186). 

1. (•2*-l)(a!+5), 3(a-5)(<»+6). (h+e)(a-d), (a!-y)(x+y)(»-*). 

3-2a*> 4. *=9, 6, 3, 0, ( 

*• (l-*)n2-x)«- y=l,3,6,7. ( 

6. a?=4, y=3. 6. 15 miles. "y. 


-n- 


XXIIL g. (p. 186). 

1. (3a: + 4)(4* -3), (2o+6+c-d)(2» + 6-c+d), (a:-l)(a: + l)(*+2), 
(®-l)(a:+l)(y-l)(y+l). 

2 1 3. 18a:“y®(a:*-y‘). A 184 against, 161 for. 

a;* — 1 

6. a?-a:(o+26)+36*+a». 6. -3. 7. min., 20xyds., ^miles. 


1 . tetj 


xxin. k (p. 186). 

2. 0. 8. 3 3,4-8. A 1. 

6. x= -2, y=ly. 7. £3a:, £12a;, 


xxin. k. (p- 187 ). 

1. a!+l+i. 2. 2. 8. 

X 

4 6. 22 min. past 4. 6. *= -1, y = -11. 

a:*+ay + y’ 

7. -13, -8, -3,0, 1,0, -3, -8, -16. 


XXIIL 1 . (P- 187 ). 

1. 6a:y-3y». 2. 3. 8. —5-^ 

A 31,4. 6. a=9^,6=4. 6. x=-2, y=-2. *=-iy=-i. 

XXni. m, (P. 188). 

1. 12a6. 2- 2^- *• T- 

4 4(a;^+a;+lHa? + l) 5 55 njjn, p|8t 4. 

a^(a?*4-l) . 17:c\ 9200 

6. The equation is an identity. 7. + )» ^iQO+if 
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ZZIV. a. (p. 189). 


1. 

8. a». 

8. y®. A a»ya. 5. a5*. 

6. 

a?V. 7. 2064 

8. 

40%. 9. 7aV*«- 10- 

0 

11. 

y* 


12. ^ 

13. 

•1. 14. -6. 

15. -8. 

16. 100. 


17. |. 

18. 

7 .a 6*C 

T- 

80. JL. 

56® 

”• 10 • 


22. 

88. 

10o» M 8a* 

-gT F" 

85. 3(a 

-6). 86. ^(2aj+y). 87. a;+y. 



XXIV. b. 

(p. 190). 



1. 

x+y. 8. 

x-y. 

8. a+2&. 


4. 2a-6. 

6. 

x-3. 6. 

l-2a:. 

7.*5a-36. 


8. 7a?-y. 

9. 

2o-76. 10. 

3aj+4y. 

11. 11a-25. 


18. l-a?». 

18. 

130+26. 14. 

9a-6. 

15. 6a?-7y. 


16. a*-6* 

17. 

2o»+5*. 18. 

a;®y-L 

10.1-1. 


20. a*+26*. 

81. 

x-l 22. 

2-^' 

28. 5-y. 
y » 



85. 

*•+.? «. 

a-^. 

87. a?+y+l. 


28. 26. 

89. 

a?-y-2. 80. 

3(a+6) + l. 

81, a+6 4* c + (i. 

82. 2a+6. 

88. 

5- “• 

4(a;-y)-l. 

85. a+26 + -j. 


86. 6. 

87. 

® 2. 88. 

0 

aj+7y. 



40 2a* a* 

41. 

42. 

2a* ** 

a + 6 x-k-y 

3 2 ’ 

48. 4:2a6. 


44. 4. 

45. 

dzOx, 46. 

±20«y. 47. 

1. 48. ±2. 

4C 

». 1. 80. ±1 



XXIV. c. 

(p. 193). 



1. 

a:®+a:+l. 

8. 2a:®+»+l. 

8. 

a;*-a; + 2. 

4. 

a*-2a6+6*. 

5. 3ic®-2a:+6. 

6. 

2a;-5y+4z. 

7. 

a:(4a:*+3a;+l). 

8. 6a;* - 2aa: - 3a*. 

9. 


10. 

a - 6 - c. 

11. **-3* 

-7. 

18. 

3a;*-2ay+5y* 

18. 

a-26+3<;. 

14. 3o*-7i^-llA 

15. 

2a6 - 36c - CO. 

16. 

2x-82(+5z. 

17. 7ai*-6ay+6y*. 

18. 

!B»-2-i. 

X* 

19. 

2«*-3y®+7«*. 

20. 2-1 + 
•<» ^ 

y 

X 

81. 

a* 1 

•g--o-l. 

88. 

•5+0+g. 

ft 

84. 

3 2^^ 


eojrf) 





ANSWERS TO 

EXAMPLES. 

xxxvii 

26. j 

o X® 1 


26. 


«'T 

-2a;+|. 

28. 3a^>+4-^- 


29. 

y 4 

3y. 

2a; 


80. o* 

3a^4 

'‘T'^6 




XXIV. d. 

(P. ] 

195). 



1. 

42. 2. 135. 

8. 130. 

4. j 

52. 

5. 187. 6. 625. 

7. 

462. 8 

1. 84. 

9. 126 

1 , 

10. 

2005. 

11. 3001. 

12. 

1973. U 

1. 2345. 14. 20202. 

15. 

1351. 

16. 3489. 




XXV. a. 

(p. 196). 



1. 

1,2. 

2. 

1, -1. 

8. 

a, ft. 


4. 0,1. 

5. 

-2, -3. 

6. 

-a, ft. 

7. 

0, -2. 


8. 2a, ft. 

9. 

- a, 25. 

10. 

1 _ 3 

T* 

11. 

1 _ 
“7* 


12. 0, -I- 


a h 


a + ft, a-6. 

16. 

a + ft 

c + d 


18. 

2* 3* 

14. 


2 


16. 

j)-2g, 2p- 

7* 


17. 

2(a + ft), -3(a 

,-6). 

18. 

a\ -6«. 

19. 

-(a-ftft (a+ft)®. 



20. 3. 

21. 

0, a. 

22. 

0, -4. 

23. 

-a. 


24. -2a. 




XXV. b. 

(P- 

198). 



1. 

5, 2. 

2. 3,1 

2. 8. ±2. 

4. 

0, 3. 

6. - 1 , -a 

6 . 

-5. +1. 

7. 1.' 

7. 8 . 2, 

-1. 

9. 

+ 2. 

10. 10,1. 

11. 

-9. 5. 18. 3, ! 

9. 13. - 

6,4. 

14. 

7, 0. 

15. ±1. 

16. 

2, 2. 

17. 

-3,0. 

18. 

-7, - 

3. 

19. 15, -1. 

20. 

5, -8. 

21. 

15, 15. 

22. 

±3. 


23. 0,2. 

24. 

0, -7. 

25. 

102, 1. 

26. 

-1, - 

-15. 





XXV. c. 

(P- 

200). 



1. 

6 . 

12 _ 1 

2 . 

6 . 

-h ¥ 

8. 

7. 

-li 

a ft 
2’ 2 

-+• 

4 . 0, - If. 

- a ft 

®- “5’ "6* 

9. 

ct ft c *4* C? 

10. 

-li.4i 

11. 

1, “S 


18. 5,3. 

13. 

Z o 

-4, 8. 

14. 

4,6. 

15. 

5, -] 

[. 

16. if 

17. 

4, 4. 

18. 

1, h 

19. 

-4,6 

). 

20. 0, -3|. 

21. 

10, 1. 

22. 

1 _ 1 
““Jj IS' 

28. 

~41, 

» “-7. 

24. 1, 1. 

25. 

4, i 

26. 

3 _ 4 

5* 

27. 

T* - 

4. 

28. 

29. 

2, - 1. 

80. 

-ol, 1. 


15, - 

-4. 

82. 2, ""ttif* 

..A 5 7 

88 . 

2 2 
“T- 

84. 

« -1 
- T» IT* 

85. 

1, - 

7 

86. T> “TIT' 

87. 

2 8 

38. 

11, -13. 








xxxviii 


•ELEMENTARY ALGEBRA 


XXV. d. (p. 204). 


1. 

1 2 

2. 

tV 

3. 

1 1 

15-» 

4. 

1. 

r* 

6. 

f» 

6. 

-5, f 

7. 

-9, -i 

8. 

5, 

-3. 

9. 

2,i. 

10. 

3 1 

11. 


12. 

4 

If* 

3 

T* 

13. 

6 _ 3 

14. 

3, -2. 

16. 

6 13 

■2> "If 

16. 

9 

T» 

4 

“ 3- 

17. 

9 _ 43 

4 -2T- 

18. 

-V-. 1. 

19. 

U 1 

T» 2* 

20. 

22, 

-2. 

21. 

- 4 _ 3 

22. 

i 4. 

23. 

1, -1. 

24. 

3 

2* 

10 

"3-' 

25. 

2, -3. 

26. 

2, -14. 

27. 

5, V'. 

28. 

5, 

3 

29. 


30. 

12, 36. 

31. 

p 

CO 

32. 

3, 

-2|. 

33. 

t, 4. 

34. 

4.-9 







XXV. e. 


l±>/2=2-41 or --41. 
2 ±n/ 3 = 3-73 or -27. 

o, -37. 

^ 5 = 1 . 73 . 

L±>^=1.93or -•7J 

-3-3g or ■( 

l±*s/5 .o.. ... 


?=l -93 or --73. 


-3 -39 or -89. 


- = •80 or --14. 


(p. 205). 

2. -l±\'3=-73 or -2-73. 

4. 1±n/ 5=3-24 or -1-24. 

6. li\/6=3-45 or-1-46. 

8 . -6±v/3=-7-73 or-4-27. 
10. 2±\'l3=6-61 or -1-61. 

18. ®^!:^=3.5g or 2 42. 

14. 2n/ 3=3-46 or - n/3= -17& 


l±\/3=2-73 or -0-73. 

-19±\/433 - 

--=0'45 or - 

4 


16. 1±V2=2-41 or -0-41. 


=0-45 or -9-95. 18. 2±v/6=4-45 or -0-45. 


-6±2n/ 3=2-54 or -9 46. 
li or -U. 

-8 or 4i. 


lSi>M 


=6-39 or Ml. 


l±^/6=3•45 or -1-45. 
^±—=2-09, or 0-48. 


1 or ^ 


20. ^^—=2-37 or 0-63. 

83. 7±7\/3=1912 or -6-12. 
24. 4^7—=6-22 or 2-78. 

26. 1^ or 
28. 4 or 3 -6. 

30. ^^^’^ =2-45 or -0-03. 
82. or -3-41. 



ANSWERS TO EXAMPLES 


xxxlz 


88. 4 or -f 84. l±|^=o-72 or -1-39. 

86. 3 or -3f. 86. — *^ =3-52 or 0-68. 

87. 2. 38. ^■^(?1=6-55 or -1-22. 

89. 5±2n/ 3=8-46 or 1-54. 40. 3 ±n/ 3=4-73 or 1-27. 

41. or -0-29. 42. 6 or 1|. 

43. il^M=4 08 or -0-41. 44. 6 or -3yV 


48. -2±n/ 13 = 1-61 or -5-61. 46. 8 or 10^. 


47. 

2i or 


48. : 

3 or 

49. ^/l29-10=1-36. 

50. 

3 or -2. 


51. i 

5. 

52. 1 

or ""j* 

53. 

x=l(^y^+4^+\). 


54. ±4. 






XXVI. (p. 214). 



15. 

-2, 5. 


16. 

0*5, -2. 

17. 

2, -3. 

18. 

- 2, 2-2. 


19. 

1*2, 0*5. 

20. 

2*5, -1*5. 

21. 

-2-5, 3-5. 


22. 

•5, -1*6. 

28. 

*8, 2*5. 

24. 

1*5, 2*3. 


25. 

•5, -2*6. 

26. 

2*1, -1*5. 

27. 

The roots are equal, *5. 

28. The roots are imaginary. 

30, 

3*8, -*8. 


31. 

-2, 2*6. 

32. 

-2, 3 *5. 

33. 

-3, 4*6. 


34. 

1 *87, - 1 *07. Minimum 

value -10*8. 

35. 

-2, 3. 


86. 

4, -2*5. 

37. 

4*8, *2. 

38. 

-1, 2*2, 3, 

3-4, 3-4, 3. 

Maximum value 3 "45. 


39. 

(3, 5). 

40. 

1*44. 

41. 6. 


42. 2-5, 2*5. 

43. 

2*6, 1. 

44. 

-4. 

45. -1*4, 

2*6. 

to 

1 




xxvn. a. (p. 219). 



1. 

a;=3, y-\. 


2. 

11 

II 

1 

to 

8. 

II 

to 

II 

00 

4. 

x=l, y=2. 


5. 

a; = 3, y=5. 

6. 

x=l, y=2. 

7. 

a;=2, y= - 

1. 

8. 

x=6f y— -3. 

9. 

x=5, y=2. 

10. 

x=6, 9. 


11. 

a;=5, -3. 

12. 

*=12, -11. 


y=9, 6. 



y = 3, -5. 


y=ll, -12. 

13. 

a;=13, -9. 


i4. 

a;=-7, 13. 

15. 

x=7, -3. 


2/=-9, 13. 



2/ = 13, -7. 


y=3, -7. 

16. 

7—1 1 


17. 

a;=2, 

18. 

*=2, 


y-ir» s- 



y=3, 8. 


y=l. -10. 



ELEMENTARY ALGEBRA 


19. a?=6, 
y-% -9. 

22. a;=5, 1. 

jf=-3, -15. 

25. a?=5, -1. . 

2^-1, -11. 

28. 

31. 37=1, -2. 

84. a:=2, l|. 

y=l, If 

87. a:=5, 1. 

y=2, 10. 

40. a?=13, -12. 
2^=12, -13. 


1. a7a:5*3, 1*7. 

y=l*7, 5*3. 

4. a?=5*61, -1*61. 

y=l*61, -5*61. 
7. a?=9*3, -4*3. 
y=8*6, -18*6. 


20. a;=4, 1*6. 

y=2, 6. 

28. a7=f |. 

y=4, .3. 

26. a?= -2, - If. 
2^=4, 4f 

29. a;=5, 9. 
y=9, 5. 

82. ®=^. 

86. »=7, -2. 

y=-2, 7. 

88. :e=3, 0. 

y=0, -9. 

41. iK=2, 4. 

y=2, 1. 


21. *=7, 2-6. 

y=2, -6-8. 

24. »=3, 

y=l, -7^. 

27. *=4, 2. 
y=2, 4. 

80. *=7, -6. 
y=6, -7. 

88. x=5, 1|. 
y=-2, -6|. 

86. x=^, — j. 

y-h 

89. x=5, 11. 
y=ll, 5. 

42. x=3, I5. 
y= -2, -4|. 


XXVII. b. (p. 221). 

2. a:=6-56, 244. 8. x=61, -31. 

y=2-44, 6-56. y=31, -5-1. 

6. ie=619, 0-81. 6. x=4-7, -17. 

y=0-81, 619. y=17, -4-?. 

11. a:=2-3, -I’S. 13. 3-34. 

y=0-54, 1-3. 


XXVni. (p.222). 


1. (i) x+y miles, (ii) x-y miles, (iii) —hours, (iv) —houra 

x-j-y x — y 

*• ^loo’ 

ft /;\ JD 10000 ^ lOOot- ^...v n 10000 ^ ^ 100a 

^lo^’ ^looT^’ ^lo^* ^lOOT^y* 

1 2 3z 

4. (i) i hours, (ii) - hours, (iii) ~ hours, (iv) ay miles. 

y y 

6. (i) *±y, (ii) i(£±y), (iii) J3L hours, (iv) , houra 
'' xy xy ’ ' ' x+y 4(®+y) 



ANSWERS TO EXAMPLES 


xU 


yz + xz-xy 

7. (i) £* (ii) £±, (ui) £]^, (iv) £^. 


8. (i)£(z-y), (ii)£(5:J'y (iii)£izl', 
\ * / ay 

(V) per cent. 

xy 

, (iv)£?^ri?), 

xy 


(ii) ^ pence, 

X "4“ 1 

(ill) pence. 

(iv) pence. 

(v)^ pence, 

(vi) pence. 

10. (1) £,4. 


(in, £n(l+j^), 





(.111, £P(l+i^)’, 

»-> 

I-* 

(»|£{p(l+I^) 


11 (i) f fiii f fii'-' lOOay ^ axy 

“• '‘^*100+*’ ^‘‘^^100+*’ ‘‘“'^lOO+ay’ ^100+ay' 


ax+{a-h)y—n. 


“• « V <“> 5 - 

18. (i) miles, (ii) a(a;-y)mile8, (iii)—L_ hours, (iv)hours. 

x-y x-y 

14. (x^2)(x+Z)-x(x+\)=y, 16. aa;+6y=~. 16. ^+^=12z. 

n. y®-(y-8)2=ar. 18. z^-(z-2tjf=a. 19. ^-5=a. 

80. aX'\-hy^(x^y)c, 21. (a? + a)(y + a)=2a;y. 22. —- —=n. 

X y 

23. -^-=2. 24. ax=y{a-n), 26. aa; + ay=n. 26. aa;+(a-6)y=s7i. 

x-ry 

27. (»-l)y=1760. 28. (aj-l)y= 1760a. 29. |+|+j^+y=ir, or lla;=3()y. 
80. y+^^z. 81. “• «y-*(»=-«)=20c. 

ZXIX. a. (p. 227). 

1. 10, 12. 2. 16 ft., 12 ft. 8. 16 18. 4. 15, 16. 6. SJ. 6. 7. 

7. 169. 8. 63yds., 106yds. 0. 3 ft. 10. 12,15. 11. IJft. 12.6,8. 
18. 15. 14. 12. 16. 6,9. 16. 72. 17. 40yds., 60yds. 18. 4. 19. 22. 

20. 30. 21. 10. 22. 11. 28. 55and&8inilesperlir. 24. 12and24days. 
25. 2 hours, 4 hours. 26. 25 miles per hr. 27. j. 28. 6, 7, 8, 9, 10. 
29. 95. 80. 4 feet. 81. 32 miles per hr. 82. 4. 



xlii 


ELEMENTARY ALGEBRA 


XXIX. b. (p. 229). 

1. 5, 7. 2. 3 in. 8. 43. 4. 12. 5. 93. 

6. 6 yds. per sec. 7. 14, 11. 8. 6 miles an hour. 9. 7. 

10. 55, 60 miles an hour. 11. 6a. 6d. 12. 13 miles. 18. 32. 

14. 24 ft. long, 18 ft. wide, 11 ft. high. 

15. 10 yds., 7 yds. square, £7, £5. 

16. 30 miles an hour, 50 miles an hour. 

17. 14 ft. long, 12 ft. wide, 9 ft. high. 18. 8 miles an hour. 

19. 5 miles an hour. 20. 8 ft., 7^ ft. 21. 576. 

22. 428., 78., 38. 6d. 23. xV 9 miles an hour. 

26. Sd. for 14 lbs., 2d. for every extra 7 lbs. 26. 3 xt minutes. 

27. 78. 28. 10, 7) 5 miles an hour, 70 miles. 29. 7 ft., 18 stone. 

80. 7*2 cwt., 11*25 miles. 31. 40yds., 60xyds. 82. 7, 5. 

86. 9, 4 yards. 34. 32 yds. long, 27 yds. wide. 

85. 88 in., 80 in. 36. 10 hours, 15 hours. 

87. 20x ft., 16 ft. 88. 3 miles an hour. 89. 14x. 

10. 10 minutes, 15 minutes. 41. 3, 4, 5 miles an hour. 

42. 15^02., 16xoz. 43. 6 miles, 8 miles an hour. 44. £5.148. 

45. 5x, 61 hours. 46. 12 miles, 3 miles an hour, 4 miles an hour. 

47. 8 miles, 16 miles, 4^ miles an hour, 7x miles an hour. 


48. 

9 

XT* 


49. ly. 

Iff* 1 

X minutes. 

50. 

10 gallons. 




XXX. 

a. (p. 

. 233). 




1. 

•5a86. 

2. 

•Ola:^ 

y 

3. 

•5a;*y. 

4. 

*08’ 


6. 

2 (a-6). 

6. 

1 

a?-3’ 

7. 

2a?±3y. 

8. 

Idb2aa6. 

9. 

X 

10. 


11. 

l±(a-6). 

12. 

a 

V 


18. 

X, 

14. 

2a. 

15. 

2x^±—. 

2x^ 

16. 

2x» 

4 

17. 

4, 5. 

18. 

-3, 1. 

19. 

5, 2. 

20. 

4, - 

-5. 

21. 

0, -5. 

22. 


23. 

1 1 

7* 

24. 



25. 

11 1 
1^. -y- 

26. 

a, -3. 

27. 

1. 

28. 


4|. 

29. 

4, -2. 

80. 

-1. 

31. 

1, -2. 

82. 

1. 


88. 

If 

84. 

1 

3r« 

85. 2. 

86. i 


87. f 




XXX. 

b. (p 

. 234). 





!• Qt 0. 2. a + 6-1, a^+h^+c^+2ab-2ac--2bc, 

,aS + 3a26 + 3a6® + 63. 

8. 4. 8a;^-2a;y+jt/®. 

6. a;(2a;+l), 2a:*(2«+l)(a;-1)(«-3). 7. yV 



ANSWERS TO EXAMPLES riiU 


I _2k_ 

{x-a){x-b){x+b)' 
6. k= 2-5, y=6-25. 


1 . _ 

(0+26) (a-36) 

8. 1,2 are the roots, 
e. 1 , 4. 


XZX. C. (p. 234). 

2. +10. 8. 3, -2. 4. Ok'^-Tk+A 

6. k= 3, 4, y=4, 3. 7. 7062. 

XXX. d. (p. 2.35). 

2. x^-x-i, a2 + 46*+c’>-4a6 + 2ac-46c, 
a=‘+6a*5+]2a5« + 853. 

4. m=12^, e=25. 6. x=9 or 7. 

7. Half a minute. 


XXX. e. (p. 235). 

_5_ 

(K-l)(a! + 2)(K + 3)' *12. 3. I^, -1^. 4. a:<2|>-3^. 

6. a:-2, (k-5){k-2)(3k-1). 6. 4x'‘-2x + -- 7. £15. 15«. 

X 

XXX. f. (p. 235). 

1- 3- -2-8, 2-3. 4. 12-2.5, -6-25. 

6. 2±\^=3-73 or 0 27. 7. 2340. 


XXX. g. (p. 236). 

3. 2-15, -1-4. 4. (a6 + l)(a6-l)(a-6 + l). 

6. k= 6, y=w, -2y. 6. !r®-6K+l. 7. 3® miles an hour. 


XXX. h. (p. 2.36). 


1. (k“+3k + 3)(k2-3k 

_ x(aj- c) _ 

(K+a)(K + c)' 

6. 2-6, -1-6. 


+ .3), (8K-l)»(l-a)(l+o + a2). 
3. {x‘- + (x^ - y®) s®+ z*. 4. 
6. (K-3)* + (y + 4)2=52. 7. 


68^?., 805., 985, 
80, £32. 


XXX. k. (p. 236). 

1. 16a6 - 36a^b^ - 108a3/,3 _ ie2a^b^ + 486ab^ + 729b^ 

2 (^ + ^~ + H-a - b)(c-a-i-h) ^ x^-ory + 

4a%^ ' xy{x-y)' 

4. 2 e56, -156. 6. 2.54 p.m., 1.51p.m., 3.57 p.m. 

6. ±3 16. 7. Friday. 


1 . 

6. 


6. 


XXX. 1. (p. 237). 


3. 5, 3. 4. a;=6-37, *6.3, 

y=*63, 6-37. 

Tliey meet in 4 hours, 42 miles from home. They are 10 miles 
apart in 5 hours. » 


a;=4, 

y=3. 


7. JL- hours, 

g + r 




xliv 


ELEMENTARY ALGEBRA 


1 . 

4. 

6 . 


XXX. m. (p. 237). 


1 

(a - hf 

£19. 18s., £41, 


2. 3. 
£57. 8s. 


3. 


5. 


a?-3 

:p= 4, -12, 
y=6, -2. 




*4 4* 


7. 39 ft. long, 31 ft. wide. 


1 

* a-th 
4. a?=0, 4, 
3 /= 0 , - 8 . 


XXX. n. (p. 238). 

2. 4, J. 3. 2a%(a+h), (a;-2)(a;-3)({»-6). 

5. 12, -1*5. 6. a:=l7, 2, 7. One mile. 

y= -3. 


XXX. p. (p. 238). 

1 . hx + a^+l. 2 . - 8 , - 12 . 

8. (a-6)(a + 6-c)(a + 6 + c), (a^-ay-y^Xic^+ajy-y®). 

4, 4*54, -1*54. 8. 25f miles an hour, 

e. x=3, -2^, y=l, -if* '^r. 480apples, 400pears. 


XXXL a. (p. 239). 


1. 

-a-b. 

2. 

1 

56’ 

8. 

ae 

6’ 

A 

2(o-26)(2a-6) 

5^ 

2 

8. 

0 + <J 

V. 

a + 6 


a*6*+6*c*+c*o** 

2 • 

7. 

a+6. 

8. 

o+c 

"T"' 

9. 

o*+6* 

0+6 ’ 

10. 

o&e. 

11. 

2a6 

0+6 

12. 

PH 

g’ 

18. 

0. 

14. 

a*+6* 

0 + 6’ 

15. 

ah 

0+6* 

16. 

a«+l 

17. 

ah 

18. 

od+6(J-26<l 

0(0*-a*-2)* 

o*-o6 + 6** 

o-6+c-d 

19. 

2ah 

0-6’ 

20. 

0+6 

2 • 

21. 

0+36. 

22. 

.®±£ 28 
- 2 . 

0+6 

2 • 

21 -H. 

0 + 6 

25. 

0+6 

~2~* 



XXXI. b. (p. 241). 




1. A;aa+1, ysa-1. 2. a?=c, y=-a. 

8. a?=3a-5, y=a+36. ^ A 

0, 6. «=a+6, y=a-6. 



I 


ANSWERS TO EXAMPLES 


xlv 


7. »= 
9. x: 
11. a; 
13. X 

16. a; 

17. X 
19. X 
21. a: 


c, y=~a. 

a+b _ a-b 
a-b* 

b + c-a _ a-hc-b 
a + b-c* ^“a + fe-c* 
c-a _ a-c 
c + a* ^'~2(c + a)* 

:o, y=6. 

:a + b, y=a-b. 
a?-he h’^-ac 

=—7-,y=- 


a-c a-c 

•• *=sr6>y=i 


■ft-c 


1A 36 a 

10. *=j,y=-5. 


12. K 


2a6 • *"»> y-«- 

+6-fc a+6 

a + fe * c * 
a2_6* a2-6« 


14. ar = 


W u- U- I*-I/- 

. x= -, y= — 

a/) - og ^ aq-bp 


b 

a -1 

“o*+l’ 


-ft 6c-ci arf-c 

*=^631. y=^r 

20. a:=6a + 6, y=2a-6. 

b + c-a c + a-b a+b-e 

a:=-7^,y=-^,2- 


2a 


2c 


28. a;= 
24. a;=r 


ia _ ift ^_ iC 

islla^ + mb^+nc^* ^ fJla^+mS^+nc^* ^Jla^+mb^+nc^ 
2abc __ 2a6c _ 2a6c 
o6-6c4-ac* ^'“abi-bc-ac* '^bc + ac-ab* 


XXXI. C. (p. 242). 


1. 

4 

1 

11 

2. a;=:2a, 3a. 

II 

4. 

x=a, b. 

6. a;=a±-' 
a 

6. x=\-t 

a p 

7. 

x= ±a. 

ft ^ 

a 

V. a:=-» r» 
a 0 

10. 

1 1 
a;=--f T. 
a b 

11. a:=46, -36. 

12. a:=—. 
ag 

18. 

5a 3a 
*”'2’’ lo’ 

14. a:=3a, 

16. ar= -2a, 2a+26. 

16. 

a--6 a + b 
'2'- 

17 ?Ld^. 

a-b a+b 

18. x=a, 6. 

19. 

a;=a + l, a-1. 

20. a;=^[a+6 + c±N/a* + 6®+c*-6c-ac-a6]. 

21. 


22. a?=a+6, — 

28. a:=0, a+6. 

24. 

, -2o6 

25. a;=6, 2a-b, y 

=a, 2b-a. 

’ a»4-2a6-6«' 



XXXI. d. (p. 244). 

1. 11. 2. 2. • 8. 7. 4- Iw- 

6. 1. 6. ±6. T. 0, i 8. 3. 



xlvi ELEMENTARY ALGEBRA 


9. 

1 

10. 8. 


11. -6. 

12. 

-4 


2\/l0 




18. 

4. 

14. 8. 


16. 

16. 

dr 5. 





(a + 6)“ 


17. 

a + 26. 

18. - 

3 

19. -V-. 

20. 

a 

21. 

16. 

22. 0. 


28. |. 

24. 

a2 

16* 

25. 

a*+6*. 

26. 1, 

-4. 

27. 0,5. 

28. 

-1. 

29. 

2, -4. 

80. 2, 

81. i(3±N/5). 82. V-. -1. 

33. 2, 



XXZII. 

a. (p. 246). 



1. 

Vl8. 

2. \/50. 

3. 

\/45. 4. 

n/75. 

6. \/m 

6. 

n/32. 

7. >/ra 

8. 

n/26. 9. 

sll. 

10. 

11. 

n/32. 

12. n/M. 

18. 

2>/3. 11 

2>/2. 

15. 4n/2. 

16. 

5\/3. 

17. 7n/5. 

18. 

9n/3. 19. 

3/5'.1. 

20. -3x/a 

21. 

2^2. 

22. 2^4. 

28. 

10\/5. 24. 

13s/3. 

25. 2v/2. 

26. 

3\/3. 

27. 4\^. 

28. 

7\/3. 29. 

4^^. 

30. 





xxxn. b. 

(p. 248). 


1. 

41\'3. 

2. 

7n/5 + 17s^ 

8. 

-4V6. 

1 -7*^5. 

5. 

5-5^. 

6. 

28'3'4. 

7. 

8n/3. 

8. 3s/6 + l. 

9. 

2. 

10. 

12. 

11. 

li 

12. 3. 

18. 

5+2n/6. 

14 

4^. 

15. 

10. 

16. 8. 

17. 

17+n/3. 

18. 

36-1.3s/6. 

19. 

29-2s/6. 


20. 

42 + n/I05- 

-6v^- 

-3s/5. 

21. 

87. 

22. 33. 

28. 

s/30 

3 

24. 

s/35 

2 ■ 

25. 

>/5. 

26. 5^. 

2 

27. 


28. 

2 + s/2 

2 

29. 

3-2\/2. 

a + &-2s/a5_ 

a -6 

81. 

3-2s/2. 

32. 

V5-1. 

33. 


34. 2. 

35. 

27+1W6 

6 


a-\/a2 


37. 

4 

88. 

12 + 8\/2= 

23-31. 

107 + 42n/2 
89 

= 1-87. 40. 



41. 3-^=2*18. 42 , 5-2\/6=010. 48; \/64-V3-v^2-1 = 1*77. 

41 f(x/7+N/3)=3-28. , 46. —^ =:l-29. 

41 6s/3+3V2=12-90. 47. n/6+1=3'24. 



ANSWERS TO EXAMPLES 


xlvii 




48. 


60. 


3\/2 + 2\/3 + \/^_ 
12 

6n/3 + 3\/5>2\^ 
30 


1 - 10 . 

=0-15. 


49. 3 + 2N/3 + Ay21 = 1105. 
61. 2 ±n^±^=1.47. 

4 


XXXII. C. (p. 250). 


1. 

\/3+1=2-73. 

2. 

N./6+1 = 3-45. 

3. 

3-n/3=1-27. 

4. 

3+n/2=4-41. 

5. 

2s'7 + \/2=6-71. 

6. 

3-2n/2=0-17. 

7. 

n/7 + s/5=4-88. 

8. 

2n/5-2n/3=1-01. 

9. 

f - 1 = 012 - 

10. 

2\/5+n/7=7-1-2. 

11. 

2n/I3-7=0-21. 

12. 

\/2 + ^=l-58. 

13. 

4^(n/3-1) = -87. 

14. 

3n/3-n/6=2-7.5. 

15. 

\/3 + \/2. 

16. 

n/2+1. 

17. 

\/5-l. 

18. 


19. 

0-3090. 

20. 

5. 

21. 

2\/5=4-472. 

22 . 

-W6=0-816. 

23. 

1. 

24. 

V2+1. 


25. 

n/3 

30 

(9n/5 

-ll\/2) 

: ~(9v'5-lW2); 0-117. 



26. 50. 

27. 

1 

1 or -p- 


28. l + \/2 + ^3. 

29. \'2(l+<i), 


30. 1. 







xxxm. a. 

(p. 255). 





1. 

4. 


2. 

1 

8* 

3. 

4. 

4. 4. 

5. 

3. 

6. 

1 

7. 

1. 


8. 

J. 

9. 


10. o^. 

11. 

2x. 

12. 

1 

a‘ 

13. 

4. 


14. 

9. 

15. 

8. 

16. h 

17. 

2. 

18. 

36. 

19. 

1 

4* 


20. 

81. 

21. 

1 

22. 2. 

23. 

64. 

24. 

1 

ITT' 

25. 

27. 


26. 

3. 

27. 

4. 

28. 

29. 

25. 

30. 

1 

11-Br- 

31. 

1. 



32. 

5. 

33. 

a + 2\/ab + b. 


34. a- 

b. 

35. 


t2 + a;-“. 


36. 



37. a 

^2-62^ 


38. 

g2* 

+ 24* 

e-2*. 


39. 

- 2x^^ 


40. 4«2_ 

2+^. 



1. o^. 2. a^b^. 

6. 4; -h 

9 . I 10. tV- 

14. 200. 15. 49. 


XXXIII. b. (p. 256). 


3. 3bk~^. 

6. t; 343. 

11 . 

16. aV*'"- 

20. 3n^=4-24. 


4. 

; X 

V 

i. 

> 


7. 

be c a 
a’^a%^bc 


8. 8. 

12. 

«v- 


13. 

125. 

17. 



18. 

2. 


21. 19-2. 


22. 

a:® 

a ’ 


10. 12n/2= 16-97. 



xlviii ELEMENTARY ALGEBRA 

( 


23. 

a® 24 3c 

w ^ w 

26. 5^. 26 
64y* 

a * 


87. ^ 
D-a 

28. 

a-N/55+6. 

29. tV- 

30 

. 256. 


81. i. 

82. 

lOy^ + 29a;^y + 16a5^y^ - 

7x^. 

83. 

a:»+l4 

•a;”*. 


84. 

a“® 4- + 6“®. 



86. 




86. 

a®+4a6^ + 46^-9c 

5. 


87. 

x-y^. 



38. 

a4-9a26“2_24a6' 

lc-2_ 

16c-*. 

39. 

x^-4x 

^y^+4y-«. 

40. 

e=**+l + c-^. 



41. 

0^-6* 

+ c^. 


42. 

a^+26^+c^. 



43. 

4a:®+6a:y”^ + 9y”®. 

44. 

x~^ - 2a;”*y^ + 

V- 

8a;“^y+16a;“^y^- 

32yi 

46. 

{ai+hi)\ 

46. 

4^2. 

47. 

a^+a26“^+a^*6“ 

^ + a6“^+a^6' 

-«+6"t 

48. 

ol + aV+6*. 

49. 

iia^ 

+a“^)(5o- 

-4 + 5a' 

i 

50. a^-b\ 

51. 


62. 

x-2- 

-x'^K 

68. 

ajy-*- 

f+ a:-y. 

64. 

a+2a^6"^ + 6“"®. 

66. 

a^-2aV+36t 

66. 

ah-i- 

4-l+a~^6^. 

87. 

x^-y^+z^. 

68. 

3*^+ 

5y^ - 2z, 

69. 


-b^-A 



XXXIV 

. (p. 260). 




1. 

7. 2. 40. 


3. 

23. 

4. 70. 


5. 24. 

6. 

4. 7. 7. 


8. 

8. 

9. 26. 


10. 45. 

11. 

8. 12. 20. 


13. 

-7. 

14. 47. 


16. -34. 

16. 

3i 17. 320. 

18. 

-44. 

19. 2n 

-1. 


20. 

Z = 14j, «=94-^. 

21. 

9j, 61^. 

22. 

-115, 

, -2076. 

28. 

5*25, 57-5. 

24. 

-2-3. 

-24*8. 

26. 

0. 


26. 

17. 

27. 

133. 


28. 

163*2. 


29. 

n{(5a-6)+2w(a- 

36)}. 

80. 

15a:+225. 

81. 

75, 507. 

32. 

52, 297. 

33. 

-27, 

-51. 

34. 

-75, 

-43a 

85. 

5500. 36. 

-li 


37. 48. 

38. 6400. 

39. 

21^V 

-169i 

41. 2,5,8 

.... 42. 46 

, 45. 44..., 

48. 

-58, -51, -44... 

. 


44. 12i 

12|, 12 


45. 

|(5n + 13). 46. 

g(7n+13). 

47. 19. 


48. 

7, 1390. 

49. 

17, 23, 29.... 

60. 

Sf, 7 .... 

61. 

32, 29, 26.... 

62. 

*+|, 



63. 25. 


64. 

6 

T^* 

66. 

2940. 66. 

18, 348. 

67. 380. 


68. 

2, 4,6.... 

69. 

8, 12, 16.... 





60. 

3 shillings. 

61. 

In 207 days, 4140 

miles 

west of the starting point. 


62. 

1560 yds., 1521yds. 

68. In 17 hours; 

68 miles from the start. 

64. 

90. 

66. 

205. 


66. 

£7. 

f. 6d. 



ANSWERS TO EXAMPLES 


zUz 


67. o-2rf, a-d, a, a+d, a+2d. a-^, a-f, o+l o+^. 
-n 8a-95 5a-36 i £ £ i. 

“6~’ ~T~ •••• 69- «=10. 

10. S,2h2.... 71.1,3,5.... 

78. |(2«+l)(o + c); “-t®- Ta gm-p n + p-q^ p-q 


73 . y-q ^ 

m-n * m-n 


1. 3, 729, 3". 

4 _3 , 

2’ 32’ ^ 

« 1 1 I 

~4’ ~2“’ 

- 1 1 8 
"• 2’ 4’ 2-‘-''' 

10.1, *"-2, 

X* * X”'~ 

18. 210-1=1023 


2’ 32’ ^ ^ 

1 ^ (-1)”' 

4* 210’ 22n-2 

118 1 


1, *n-2 


XXXV. (p. 265). 
2. 3, 243, S'*-*. 

. 1 1 


32* 2”-i* 


-I * 4’ 210’ 

- 1 JL- 1 

3’ 27’ 3»-*~3“-»‘ 

8. i, *’•-«, 1. 

1. 18. -i. -~e. (-1)"-*. 

lA 2-^=lj||. 15. 4-i = 3|4T' 


16. 

IK, 

\ 171 

I 256* 

1^-|( 


II 

18. 

a[l -(-*)»] 

1 +a? 

19. 

a^-1 

a;-!’ 

on [a;"-(-l)’']a: 
a;+1 

21. 

48. 

22. 12li 

. 23. 

1 

24. 

3. 


25. 65535f. 

26. 

-b^) 

27. 

1~C30 






1 

-6* ’ 


1 + C8‘ 

28. 

-¥(2- 

\f2). 

29. i 

30. 5-j 

31. 16. 

32. 

18f. 

83. 

b^{a + b) 

• 34. 

"^(3±n/3). 

35. 

6»-3» 

2x5*' 

_ 11 r, 7 3 

36. 

-1533. 


r(\/3-\'2). 


88. 5ff. 89. 4|f. 40. -Vr*-('v'3-v^). «. 

42. 189. 48. 21^. 44. ±10, 20, ±40. 46. ±27, -V’. ±T- 

46. ±14, 93 , ±6|. 47. ±192, 384, ±768. 48. ±21. 49. ±1. 

80. ±54. 61. 1 or 0, according as n is odd or even. 62. 32. 

63. 127. 64. 1. 66. 83. 66. -1. 67. -25. 88. 3"+i-l. 

69. a”-*. 60. j. 61.4. 68. 2"-*. 63. a’'+^-b. 

66. 2(2”-l)-n. 66. f. 67. 68. 69. ^|f. 

72. ±14, 28, ±56. 78. -6, 18. 7A 

76. 3±9±27±... or 48 - 36 ± 27.... 77. The 7th. 79. 76. 

81. 8j_ 2“+>-3. 


63. a’*+2-6. 
69. ilf. 

7A h 
79. 76. 


U a V 

2 Vl-ry 2(l-»^)‘ 


89. 2“+>-3. 

84. 7t or l^j-. 


B.B. S.A. 



I 


ELEMENTARY ALGEBRA 


' XXXVI. (p. 270). 

TT» h tV l» T> T* h A* 

9. 2^, 3, 4, 6. 10. 7> 4j^. 11. l-g-. 16. 9 or -y. 

XXXVIL (p.274). 

8 . -2*79, 1, 1*79. 4. -1, -3, 2. 

5. One real root 1; the others imaginary. 6. 3*45, -0*75, ~2*7. 

7. 1*6, -2*9, 4*3. 8. -1*43; imaginary. 

XXXVIII. a. (p. 275). 

1. (2aj - 5y) (3 j 5 - 4y), (a + /;-c)(a-6 + c), 

(a; -1) (a? +1) (cr® + a? +1) (ir® - a? +1). 

2. 0. 3. 8z(22-1). 4. + 

6. (i) 2^, -|-. (ii) 2*35, -0*85. 

6. 4 hrs. 35 min., 3 hrs. 48 min., 19*9 miles. 

7. 8y^, llj^ gallons. 8. -8 or -18. 

XXXVIII. b. (p. 275). 

1. (a; + 7)(a: + 9), (y-a)(s/+7a)(.y-6a), 

a:(a: -1) (a? +1) (aj - 2) (a? + 2) (a? - 3) (a?+3). 

2. 3a:*-7ar-2. 3. 4. 4. (i) (ii) 1, 13. 

6. £600. 6. 90, 81, 71, 62, 41, 21. 

7. 5(o*+6®+c’-a6-6c-co), 

XXXVIII. C. (p. 276). 

1. 367a-1145 + 690c, 1082. 2. 0. 3. ar‘-7a: + 2. 4. -^,3. 

6. (i) (ii) 2j, -2^. 6. £30. 7. 1080 yds. 

o 

XXXVIII. d. (p. 276). 

1. »»-3x®+lla:-8. 2. ?-!--• 3. Zc^+Sx-B. 

0 a 

4. 20a: yds., miles, miles, hours. 

6. (i) x=0, 7, - 25 V- (ii) 0-55, -0-26. 

6. In 37? secs. 7. a;=l'5, max. value 2*25. 

XXXVIII. e. (p. 277). 

2. *•-,(•. 8. n»+3n+l. 4. 

^ i 2yz 

6. (i) a-b. (ii) 2*63, 1*37. 7. 16, 12 miles per hour. 

8. a+2ay+c^~b^. 



ANSWERS TO EXAMPLES 


U 


1. a^»+3j(«. 

5. (i) (ii) 

0 — CL 

6. 48 minutes. 


2XXVI1I. f. (p. 278). 

2. a:(a:-4)(4a;-7), (y+3)(y-3)(j/®+20), 

(a* +3J>®) (o'* - 3o6 + Sb'*) (a» +3o6+36»). 

i -„5. «■ 

7. 407. 


XXXVIII. g. (P. 278). 


1 . 

3. 

5. 


2a::® + 3a:® + 8a? + 25, remainder 74. 
14/8, 14/-. 


(i) 


2ab 

a + 6’ 


(ii) a:= 


tt + 6’ 


be 

2'=^+T 


2. 0-618. 

4. (i) -4(o2+6*). (ii) 0. 

6. £26, £50, £64. 7. 935. 


XXXVIII. h. (p. 279). 

1. ai^ia + h-j^). 2. -30. 

3. (i) a^-ab + l^. (ii) (ct® + ab + b*){a®-ob + b®)(a®+a6-5®). 

4. a:=2, y=5 aro common roots. 6. -ig-. 

6. (i) (ii) 1+x^-^x^. 7. 41, 28 miles per hour. 

XXXVIII. k. (p. 279). 

2. 0-31, -0-81. 3. 4. -S?- 

b-c 

6. 5/17/-, 6/6/-, 7/12/-. 6. 31. 7. 112 miles. 


XXXVIII. L (p. 279). 

1. (a= - 126) (a«-1-45), (a-^c)(ac-^•6*). 2. a»-646». 

4. 164. 6. 3^.2^. 

6. 6 lx* miles per hour. 


XXXVIII. m. (p. 280). 

1. (b-c). 2. (2a?+7)(9a:-5), (a-c)(a + c-2b), 

(a?-b) (a:-3b) (a:-5b). 

3. a:*-l-7x»-l-2a:-3. 4. 6. 6. o+26^-f3cK 

8. ?, -. 7. 25, 44, 64. 8. 15, 45, 135, 405. 

b a 

XXXVm. n. (p. 280). 

1 . (ac-hdf+(ad-hcf=(ac-hd)(ad-bc). 2. (i) 0, (ii) 

8. (3a?+2)(a:-2)(2a?-l)(2a; + l). ^ 4. 3*5. 6. £800. 


8. 5ab~‘^ +1 + 3a~^b. 



fil ELEMENTARY ALGEBRA 

XXXVin. p. (p. 281). 

1. !)(*<+2. *s+y®+z*+yz-s»+a^. 

8. 8a«+6*'-4a:*-37»»-16a:a+7*+35. 4. -3-83, 1-83. 

6. (i) f. (ii) 6. 6. 7. 4n(M+l)(»+2). 

XXXVIII. q. (p. 281). 

8. (i) a:=0, (ii) 2 ag-a6+6» ^ (64ic«-729)(3x+2). 

a-c 6 o-a 

J'=0’ w- 

6. x=4. 6. 35/-. 7. 1-64. 8. -19. 

XXXVIII. r. (p. 281). 

1. (x-l)(x-l-l), (x-7)(x-t-l), x(x-l)(x-2), (3x-l)(x-2), 

L.C.M. x(x- l)(x-t- l)(x-7)(x- 2)(3x-1). 

2. (i) a (ii) a + b. 3. 5 53, -2-63. 4. 2n/6 = 4-899. 

6. A was elected by a majority of 5. 6. x=7, -3, 

7. (i) -30. (ii) 735 V y=2, 8i. 

XXXVni. S. (p. 282). 

1 . 2(x®-by*-bz®-xy-yz-xz). 2. 1, 

8. (i) n’. (ii) n.*+(n-l)*. 4. x<-3ior>2i 6, 2. 

6. •j-(*^-5a”^6^-255^. 7. 14, 8 miles per hour. 

XXXIX. a. (p. 290). 

2. 2:3 8. 13:23. 4. 254. 6. -7. 6. 4:7. 7. 6:8. 

8. 4. 9. 3:1 or l:a 10. 10. 14. 21, 28.* 

16, 26, 20. 16. 40, 45. 17. 32, 60. 18. 31-25, 33-75. 19. 2 : 3. 

20, 60. 21. 3|. 23. 5. 24. 10. 26. 27. 48 . 

20 . I greatest, xr least. 80. -6, -66, -55. 84. 36. 80-1 feet. 

^ 1 

87. £200, £150. 88. 1 inch represents 3 feet; 1; 1296. 44. 

45. 46. I- 60. 56. 40, 16. 67. fori. 69. 16:5- 

60. 37:39. 61. -6:4; 6:1. 62. + &»4--3a6c. 

68. ahc-\’2fgh-af'^-hg^-ch^. 64. (a + 6)(<f-c): (a-6)(rf + c). 

65. Scale sq. in. 66. 5:2 or 2:1. 67. 11:24. 68. 136. 

70. 3^ miles. 71. 82, 65, 57. 72. 6. 78. 2 gallons, 14 gallons. 



ANSWERS TO EXAMPLES 


liii 


XXXIX. b. (p. 2 %,. 

1. a:c=d:b, or a:d = c:b. 


3, 12. 


2 . 21 ; 

2 


9. 4, 3. 10. 5, 15, 45. 11. 


18 

x + y~a-b' 


19. aV-5-J. 
2 

23. a:c. 


3. be; 12yz; 


bV 


12. 2(n/5 + \/2). 
21. 341, 68, 45. 


25. 


2p 


XXXIX. C. (p. 296 e). 


2 . ?. 

6. y=4a:+3; 17. 

11 

J'=4r^- 

18. £688. lOs. 8d. 


7 lb. 


15. 36. 

19. 20 miles an hour. 


1. Sx=6t/; 7-5, 4-2. 2. f. 8. 101 

4. 24. 

10. xy=\\(x^+y% 

16. £200. 17. 12 oz. 

20. 7 boy.*?. 21. 16 times what it was. 

22. Approximately 1 *414 feet away from the light. 

23. 175 men. 24. 8 feet. 26. 8 hours a day. 26. £1025. 

28. 5*4 inches. 29. 32401b. 30. 72:25. 

32. 78*5 sq. m.; 2*45 m. 33. 336 feet. 

35. 44-5; §r- 36. 3 miles; 10| feet. 

88. 4000 x-jsffT miles=193 miles nearly. 89. £34 


27. lO^b. 

31. £1470. 

34. £14. 4s. 5d. 
37. 1 *074 secs. 


41. Expense=(12+5a;)£. 42. 80 lb. per sq. in. 43. 48:6. 


XL. b. (p. 299). 


1 . 1 . 

6. 4. 

11. 1*2040. 
16. -2*6990. 


2. log 6. 

7. -1. 

12. -0*6020. 

17. 2*6990. 


3. 2 log 2. 
8 . - 2 . 

13. 0-6990. 

18. 1-3980. 


4. log 3. 

9. -4. 

14. -0-6990. 

19. 5. 


6. 3. 

10. 0*6020. 

15. -0*6990 


XL. C. (p. 302). 


I. r*4. 

6. 4*396. 

II. 1*37. 


2. 1*94. 
7. 2*6. 

12. 4*28. 


3. 2-25. 
8 . 1*9. 

13. 1. 


4. 4*6. 
9. 0*4. 
14. 0. 


6. 6-97. 
10. 3*11. 

16. 5*22. 
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liv 


16. 

2*34. 

17. 

9*44. 

18. 

2 *22. 

19. 

2*53. 

20 . 

2*92. 

21 . 

7*28. 

22 . 

3*37. 

28. 

2*70. 

24. 

4*73. 

25. 

4l*74. 

26. 

^*88. 

27. 

^*09. 

28. 

26-20. 

29. 

2*28. 

30. 

3*81. 

81. 

2*71. 

82. 

r*96. 

88 . 

1*163. 

84. 

2*96. 

88 . 

2 . 

89. 

3. 

40. 

0 . 

41. 

4. 

42. 

T. 

43. 

r. 

44. 

4. 

45. 

3. 

46. 

1 . 

47. 

1*3010. 

48. 

3*3010. 

49. 

1*3010. 

50. 

4*3010. 

51. 

5*3010. 

52. 

3*3010. 

58. 

0-3736. 

54. 

2*3736. 

55. 

5*3736. 

56. 

1*3736. 

57. 

3*3736. 

58. 

5*3736. 

61. 

0*7781. 

62. 

0*9030. 

68 . 

0*9542. 

64. 

1*1761. 



65. 

2035, 2035, 176, 176, 1308. 


66 . 

3, 0, 3. 



67. 

3*2454, 

0*2454, 

, 3 -2454. 

68 . 

5*6956. 

69. 

0*4592. 

70. 

3*5474. 

71. 

1*5474, 

5*5474, 

, 2-5474. 

72. 

2 . 








XL. d 

(p. 305). 





8 . 

3*2044. 

12 . 

4*3314. 

17. 

2*2186. 

18. 

3*2526. 

25. 

2 7959. 

26. 

3*7959. 

27. 

2*6778. 

28. 

3*6676. 

29. 

1*7897. 

80. 

2*7605. 

81. 

0-7340. 

82. 

1*6498, 

83. 

15*4. 

34. 

197. 

85. 

2180. 

86 . 

17*11. 

87. 

17*15. 

38. 

171*7. 

89. 

1901. 

40. 

1905. 

41. 

1909. 

42. 

21*04. 

43. 

213*7. 

44. 

2138. 

45. 

15*35. 

46. 

2115. 

47. 

1635. 










XL. e 

. (p. 307). 





1 . 

1*622. 


2. 1-644. 


3. 1*771 

. 

4. 

18*56. 

5. 

1549. 


6 . 1609. 


7. 0*171 

. 

8 . 

0-0184. 

9. 

16690. 

10. 1901000. 


11 . 0*00178. 

12 . 

1*585. 

18. 

0*1791. 

14. 0-01581. 


15. 0*0001839. 16. 

0*000001585. 

17. 

1 4150. 

18. 3-4150. 


19. 2*4232. 

20 . 

3*4245. 

21 . 

0*4245. 

22. 2-4245. 


23. 3 4245. 

24. 

5*4245. 

25. 

2-428. 

26. 24-28. 


27. 242*8. 

28. 

0*02428. 

29. 

14. 

80. 14-03. 


81. 4*994 


82. 

0-3949. 




XL. f. 

(p. 309). 





1 . 

4*5663, 

2*5663. 

2 . 

3 *1951, 2*1951. 


8 . 2- 

6320, 

6-6320. 


4. 3-3250, 3*3250. 5. 2*5872, 2*7568, 6*883*2, 1*8836. 
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6. 

2921. 

7. 1-46. 

8 . 

14 04. 

9. 

2-448. 


10. 0-1376. 

11. 

0-4650. 

12. 191-4. 

13. 

0 0984. 

14. 

41-04. 


16. 0-076. 

16. 

9-23. 

17. 8-35. 

18. 

0-590. 

19. 

0-00052. 

20. 0-0357. 

21. 

0 00231. 

22. 1-19. 

23. 

1-41. 

24. 

1-80. 


26. 1-99. 

26. 

1-106. 

27. 2 003. 

28. 

0-2012. 

29. 

0-04082. 

30. 0-001605. 

31. 

1-276. 

32. 2-009. 

33. 

8-277. 

34. 

12-54. 


35. 2-99. 

36. 

1-127. 

37. 146-8. 

38. 

3-18. 

39. 

4-20. 


40. 3260. 

41. 

1-35. 

42. £3. 98. 6d. 

43. 

62 09 c. 

dm. 

44. 

1118 sq. yds. 

45. 

9*58 cm. 

46. 1308. 


47. 

23*5 sees. 

48. 

99-4 cm. 

49. 

320. 

60. 3-81. 


61. 

8-21. 


52. 

49-9. 

53. 

12-5. 

64. 143. 


65. 

0-949. 


67. 

85700. 

58. 

26. 

69. Nearly 16-5. 
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Paper L—London Slatricnlation, January, 1912. (p. 3ll). 

1. 6 + l9a:+492:»+45a,-»+25a:‘, 6 + 19*-21a^-45*3+25x‘. Diff.=0-79. 

Range of error 0'79 sq. in. 

2. (i) (x + 2)(a;-l); (ii) (2a; +l)(a;-1); (Hi) (x-l)[(2a + 6)ar+(a + 26)]; 

(iv) (a:-1)(201a;+102). 

8. a=-0-68. Other value of a? -0*2. 4. y = (a;+l)(a; + 2). 

6. 12 terms. Ratio-. Sum =^^^^^——• 

X x-y 

6. ^ (a + 6 - 2). a f 6 - 2 must be a multiple of 3. The result is obtained 
on the assumption that each corner-house is common to two sides of 
the square. 

Paper II.—London Matriculation, June, 1912. (p. 298). 

1 . X must lie between 1J and - If. 2. 2x* - 5x^ + 3a;® +11 x + 7. 

8. y must lie between 6 and -10. 

4. (i) a; = 6 + a, y = 6-a; (ii) a;=±.3. 

5. (i)4n-l; (ii)n(2w+l); (Hi) 250^^^ term = 999. 


Paper III.—London Matriculation, September, 1912. (p. 298). 

a + 46, ^ ^ X x^ , a;8 


1 . 1 §; 


3 


38, 17, 25, 25, 25. 


8. (i) x= -1; (ii) a; = i or 7; (Hi) 5. 
6. 22y^ min. past three. 


« 1 _ 

2 8' (aJ-l)*’ 

6. w = 19. 


Paper IV.—Cambridge Local Examinations (Preliminary). 
December, 1910. (p. 299). 

1. (\) -2fgh\ (ii) each expression becomes 12. 2. a;®-2aa; +Ja®. 

8. (i)0: (ii) 26. 4. 20nt(^-lj. 

_c(a + 6) c(a-6) 


«. (i) 14, (ii) j, (iii) y=^- 


0. £32. 
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7. aj+2, (a;-3)a(a;4-2)(a:a + l). 8. 2ai6; 4*41, 1*59. 

9. 6 or 16. 10. -li. 11. Rc.ts2-73, ^0 73. 

Paper V.—Cambridge Local Examinations (Preliminary). 
December, 1911. (p. 300). 

1. 2a + ft+Y‘C. 2. -i-2aV - 4a*x-+ 

3 (i) ~ . /ji) 4 432a/;g . ahp 

4af)c * * * Imn * 4 

6. (i) 6 + c; (ii) a; = 3, y=-2. 6. A, £70; B, £35. 

7. (i) (a; + 4)(a;-5); (n) 2{2a-b){a + h); [\\\) {x-\-d){x-c-d). 

8. 3*73, 0*27. 9. 25s. a week, 16 weeks. 

10. (i) 400a; (ii) -5-i\, 3|. 11. a; = l-5, y=-l-5. 


Paper VI.—Cambridge Local Examinations (Preliminary^ 
July, 1912. (p. 302). 

1. 2a - 36 + 6c 4 3ac ; 2a - 6 - 3c 4 3ac ; 26 - 9c. 

2. 14 2a; - 4 5.c^ - a;*’* - 2a::®. 8. 3a;-407-1. 

4. (i) (ii) ■ . 5. £48, £16, £6. 

^ ' 2a; 4 3 ^ 

6 . (i) -{f; (ii) a;=7, y=4. 7. (i) (2a;-l)(3a;44); (ii) a(a46)(3a-6). 

8 . x + 2y; x(x+ 2y){x-2y){2x-3y). 9. -1, - 

10. (i) 161; (ii) 772J-; (iii) 2f. 11. (2,0), (0*25, -0*88). 


Paper VII.—Cambridge Local Examinations (Part L of Junior 
Paper). July, 1910. (p. 303). 

1 . (i) 8a:®-18a;y2-27y®-z®; (ii) a = l. 2. 2a;-3. 

5. 56, 28. 6. Maximum value of y = 2*04. 


Paper VIIL—Cambridge Local Examinations (Part 1. of Junior 
Paper). July, 1911. (p- 303). 


1. l-2a:43a;2-4a;3. 

2. (i) (l7-8.r)(24a;); 

(iii) (a^ - 46^) (- 6‘-*). 

8 . (i) -3; (ii) x-a, y=l; 

6. 2x^ - 3a;a - Sa^. 


(ii) 

(iii) 


1. 4. £1. 7s. 6d. 

a. x=3, 1 ; y=3% 4 8. 
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Paper IX.—Cambridge Local F^aminations (Part 1. of Junior 
Paper). July, 1912. (p. 304). 

1. 3(5-o)(on-6+6c). a. 3*»-5x-7; -10. 8. (i) 10; («) 

4. (i) 13; (ii) *=5, y=7; (iii) -3j. 

6. Tea 28., coffee l8. 6d. per lb. 6. 2*87, -0*87. 


Paper X.—Oxford Local Examinations (Preliminary). 

July, 1910. (p. 305). 

Algebra. 

1. 0. a. a?+2x + ». 8. 4. x+2. 

2x-l 

6. (i) x=6i (ii) x=2. 6. 7. 25, 15. 

3a; y 

Paper XI.—Oxford Local Examinations (Preliminary). 
July, 1910. (p. 305). 

Higher Algebra. 

1. (2a;-3y)(4a;2+6a;y + 9y2), (a-6)(a-6-1). 8. 6/(a;+2). 

4. a?=:0*73 or -0*46. 5. 2\/6. 

Paper XIL—Oxford Local Examinations (Preliminary). 
July, 1911. (p. 306). 

Algebra. 

1. 0. 2. 2a;2-4a; + 3. 

3. {x-2y){x+2y), {x-Sy){x + 2y), {x-3y)[x-2y); {x-2y){x + 2y){x-Sy), 

4. 5. (i) 2; (ii) 3. 6 . A is 27 yrs. old; B is 9 yrs. old. 

y{x+y) 

7, 6 sixpences, 15 shillings, 3 half-crowns. 


Paper XIII.—Oxford Local Examinations (Preliminary). 
July, 1911. (p. 306). 

Higher Algebra. 

1. (o-6)(c-d). a. i(N/3-l). 8. (i)3;^, SA; (ii) 2-44, -4-10. 

4. 60j yds.; 40 yds. 
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Paper XIV.—Oxford Local ESAmirations (Preliminary). 
July, 1912. (p. 367). 

Algebra. 

28. 2. 8a3-32a% +24a//--3563 3 £+3 

a;- 1 

a^-l* ft. (i) 7; (ii) 1. 7. 88. 


Paper XV.—Oxford Local Examinations (Preliminary). 
July, 1912. (p. 307). 

Higher Algebra. 

a;-l + -Y 2. 0. 
x) 

8. (i) 2, -3; (ii) 5-73, 2-27. 4. 2s. M. 6. x-2x^y^ + Zy^. 6. 14 


1. {2a + 3b)(4a^-6ab + 9V‘)i + 


Paper XVI.—Oxford Local Examinations (Junior Candidates). 
July, 1911. (p. 308). 

Algebra. 

1. 3a;2-4ar-2. 

2. (a;-2)(a;-3), (2a;+l)(2a;-l), (2a; + l)(a;-3); (a;-2)(a;-3)(2a; +l)(2x-1). 

3. a/6. 4. (i) 4; (ii) 1; (iii) a;=y = 3. 5. 1-58, -0-95. 

6. A had 8 shillings, B 8 pence. 

7. - 2x^y~’ ^ + X}j~^ + 2a;^y- - 2//^ + x~^y. 8. -1*5; - 2*62, - 0*38. 

Paper XVII.—Oxford Local Examinations (Junior Candidates). 
March, 1912. (p. 309). 

Elementary Algebra. 

1. 8. 2. 3. (i) (6a;-5)/(3a;3 + .r+l); H.c.r. (a;-l); (ii) 467(64-a^). 

4 . (i) (ii) 4, -3. 5. 0*75, -016. G. 4:i:-3. 7. 36. 

8. a6“^-| +a“^6. 9. Nearly 17 miles per hour. 

Paper XVIIl.—Oxford Local Examinations (Junior Candidates). 
July, 1912. (p. 310). 

Elementary Algebra. 

1. 36(2a-6). 2. a^-hx-2; ix-l}^(x + 2f. 

3. (i) (x+6)/(x+2)(x + 4); (ii) (a^-f 1 )7()i +1)! 

4. (i) 9; (ii) 0 02, 2*9. 5. 3*73, 0-27. 6. £8. 12s.; £3. 16s. 

7. 5y\ ; 4. 8. 27 miles from P, at 6.30 p.m. 
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Paper ZlX.<~8cotcli Leading Certificate Examination. 1910. 

(p. 311). 

Secjtion L 

<*>* + *'= 

2. x^+23cy-{-2y^ ;\x—St y=lO; 269x149. 

*• (>) Ij; (ii) 0: (iii) 7or -4. 

4- (i) 36; (ii) (iii) 1, a:=0-32 or -12-32, 

Section II. 

6a. About September 1st, 1901, and August 1st, 1906. 

6b. (i) a;=l*6 or-0*6 ; (ii) a;=0*5; (iii) a; impossible. 

6a. yards per second. 6b. P, 48«.; Q, 24«. 

P 

Paper XX.—Scotch Leaving Certificate Examination. 1911. 

(p. 312). 

1. (a? + 4). 2. (i) x = b; (ii) a;=3^, y=2^; (iii) 1^ or f. 

8 . The difference of the fourth powers of two quantities is equal to the 
product of their difference, their sum, and the sum of their squares. 

xy 

4. (i) 460 Cheviots, 640 Blackfaced; (ii) 40 m. by train, 60 m. by motor. 
6a. 25 ; 6 or - 1. 

6b. (i) (3ar-2y)(3a: + 4y); (ii) (a + 6-c)(a-&-c); (iii) (a?~ l)(a:-2)(a; + 3). 
6a. At 12.30 p.ni., 31-^ miles from Edinburgh. 6b. 2*772 or -5*772. 

Paper XXL—Scotch Leaving Certificate Examination. 1912. 

(p. 314). 

1. (i) (3a:-6) (5a:+ 3); (ii) (a:-a)(x-f6). 2. 3 - a: - 6a:2 + 2a:». 

a , 2 /••% d + C d —C ..... 1 1 

3. (i) Ijz; (») ^=-20"’ vor-:ff. 

4. (i) A, £72, B, £28; (ii) a:=8. 

“■ '■ <"> ETifcrg,- —1. SI y- a 

to. (i) 160sq. ft.; (ii) AC=30 0ft., BC=16-2ft., AN = 18-6ft. 
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Paper XXII.—Welsh Central Board. July, 1910. (p. 315). 

1. x{x+l)(x-2); (a?+l)(a?+3)(a?-l)(a:--3). 2. 2x- + 3x + 4, 8, 

4. (i) fa; (ii) 5. 6. 1«. lOd. 6. a;=-3, y=2. 

Paper XXIII.—Welsh Central Board. July, 1911. (p. 316). 

1 . (i) (w+l)(m-2); (ii) (m-l)(m + 2); (iii) (m2+l)(m-2). 

L.C.M. (m®-l)(?n®+l)(m®-4). 

2 . (i) -2a(J&+l); (ii) 3. 2p^lx{x-y){x + 2t/). 

4. (i) (ii) a;=l^, y=lf. 5. 87 grains. 6. a = 4, 6=-2. 


Paper XXIV.—Welsh Central Board. June, 1912. (p. 316) 

1. {a + b)(ab + ca-hc); (a: + 3)(a; + 4)(a;-3)(a;-4). 2. 

3. (i) l-i; (ii) a:=-|, y=-|. 4. 2*58, 1-42. 

5. 8552. 6. a;=-l, y=2; a=~2. 


Paper XXV.—Intermediate Education Board for Ireland 
(Middle Grade). June, 1910. (p. 317). 

Algebra (Pass). 


1. If y is greater than 3, x lies between 2'6 and 6*2. 
2 _ 

(a?2 ^ 2a; 4-2) (a;*-* - 2a; + 2) ~~ + 4’ 


3. 

5. 

6 . 
7. 


(i)x=-^; (ii)*=j^. y=-j^. 4. *=11 or 

The temperature at 6 p.m. is probably wrong, and should be 60*05°, 
Unearned income, £250 ; earned income, £450. 

Buying price, 8 shillings; selling price, 9 shillings. 


Paper XXVI.—Intermediate Education Board for Ireland 
(Junior Grade). June, 1911. (p. 318). 

Algebra (Honours). 


^ h-c 
* l-bc 

4. a;=0 O'* 




2a6 

6 , 47boys; 6benches. 




r> 


7. 12 yards. 


8. n/2. 
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Paper XXVII.—Intermediate Education Board for Ireland 
(Middle Grade). June, 1912. (p. 319). 

Algebra (Pass). 

1. (i) a=0or6=0; (ii) a?=2or3; (iii) a:=2^or-l. 

2. a?=a + 6, y-a-h, 8. aj=3orlf. 

4. 1+* + ^ + ^ + ^. 6. 4a!»+7ay + 4y!'. 

11 17a? 

6. Quotient, 3a:® + 13a::^ + 17a: - Remainder, - 4- 31. 

7. 2s, M ,, Is. lOd. 8. 24 miles. 9. y-z. 


x = 

0 

1 

2 

2-5 

3 

3*5 

4 

5 

^(.-8)== 

0 

2*45 

3-6 

3-78 

3*75 

3-54 

3-2 

2-25 

-- 
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